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PREFACE 


The present volume is an amplification of the Colloquium 
Lectures delivered at Amherst in do. nh o'. , 1928, under the 
title The Determination Of The Tritangent Planes Of The 
Space Sextic Of Genus Four. In order to present clearly 
the current state of that problem a ' «.ri with the better 

known cases of genus two and genus three seems desirable. 
Preliminary chapters on algebraic geometry and theta functions 
are incorporated in order to facilitate reading by recalling 
fundamental ideas of these two subjects in such fashion as 
will be most helpful in later «.|,p 1 V,d r i u-. 

An important object is the correlation of two series of 
memoirs, the one by F. Schottky and the other by the author. 
In the latter series the properties of discrete sets of points 
in projective spaces, congruent to each other under regular 
Cremona transformation, are developed. Such sets *1 1 o^pcctfx o 
of the number of points and dimension of the space have 
associated groups which are isomorphic with theta modular 
groups. On the other hand Schottky, with the theta relations 
as a starting point, defines a few sets of points in terms of 
theta modular functions of genera two, three, and four. These 
two theories are unified by the theorem px*oved herein that 
the sets thus defined are transformed under period trans- 
formation of the moduli into sets congruent to the original 
set under Cremona transformation. 

The extension of the highly developed theory of the bi- 
tangents of a plane quartic curve to the tiitangent planes of 
the space sextic is a matter of obvious interest. The extension 
of Aronhold’s algebraic exposition was proi>osed in 1915 (and 
later withdrawn) by the Berlin Academy as the Steiner prize 
problem. Wirtinger, Roth, and Milne have discussed a single 
quadratic system of contact quadrics which contains 28 pairs 
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of tritangent planes. In the particular case when the sextic 
is on a quadric cone a planar set of eight points serves the 
same purpose as an Aronhold set of seven bitangents of 
a quartic. The present state of this problem in the general 
case is discussed in the last section. 

Algeov i:c curves, surfaces, and correspondences have been 
given in the Clebsch-Aronhold symbolic notation. As a rule 
this is merely a shorthand device but occasionally symbolic 
calculations are necessary. In a number of cases geometric 
con figurations have been defined by algebraic forms with un- 
restricted coefficients and with variables drawn from different 
domains. The few concepts of group theory which constantly 
recur are of the simplest type. 

The historical side of the subject is quite well covered 
by the Enc) klopadie article of Krazer-Wirtinger and by the 
Report On Special Topics In Algebraic Geometry recently 
issued by the National Research Council. The references 
given are mainly for informational purpose-:. The content of 
sections 13, 48, 49, 55, 56 is novel. Other new results appear 
in sections 28, 33, 33, 38, 39, 4A 50, 51, 54- 

Much of the author’s own work has been done as a research 
assistant of the Carnegie Institution of Washington, D. C. 
The value of this connection as a stimulus to consecutive 
research, and also the participation of the Institution in the 
support of this publication, are g:<ue'*Tly acknowledged. 

January, 1929. 


Arthur B. Coble. 
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CHAPTEE I 


TOPICS IN ALGEBRAIC GEOMETRY 

i. Linear systems of plane curves. With x 0 : Xi : Xs 

as the homogeneous coordinates of a variable point x in the 
plane, a curve of order n is the locus defined by the equation, 


(1) 


(« x) n = (a 0 x 0 + «! a?i -f- a s a"s)' ! 

— f - n ■) a i f t x <? x 1 1 x l' ~ 0 

\?0 hhJ 012 




■w 


where . . . is a polynomial coefficient and the actual co- 
\«o h hi 

efficient, cc w> , is expressed in terms of the symbols « 0 . a 1 , «» 
by 

( 2 ) 


a 


«u° «£* «o 2 . 


The r + 1 curves of order « 

(« 0 %) n , («i x) n , • • • . («,• x) n 


are linearly independent if the matrix 


(3) 



{k = 0, • • ■ , r) 


of r -f 1 rows formed from their coefficients is not zero. In 
that case the aggregate of curves obtained from variable A’s 
in the equation. 

(4) l Q («o x) n -j- («! a-)’* + •••+/.,• (a,- x) n = 0 


constitutes a linear system of order n and dimension r. Eor 
r — 1, 2, 3 we call the system a pencil, net, web respectively; 
or in general a system ( co r ) . 

The maximum dimension is N — 1, N— (« + l) («+ 2)/2, 
i. e., any linear system of order n is contained in the aggre- 
gate of all curves of order n. A linear system of dimension 

1 
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r<N — 1 may equally well be defined as the aggregate of 
curves of order n whose coefficients satisfy N — 1 — r 

independent linear relations of the form, 

(5) ^ i % = 0 (k = 0, 1 , • • •, N — 2 — r), 

where again the matrix 

<«) II “",.,11 


is not zero. An invariantive statement of the relation (5) is 
that the curve, (ax) n — 0 of order n is apolar to the curve 


(7) {a ’i)' 1 = (a 0 i‘ 0 + a 2 




£ ? 1 £ 
^0 '2 


0 


of class n, i. e., the simultaneous invariant (5), or (««)"• 
vanishes. Thus with every linear system of dimension r<.N - — 1 
and order n there is associated a linear system of dimension 
N — 2 — r and class n, 

(8) ?0 (®0 ?)” ~4~ ll ( a L $) n ~\~ In—2—t (ofjV— 2 — )■ $) n — 0, 

such that each system contains all the curves apolar to every 
curve of the other. We say that the two linear systems aie 
apolar. Their matrices, (3) and (6), are also apolar, i. e., the 
row-product (5), formed for any row of the one with any row 
of the other, vanishes. A theorem of Grassmann 32 (cf. 17 I, 
p. 158) states that the determinants with proper signs formed 
from the sets of ? + 1 columns of the one matrix are pro- 
portional to the determinants formed from the i C'.pe* 1 1\ e 
. i.i! \ sets of N — r — 1 columns of the apolar matrix. 

It is the values of these determinants, values subject, for 
0 <.r<.N — 2, to certain cpiadratic relations, which charac- 
terize the linear systems rather than the particular curves 
selected for their expression in (4) and (8). 

A particular type of apolarity relation serves to express 
the conditions that all the curves of a linear system may 
have the same behavior at a given point called a -/><//, > ' 
of the system. If the apolar linear system contains a linear 
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system whose curves consist of a point, ( b‘§ ) = 0, repeated 
n — A. — (- 1 times together with an arbitrary curve of class k — 1, 
say = 0, then (6§)” — ft + 1 - (c?) fc— 1 is apolar to every 

curve («.'/.■) " of (4), i. e. (a b) n ~‘ fe+1 (a c) k ~ 1 = 0 for every choice 
of c, or (a b) ll ~ k+1 (ax ) k ~ 1 = 0. This imposes, for given 6, 
A.(7c + l)/2 linear conditions on the coefficients « which for 
the particular choice of b — 0 : 0 • 1 are obviously independent. 
The conditions express that the curves « have a Ac-fold point 
at b. The product of the 7c tangents is (« b) n ~~ L {ax) k = 0. 
If in this we set x = b', b", • ■ - we obtain further linear 
conditions on the «’s which express that branches of the 
curves « at b have the fixed directions bV , bb", 

A linear system which contains all the curves of order n 
which have a given base, JS(b kl , bp, ■. b k A, i. e. which have 
at the point b t at least a Ay-fold point, is said to be complete , 
otherwise /< The apolarity relations which define 

a complete system imply that certain intersections of two 
members of the system are fixed. The limiting cases for 
which one or more of the base points approach a given 
base point along a given curve are included. Thus if b\ 
approaches bp along a given line, the curves have a A, 3 -fold 
point at b 2 with this given line as one of the ly tangents. 

Two theorems of Bertini b are useful. The first states that 
if the general curve of the system has a Ac-fold point variable 
with the curve then all the curves of the system have a fixed 
(k — l)-fold part; the second that if the general curve is 
degenerate then either all the curves have a fixed part or 
each is made up of h variable members of a fixed pencil. 
It we assume that a common part has been removed from 
the members of the system and that the curves then are not 
composed of members of a pencil we may conclude that the 
general curve of the system is irreducible and has no multiple 
points outside the base points of the system. Unless definitely 
stated otherwise we will consider only systems of this latter 
character, and these will be termed proper. 

Let then a complete linear system be defined by a given 
base, B(b\ l , • • •, by '). The dimension r of the system is given by 
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(9) > = s n +[n{n + 3) — Zj h (fc, + D] / 2 

where s n is the number of independent relations among the 
linear conditions imposed by given B on curves of order n . 
If s n — 0 the system is regular, otherwise n.rgahu with 
m <t r <h', :.‘g (superabundance) s n . It may be proved that 
s n = 0 for sufficiently large n ( 3l p. 53). Let the grade D 
of the linear system be the number of variable intersections 
of two general curves of the system. Then allowing for the 
fixed intersections at B we have 

(10) D = n*—2jh]. 

If also p is the genus of a general curve of the system, then 

(11) p = [(« — 1) (« — 2) — kj 0‘j — 1)] / 2 . 

Thus r, D, p are connected by the relation 

(12) r — D — — (- 1 — 1~ Sn . 

The members of a linear system which pass through a point P 
of the plane in general position constitute a new linear system 
(co r ~ x ). If the new' system has acquired along with P the 
base points P\, P 2 , • • • . Pt—i then the points of the plane 
divide into sets each of t points such that any curve of the 
system which passes through one point of a set must also 
pass through the other points of the set. If t — 1 the system 
is termed simple-, if t 1 not simple. But simple or not there 
is but one curve of the system on r points in general position; 
and conversely if an algebraic system of dimension r is such 
that it contains but one curve on r points in general position 
then it is a linear system (® 4 p. 12, pp. 15-24; 51 pp. 56-57). 

2 . Mappings determined by linear systems. Given 
a proper linear system | C n \ of order n and of dimension 
r>2 we select r+1 independent curves and set 

(1) QVo = («o x) n , Qijt = (a L x) n , Qy t — ( a r x) n . 

We interpret y 0 ■ y t : - • • : y r as the homogeneous coordinates 
of a point y in a linear space S r and have for each point x 
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of the plane which is not a base point of \C n \ a point y 
of -S', . Since the curves of | C n \ are not composed of members 
of a pencil, the point y will run over a manifold AT 2 of 
dimension two m S r . If y„ : • • • : y, are dual coordinates in 
S t , i. e. if Cyy) = 0 is the equation of an $,—i in S r , then 

r 

y lies on the S r — x, y, if x is on the curve, ~Y, y (« ; x) n = 0, 

l — 0 

of | C n | . Thus the linear sections y of J/ 2 arise from the 
curves of the planar system. The order of M 2; the number 
of variable points in which it is met by an S,-_ 2 defined by 
y, y , is the number D of variable intersections x of two 
curves ” \O n \ is simple, otherwise is D/t. Castel- 
nuovo 9 has proved that if t > 1 the sets of t points x may 
be put into one-to-one cm ■ with the points x' of 

a plane. Thus in all cases the points y of M s in S r are in 
one-to-one or birational correspondence with the points of a 
plane and il/« is therefore a rational surface in S, . If 
conversely such a rational surface is given with points y in 
rational correspondence with points x of a plane, its linear 
sections y determine a proper linear system in the plane. 

We observe that the coordinates y in (1) are fixed by the 
choice of r + 1 independent curves of \C n \ and the choice 
of a factor of pi ■ip.niionaiify in each. If the given choice 
is altered, the point x determines a new point y which arises 
from y by linear transformation or collmeation. If on the 
other hand we carry out in the plane a collineation which 
carries x into x' then x) n becomes («,- x) n and the point 
y on determined by x is the same as that determined 
by x' since q y t = («, x) n — (a, x') n . Thus the relation 
between M 2 and the linear system | C n \ is definite only to 
within projective transformation both in S r and in the plane. 
We extend this later to Cremona transformation in the plane. 

In the birational relation between the plane x and M 2 (y) 
there are two kinds of exceptional points. We consider only 
the case of simple linear systems. The first type is a Ar-fold 
base point l. Setting l> in (1) the coordinates y vanish and 
the point y is indeterminate. Let c be a general point and 
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let x approach b along the line b c i. e. let X approach 0 in 
b + Xc. When we set x = b-\-Xc in (1) the terms in l 
vanish up to the degree k since («t (<*/ a;)*” 1 0. 

The terms in X k remain and higher powers of X may be 
dropped. Thus Qyi— by i ~ k (_a t c ) k . If now (yi y) — 0 , the 
point c is on a tangent to the curve ty (a t x) n = 0 at 
its Tc-fold point b. Hence all sections y of M-, on y correspond 
to curves of | C n \ with a fixed tangent at h in the direction 
be. As c varies along a line c-\-Xd not on b, the coordinates 
y l are expressed as rational functions of degree Jr in the 
parameter X and the points y which correspond to the various 
directions at b run over a rational curve on of order A . 
It may happen however that the directions at b divide 
into oo 1 sets of t each such that any curve cx. which passes 
through b with one direction in a set of if must have 
branches in each direction of the set. Then the rational 
curve on M s which cor: expends to the directions at h is a 
i5-fold curve of order k± , where It = f/p . We call these base 
points the fundamental or F-pomts of the rational trans- 
formation (1); and the rational curves which correspond to 
directions about them, the corresponding jn hut pal or P-eumes. 

The second type of exceptional point lies on M., and 
occurs when the linear system | C n | has in the plane a 
P-curve i. e. a curve which meets the curves of ‘ the system 
only at the base points. If x is on the P-curve the system 
(oo r— x j of | C n \ on x contains the P-curve as a factor and 
the residual variable part \C m \ will meet the P-curve in A 
variable points. Since \C m \ is the same for all positions of 
x on the P-curve the surface AT 3 has a 7c-fold point corre- 
sponding to the P-curve in such a way that the oo 1 directions 
at the A:- fold point correspond to the c© 1 points on the 
P-curve. 

The simplest example of Jf 2 in S r is the quadric in >% t , 
the map of the plane by the complete system of conics | C» | 
on two base points, !?(?>!, b 2 ). The line of the pencil on b, 
with parameter t is cut by \C 2 1 in one variable point and 
thus maps into a generator t of the quadric; similarly the 
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lines on map into the cross generators r of the quadric. 
If tij , t 0 are the in these respective pencils of 

the P-curve, b. 2 , then directions at b x have a variable t but 
common t 0 . Thus the P-points b l} b 2 map respectively into 
the generators t 0 , t 0 which are the P-curves on the quadric. 
Points on the P-curve lh h have parameters t 0 , r 0 and map 
into the intersection P of the two P-curves on the quadric. 
The transformation is reversed by projection of the quadric 
upon the plane from P. The generator r 0 on P cuts the 
plane at b x ; 4 on P at b 2 . The directions at P in the tangent 
plane project into points on b t 6,. A general plane section 
projects into a conic on lh, b 3 . 

3. Linear systems (r — 2, D ~ 1); Cremona trans- 
formations. If j C n \ is a proper net for which D = 1, if 
C is a general irreducible curve of the net, and C ' , C" two 
other curves which with C define the net, then C is but by 
the pencil C'-\-lC" in a single variable point and therefore 
is rational. Moreover the net is a complete system. For 
if C" were a further independent curve with the same be- 
havior at the base points, a member of the net C'-\ C nj rp C'" 
could be determined with two variable intersections, and there- 
fore a part common, with C. From the relation r=D — _p+l+s ;i , 
valid for complete systems, in which r — 2, D — 1, p = 0, 
we find that s n = 0. Such a net defined by the requirements, 
that the general curve is irreducible, and that r — 2, D = 1 
is called homcdoidal. 

Let the homaloidal net in S x be defined by its base points 
px, pz, - • - , pg of orders r t , r 2 , - - -, r«. From the values of p 
and D as in 1 we find that 

m + - n»-l, 

? 1 -j- 5*2 -j- * • • -)- Tg = 3 ( n — 1 ) . 

The mapping 

(2) y % — (c*ix) n (J, = 0, 1, 2), 

is now from point x of 8 X to point y of the plane M} or 
S y . The lines, Qijy) = 0, of S y are in projective corre- 
spondence with the curves, ip (« 4 x) n = 0, of the homaloidal 
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net. To the variable intersection y of two lines y, r{ in 
S y there corresponds the variable intersection x of the two 
corresponding curves of the net. The transformation thus 
established between the points of the two planes — valid through- 
out except for a finite number of points — is called a Cremona 
hnn>for,iinh»ii T. For proper choice of integers n, r,, q the 
net in S x is determined when the q base points are selected. 
The projectivity with lines in 8 y involves no new absolute 
constants. Thus T depends upon 2q — 8 absolute piojectiu* 
constants. 

Lines in S x are mapped into rational curves of order n 
in S y which in general are irreducible. These curves con- 
stitute an system of dimension two such that on 

two generic points y there is a single curve of the system. 
Thus the system is a proper net for which r — 2, D — 1, 
i. e. a homaloidal net in projective coi i < -.■miuloncr with the 
lines of S x . We may then solve (2) in the form 

(3) = (Ay)“ (* = 0,1,2). 

If this net in S y has base points qi, q a of orders sx, ■ ■•,.vthen 
T has 2 <r — 8 absolute projective constants whence o — a. 
As before 

(4) s i + s a+ ’ ’• + s £ = %2 — 1 > 

5i + S 2 + ••• -j-s ? == 3 (n — 1). 

We call pi, pq the fundamental points or F-pomts of 
the transformation T from S x to S y \ and similarly g t , •••, q (J 
the F-points of the inverse transformation T~ x from Sy to S x . 

As in the more general mapping of 2 , directions at the 
F'-point pi (i — l, q) of order r* in S x correspond to the 
points on a P-eurve, F t , of order r t in S y . To the pencil 
of lines on pi there corresponds in S u a pencil of variable 
rational curves of order n — rt, each taken with the fixed 
part P 4 which is cut by the variable part in the point which 
corresponds to the direction at p t on the variable line. Thus 
a P-curve in S v is the fixed part of a degenerate pencil of 
the net in S y . Conversely the points of such a fixed part 
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must correspond to a single point — necessarily an P-point — 
in See. The orders also of sueh fixed parts determine the 
orders of the P-points in S x . Thus either net once given 
determines the nature of the other net as well as (for n~> 2 
and .'. q > 4) the position of the P-points of the other net 
when four of these have been chosen. 

Let the P- curve P t in S y which corresponds to the P-point 
■pi in Sx pass through the P-point Qj (j — 1 , • • •, q) in By 
with say « y branches. Then there are c < 0 directions at 
gj which correspond to directions at p t . Hence the P-curve, 
Qj, in S x which corresponds to directions at qj in S y also 
passes <x y times through jh- 

When the P-points of T and T~ l are in general position, 
the P-curves have the following properties: (a) they are 
rational; (b) they have multiple points only at the P-points; 
(c) they are completely determined by their behavior at the 
P-points; (d) they meet the general curve of the net only 
at the P-points; (e) they meet each other only at the P-points; 
and (f) : as an aggivgau* they make up the Jacobian of the 
net. The last of these follows from the fact that the jacobian 
is the locus of double points of curves of the net. The 
others are immediate consequence^ of properties of T or of 
the relations 3 (4). 

4 . Further relations on the integers n, r h Sj, a v as- 
sociated with T. With reference to a given Cremona 
transformation T and a given set P™ of m discrete points 
l J ii •••)??) Pm in S x of which the first q are the P-points 
of T, any given curve C x has a „ singularity complex 44 
(S. Kantor, 87 pp. 293-316) which consists of the set of integers 
(positive or zero), 

;'o ? ¥iy **■? y o > y o-}-i * * * * 1 y m 

where y 0 is the order of CV, n. • Yo the multiplicities 
of C x at the P-points pi, * • *, of T ; and y^+i, ■ ■ rm the 
multiplicities of C x at the m — q further points of Pm which 
are ordinary points for T but which for some reason or other 
we may wish to notice. 
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The curve C x is then transformed by T into a curve Cy in 
S v with the singularity complex 

Yo, Yl? m ' ' i Yo? Y * *? Ym 

with respect to a set of points Qm of m points in 8 y of 
which gi, are the F-points of T ~ 1 and q,j+i, q m 

are the correspondents or images under T of the ordinary 
points j)o+i, ■ p-m.- Again yo is the order of C', and y\ 
(i = 1, •••, m) the multiplicity of C y at tp. Two planar 
sets of points Pm, Qm so related that q points in each set 

-will serve for F-points of T and T~ x respectively while the 

remaining m — q points of each set are corresponding pairs 
of T and T~ x will hereafter be said to be (augment sets of 
j points under T. 

A line is transformed by T into a curve of order n with 
a point of order Sj at qj (j — 1, • • •, g). These orders are 
multiplied by y 0 for the transform of C x of order y 0 . However, 
for each branch of C x through jh, the curve P, separates 
from the transform. At ordinary ■•ii'vo'-ih.. f < ■.> pairs the 
behavior of C x and its transform is the same. Hence the 
singularity complexes y and y' of C x and Cy are connected 
by the linear transformation 8- 

Yo = ny 0 — r, y L — ... — r t y t — • • - — 

( 1 ) 8 r'j — Sj Yu — Yi — ... — a yYi — ••• — 

Yo-fk ' =: Y(>-\-lz 

O' = 1, ..., Q\ k — 1, ..., m— q). 

It is clear that two curves C x , D. c with complexes y, 6 will 
have the same number of intersections outside the set Pm in 8 X 
as their transforms have outside the set Qm in 8 y , i. e. 

Yo $0 — Yi di — y'm d' m = y 0 d 0 — Yi$ l — • Ym d m - 

Thus 8 has the invariant quadratic form 

( 2 ) Q — y\ — y\ — y\ — ••• — Y m 
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Moreover the genus of C x is invariant under T whence 

(;'o — 1) Oo — 2) — Yi (/» — 1) is invariant. By combining 

2 = 1 

this with (2) we And the invariant linear form 

(3) L — 3y 0 — Y\ — Ys — Ym (?» ?). 

As an easy algebraic consequence we have 

(4) The invariance under the linear transformation 8 of the 
forms Q, L furnishes the following relations on the in- 
tegers (positive or zero) n. s J} a n associated with the 
Cremona transformation T: 


!£,<? ■=»*-!. 

z,s; = It 

Vi — 3 0^ 1 )j 

.2/*/ = 3(« — 1 


= 1?+1. 

Ct)j — 3 Sy 1 , 

.2^.7 3 7*; 1 y 

Y% — 71 Sj ? 

a >j 

&IJ <%i7c === 57c, 

j£jj a V === ^ 2 ^ * 


(i,j — 1, 


The integers n, r t (or n, s,) are subject also to a series of 
inequalities which when the r’s are aiTanged in order of 
magnitude, 

r x A! r 2 !> r A ^ >'o, 

take the form 

n 1 1 -f- r« , 

2 n 2^ ?t -I- ? s -)- • • • -f- > 5 , 

(5) 3 n 2 > - i + r s + • * • + » 7 • 

BW ^ 9’j -j - )'s "4" • • • “f- I’fl • 


These express respectively that the net does not nccv'i-.nily 
contain as a factor the line p x p% or say the curve (12) 1 , 
nor the curve (12345) 2 , nor the curve (l 2 234o67) 3 , nor the 
curve (123456789) 3 , etc. The first case of numbers n, r t 
which satisfy the two relations 3 (1) and which is ruled out 



12 


I. TOPICS IN ALGEBRAIC GEOMETRY 


by (5) is n — 5; , r s = 3, 3, 1, • • •, 3. Whether the 

equalities 3 (1) and the inequalities (5) are sufficient to ensure 
that further integers s Jf <x v can be determined which satisfy (4), 
and whether the satisfaction of equations (4) is sufficient to 
ensure that a transformation T with the set 

of integers exists, are questions not yet answered. 

A variety of properties of this set of integers associated 
with T have been given by Clebsch, Bertini, Montesano, and 
others ( 52 Chap. IV, §§ 1, 2). 

5 . On the nature of the Cremona group and its 
invariants. If T x is a Cremona transformation from point x 
to point x, T % another from point x to x"(x, x', x" all in 
the same plane), the product T x T 2 is a Cremona trans- 
formation from x to x" . The totality of all Cremona trans- 
formations in the plane (including as particular cases the 
projective transformations) constitute the Cremona group in 
the plane. S. Kantor 40 describes this group as one whose 
elements contain certain continuous parameters a 1} a 2 , •••. 
and certain discontinuous parameters «i, each set of 

parameters being infinite in number. The parameters a vary 
with the type of T. We say that two transformations with 
integers n, r x and n', r'i are of different type if n 4 n'-, or if 
when n — n' the r t are not merely a pei mutation of the r[ . 
When the type is fixed the continuous p.n.imelers a of that 
type vary with the choice of the direct and inverse F-points 
subject to the — 8 relations which connect them. We 
obtain in the next two sections a separation of these two 
types of parameters in so far at least as concerns certain 
sub-aggregates of the Cremona group. 

The Cremona group in the plane is more amenable to general 
treatment than the similar group in higher spaces as a con- 
sequence of the theorem of Noether (cf. 52 Cap. IV, 7) that T 
can be expressed as a product of quadratic transformations. 
Perhaps a simpler statement is that the Cremona group can be 
generated by collineations and a single involutorial quadratic 
transformation with .F-points at p l} p s , p s and P-curves, 
■P* == PjPk 0 = 1, 2, 3). 



6. CREMONA TRANSFORMATIONS. LINEAR GROUP g m 2 13 


There is no simple basis for an invariant theory of the 
Cremona group. It is evident that a linear system, | C } , o | , 
of curves is transformed into a linear system \C } C with the 
same r, D,p. But these numbers are merely aiithmetic in- 
variants of the system. Two systems with the same in- 
variants r, D, p are not usually conjugate under the Cremona 
group. But a complete linear system defined by a base B is 
transformed by T into a complete linear system defined by 
a base B' and the two sets of points B , B' (with the inclusion 
perhaps of base points of zero multiplicity) are - . v' unde) 
T as defined in 4. Thus the planar set of m points p x , - • ■ . p m - or 
Bn 1, usually discrete, as the carrier, actual or potential, of an 
infinite variety of complete linear systems, seems a natural 
basis for an invariant theory. This notion will recur frequently. 

A complete linear system, defined on a set P,l, consists of 
a continuous ' • of curves. We shall have occasion also 

to discuss the discontinuous aggregate of principal curves or 
P-curves (cf. 9, 56) defined by Pm, an aggregate which is 
infinite for m > 8 . 

6. Types of Cremona transformations. The arith- 
metic linear group, g m ,2- If the set of points Pm is con- 
gruent to the set of points Qm under T x and if Qm is con- 
gruent to JRm under P> , then Bm and Pm are congruent 
under the product T x T 2 . A curve C x with complex y at Pm 
passes under T x into a curve Cx' with complex / at Qm. and 
this under P 2 into a curve C”-- with complex y" at Pm. Then/ 
is expressed linearly in terms of y by 8 X (4 (1)), y" in terms 
of / by S s , and y" in terms of y by the product S x 8 S • The 
class of all planar sets Qm ■m'-ii;' m to a given set B, n has 
the propei ty that any two members of the class are congruent 
under a definite transformation T, localized by the two sets, 
with its q m direct and inverse P-points in the two sets. 
These transformations T res aided as planar transformations 
constitute a rp onpo/ri (cf. 66 p. 5) rather than a group, i. e., 
elements T defined by Pm, Qh and T' defined by Bm , Qm' 
have a product TT' defined by Pm, Qm' only when p|/ co- 
incides with Qh,. 
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The elements 8 however are merely descriptive and are 
i. of the position of the sets of points. If m is given 
they constitute a group which expresses the various ways m 
which curves or linear systems of curves defined at one set 
of m points may be transformed into similar systems defined 
at another set of m points. We call this group of linear 
transformations with integer coefficients, the group g m yi and 
seek a system of generators. 

It may happen that the sets Pm and Qm are congruent 
under collineation (y'o = y 0 ) but in such wise that the points 
in natural order cm record to the points q in some permuted 
order. Thus y m , 2 contains the permutation group of y lf • • y m 
whose elements we shall indicate by writing their cycle form 
in terms of 1, • • •, m. Also Pm, Qm may be congr.mni under 
the quadratic transformation A 123 so that g m , 2 contains the 
element 

y'o = 2 y 0 — n — Ys — Ys , 

A = Y 0 — Ys — r*, 

(1) Aj 23 : y o = y 0 y x /s , 

Ya — Yo — Yi — Yil , 

y'i — Yt (i — 4 , • • • , Ml ). 

Since the ternary Cremona group is generated by collineations 
and A t 23 there follows- 

(2) The linear group, g m , 2 'is genet tiled Inj the permutation 
group JJ of Yi , • • • , Ym cind the element Ai 23 . 

We mention some examples. The quadratic inversion with 
eenter p x and conic of fixed points on p»,ps has 8 ~ A 123 - (23). 
The quadratic transformation A 124 has 8 — (84) - A lri • (34). 
The cubic involution with double P-point at pi and simple 
P-points at p z such that the P-curve of jh is the line 
Pi 2 h(t — 2 , - • - , 5) has 8 = A x 23 • A u 5 • (23) (45). Similarly 
the Jonquieres involution of order n has 

8 ~~ A 123 * Axis Ai, 2 » — 2 , 2 /i~i • (23) • • • (2n — 2, 2 n — 1). 

Since T preceded or followed by a collineation is a trans- 
formation T' of the same type as T itself we have the 
theorem : 
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(3) The types of Cremona transformations with q <m F-points 
are in one-to-one <o . , > ,m with the clouhle cosets of 

the group g m> 2 ivith respect to its w;7„y, // 0 f order wi! 

We recall (cf. Miller, Blichfeldt, Dickson 44 - 1 pp. 25-26) that 
a resolution of g m , 2 into double cosets with respect to IT has 
the form 

gm, 2 = n • n -\- n 8 X n n s 2 n -\ 

where 8% is so chosen as not to lie in a preceding double 
coset. No element of g m , 2 in one double coset is found in 
another but the elements within a coset may each be repeated 
k times. If T t has « 0 .F-points of zero order (ordinary 

points), «i simple F-points, , F-points of order 

j (a 0 -f- a x -j- • • • + = m) then in the double coset /TVS)# each 

element occurs k = a 0 l af. . . . uf. times. 

The only ‘sure method of finding actually existent new 
types is by constructing products of known types i. e. by 
finding products of elements of g m ,i (cf. 63 Chap. IV, § 2). 

In order to identify g m , 2 with certain known groups we 
shall frequently use a certain conjugate set of involutions 111 
g m , 2 which generates the group. Any element of g nh 2, as a 
linear transformation, has a set of “multipliers’'. For an 
involution these are ± 1 . The subgroup n of g m , 2 is generated 
by transpositions of type (12). For Yi — Ya the transposition 
has one multiplier — 1 and for y x + Ya and every other y a 
multiplier +1. Hence (12) is a central involution with 
space of fixed points Y\ — Ya — 0 and center at the pole of 
this fixed space with respect to the invariant quadratic 
form Q [4 (2)] . Thus the involution is defined by its space 
of fixed points Yi — Ys — 0 and has the determinant — 1 . 
We determine the conjugate involutions by the fixed spaces 
rcnjiigntc to Yi — Ya = 0. Under A xss , Ys — Yi becomes 
y n — Yi — Ya — Yi and under (34; this becomes y 0 — Yi — Ya — Ys- 
But A X q$ (34) — A 124 and -A 123 — (64) (34j. Hence 

M 123 is in the conjugate set of involutions and is defined by 
Yo — Yi — Ya — Ys ■ Similarly the quintic transformation 
J . 12 3 J .456 A 12 s is in the conjugate set and is defined by 
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2ro — Yi — Ye — — Ye- Thus we And a sequence of con- 


jugate fixed spaces 

Yi — Ye, 

J'o — Yi — Y-> — Yi, 

2Yo — Yi — Y 2 — — Ye, 

(4) 3y 0 — 2yi — Y 2 — — Ye, 

4 re — 2 Yi — %Ya — 2j ' 3 — Yi~ Ye, 


Co Y 0 Cl /i Cm, Ytn, 


together of course with all that arise from these by the 
operations of IT. We observe that the coefficients c of the 
general form satisfy, in the early cases, the relations 

4-4 4. = - 2 . 

B Co — Ci • • • Cm — 0 . 

Since according to 4 the left members are invariant under 
the coefficients c satisfy these relations in all cases. 
If the general fixed space (4) is transformed by A l23 it is 
reproduced along with the additive term 

(6) (c 0 — Ci — c s — c 3 ) (Yo — Yi — Yi — Ye)- 

With the aid of this simple rule we find that the entire 
set of conjugate generating involutions for m — 9 is defined 
by the forms, 

A(&) = 3Tcy 0 — (&+ l)/i — (Yi -f ••• +/«) — (k — 1) Ye , 

( 7 ) B(k) = (3 /c — j— 1 )/ 0 — (7c +■ 1)(Yi-\-Y2-{-Ys) — 7c(y d -j- h Ye), 

C(Jc) = (3Jc-\-2)y 0 — (A+DOifi h/b) — k (y 7 -f y s + Ye) 

(Jc = 0, 1 , 2, • • ■) . 

Indeed for k — 0 we find ■ • ■" \ the first three forms 
in (4). If then these forms are at most permuted under 
typical ou.i Irani transformation the conjugate set is com- 
plete. The form A(k) is transformed by .d ias , A 129 , A 33i> 
^•289 into a type C(k — 1 ), A (k) , A (k) , B (k) respectively, 
B(Jc) is transformed by A 123 , A 13i , A ua , A iae into a type 
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C(J{ 1), A (7r) . B(k), C(k); and C{k) is transformed by 
4-m, 4-127, 4-178 , 4 789 into B(k), C(k), JL(&+1), _B(Ar-fl) 
respectively. Hence the infinite set (7) together with those 
which arise from them by permutations of n constitute a 
complete conjugate set. 

The specific form of the element of g m ,2 defined by the 
linear form 

(8) Co y 0 C\Yl — • • • — c m Ym 

in the above conjugate set is 

r 'o = (^ + l)r 0 — CoW— -~c 0 c m r m , 

(9) y' = C t C 0 r- C, c 1 y— « -l)r— c, c m y m , 

(t = 1, . • • , m). 

This is evidently true of the transposition, the quadratic, 
and the quintic transformation. To prove it true in general 
we verify that the transformation formed as m (9) from the 
transform of (8) by A 123 is the transform of (9) by x4 123 . 

We observe that g m , 2 , generated by involutions of deter- 
minant — 1, must have an invariant subgroup of index 2 
whose elements have a determinant + 1. 

Since for m — 9 the conjugate set of generating involutions 
contain an infinite number of elements there must be an 
infinite number of types of Cremona transformations with 9 
or more j^-points. The number with 8 or fewer jF-point& is 
finite. They are given in the following table. 


A*, 13,i O 4 6 y s D 4 JD& Di Hj { j E& 13 1 Eg Es E l 33$ E 9 E<\ 


<* 1 

cc<i 

#4 

<*5 


4 3 0 
13 6 


6 3 
0 3 


1 

4 

2 


0 

3 

4 


0 

0 

7 


4 

1 

3 


3 

4 
0 
1 


2 

3 

2 

1 


( 10 ) 2^0 E 10 Em Elo En E{i Eii En Eli E\s Eii 


«2 

Cig 

«S 


0 

1 

5 

0 

2 


0 

2 

2 

3 

1 


0 

0 

7 

0 

0 

1 


0 

1 

2 

3 

2 


0 

0 

4 

3 

0 

1 


0 

1 

0 

4 

3 


0 

0 

3 
1 

4 


0 

0 

2 

4 

1 

1 


0 

0 

1 

3 

3 

1 


0 

0 

0 

6 

0 

2 


0 110 0 

5 3 13 4 

2 2 3 3 0 

0 2 3 1 4 

1 1 

77 r TP ' TP TP TP 

XLf \ 4 XL/ 14 XZ/1S -tuib -&17 

0 0 0 0 0 

0 0 0 0 0 

1 0 0 0 0 

0 3 10 0 

6 3 4 3 0 

1 2 3 5 8 


2 



18 


I. TOPICS IN ALGEBRAIC GEOMETRY 


Here A, B, C, D, B refer to 3, 5, 6, 7, 8 F-points and the 
subscript is the Older. For given type, is the number of 
t'-fold F-points. 

7. The continuous aggregate of Cremona transfor- 
mations of given type. The Cremona group G m , 2 in 

— 2 <m- 4 ) • If T has q -F-points, the projective conditions on the 
sets of points Pm, Qm that they may be congruent under T 
coincide, when m — q, with the 2 q — 8 projective con- 
ditions on the 2q F-points of T, T~ l \ and, when m = e-f- 1 
and the pair of images po+i, Q 0+1 appears, with the 2 q — 6 
projective conditions which define the transformation. Hence 
given the nature of T and the distribution of its F-points 
m the given set Pm, given also four points of the set Qh 
we seek to determine the position of the remaining points 
of Qm. 

If we regard the planar collineation group C as known 
and are primarily interested in Cremona transformations only 
in so far as they disturb projective relations we then would 
be concerned only with those pioperties of T which it has 
in common with the entire aggregate CTC i. e. the double 
coset of the Cremona group with respect to the group of collt- 
neations. If we utilize C to place the first three points of 
Pm at the reference points, the fourth point p A at the unit 
point, and if further we reduce the individual factors of 
proportionality in the remaining points to one common to 
all by making the last coordinate of each point the same 
quantity u, then the set Pm is defined by a value system: 

(1) P Xi , yi, u (s l — 5, •• •, m). 

The set Pm is then determined by the 2 (m — 4) ratios 
Xi-.yr.Xj- yj . • • • : u i. e. by the homogeneous coordinates of 
a point P in a linear space • We have thus mapped 

the ordered sets Pm upon the points P of 4 ) by means 
of projectile invariants of Pm . If we denote by (ij 1c) the 
determinant of three points p t , p J} pu and set 

n = (125) (126) ... (12 m), 

n/{l2i) ( i = 5, m), 


(2) 
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the explicit values of the coordinates of P in 4 , are 

x,= (134) (124) (23 1 ) nr e , 

(3) g % = (234) (124) (130 ^ 

u — (234) (134) n (1 = 5. rn). 

It is inevitable that such a mapping will itself have singular 
points and will present in particular cases the analogue of 
P-points and P-loci. For example all ordered planar sets 
for which p x , jh, Pi are on a line will map into a sing’le 
point P in - 2 (m- 4 ). 

We utilize C' to reduce the set Q,i to a similar canonical 
form and obtain a point Q in Since Qm is , , Aei-th tl\ 
and rationally determined when Pm and the type of T ■with 
reference to it are given, and vice versa for T~ x we have 

(4) If the sets P? n and Qm are congi uent under planar Cre- 

mona transformation their /.•/„. -v nh'h- <■ points P and Q 
in — 2 Cm — 4 ) are < onjugnte under a Cremona transformation 
r m The elements t constitute a Cremona group 

Qm, 2 m i 

The ftpi'.ovioi'. of Q m , 2 are obtained in the same way as 
those of g m , 2 - It may be first that the sets Pm and Qm arc 
projective but not in the identical order. If Pm is reordered 
the representative point P in - 2 cm— 4 > shifts to P' and for 
the ml possible orders we obtain ml points P' (including P) 
which form a conjugate set under a Cremona group Q m < in - 
of order ml which is isomorphic with the subgroup 77 of g m ,j.. 
A set of gone*! atlng transpositions of G m < for the more general 
case Pm of m points in /S^has been given by the author ( 17 1 §7). 
A sample for P 6 2 is given below in ( 6 ). 

When p 1} p 2 , p s ; <h, qs, Qs are the reference points and 
Pi = Hi the unit point, A 123 is merely 

x\ = 1/Xi. 

This inverts the coordinates of the remaining points so that 
the explicit form of the element A 1SS of O m> 2 is 

(5) A 123 : = t/xi, y't — 1 /y t! u' — 1/u ( 1 — 5, •••, m). 

2 * 
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The explicit form of these generators for Pi (cf. 17 III § 1), 
when x$, y*,, x 6 , y 6 are replaced by x, y, z, t is: 



( 12 ) 

( 23 ) 

( 34 ) 

( 45 ) 

( 56 ) 

^ 12 :} 

x' — 

1 

y 

xt 

u — X 

uy 

z 

1 lx 

y' = 

x 

ut 

u—y 

ux 

t 

1 !y 

e’ = 

t 

SIJ 

u — z 

zy 

X 

\le 

t' = 

! £ 

uy 

u — t 

tx 

y 

1 It 

u ' = 

u 

yt 

a 

xy 

u 

1 h( 


A conjugate aggregate of points under Q m ,2 in ~2(m-4) re- 
presents in the plane the aggregate of sets Q~ m , pmjeelh o:y 
distinct and ordered, which are congruent to a member of 
the aggregate. Two members Pm, Qm, ‘define a ternary trans- 
formation T whose Id-points and ordinary pairs are m a pre- 
scribed position in Pm, Q 2 m . For any other set P,V in the 
aggregate there is a similar T' with similarly placed points 
for which Pm , (ff are ■' ’ ' Then T, T' yield the 

same transformation v in 2 for which both P, Q and P' , Q' 
are conjugate pairs. As a conjugate set of points in A varies 
through 2 we find exemplars of all projectively distinct sets Pm . 
Thus the mapping of sets Pm in the plane upon points of 
4 ) converts the gro i.»oir1 property (cf. 6) of conuruci:! 
planar sets into the group property of points under G m , 2 ; 
and furthermore converts the independent variation in the 
plane of the m — 4 b i i '• independent points of Pm into 
the variation in A of the single point P. 

From the formation of the generators above we find that 
(7) The Cremona group Gm,i tn 2 S is isomorphic ivith 
the linear group g m , 2 . This isomorphism is simple except 
in the pat titular cases Go, 2 , (? 7 , 2 > Gs ,2 for which it is re- 
spectively 1 : 16, 1:2, 1:2. 

These cases of multiple wmiorphNm arise when for a general 
set Pm congruence under T implies projectivity. The author 
has proved ( 17 II §§ 2, 3) that this occurs in only four cases: 
(1) under quadratic transformation, A 133 , the points p>i , pn > 
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'Ps, in, Pa are projective to q l} g 2 , q & \ q if ; <2) under cubic 
transformation A 1S3 A lia (23) (45), pi, •* ',Jh are lvoii-.-rivs) 
to q t , • ••, q 6 ; (3) under tlie octavic G-eiser transformation 
(-Da of 6(10)), Pi, p 7 are projective to q? u -• *, q 7 ; and 
(4) under the 17-ic Bertini transformation (fix? of 6 (10)), 
Pi, ', Ps are projective to q 1} - q& . In each case the 

addition of another ordinary pair destroys the piojective 
relation. 

For sufficiently general sets P;„ there axe no other cases 
where congruence implies projectivity. NTewertheles-s we shall 
have much to do later with special sets of joints both in the 
plane and in space for which farther types of congruence 
imply projectivity. If Pi is such a set the joint T in ^201-41 
belongs to a conjugate set of points which is smaller ±1 number 
than in general; or more precisely _P is a fixed point under 
a subgroup of G m ,- j. 

8. Cremona groups as Galois grump* s in certain 
problems. • The simple case, preliminary to the above, of 
Pi, m points on aline, has important applications. We trans- 
form Pi by collineation into the canonical foam 

(1) 1,0; 0,1, 1, 1; x±,ir, re 5 ,u.; x ni , tt. 

Thus Pm is mapped Into <1 point P in 

P . U-4 , , • * • , , u . 

Since Cremona transformations do not oeeuxonthe line, the 
Grm,i reduces to the subgroup G n . determined by reordering 1 
the points of Pi . The ml points JP obtained by transforming 
any ]>ennutation of (1) into the same form as (1) are aeon- 
jugate set under G m . in - w -s. This On. in 12 2 was first 
observed by Autonne 1 , the (? 6 i in -3 by S. Xantcr 39 , and 
finally the G m < in by E. BC. Moore 47 who recognized 

the ratios of the coordinates of Fin the doable ratios of Pi . 

It is clear that Gm., is a form of the Galois group of the 
equation of degree m, (« i) nl — O, whose roots determine the 
points of Pi. The author has used the group* Gtb\ to obtain 
a solution of the qnintic equation 18 , andGV to ob tain a solution 
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of the sextic equation 15 . The general principle involved 
may be stated as follows- 

(2) If a given algebraic problem {or geomeh n problem when 
stated in algebraic form) has a finite number of solutions 
with a Galois group of order k in the original domain ; if 
also by linear /# anfformahov of the original variables and 
parameters the original problem may be ■> educed to a canonical 
form C which involves r essential parameters a , , a, 
{not further reducible by such processes), and for which the 
solutions are all • •• W.#*'”/ known, then C may be obtained 
in k ways with parameters af , af (i — 1, • • • , A) 
which play the role of k points in S r ' under 

a Cremona Gjt which is isomorphic unth the Galois group 
of the given problem . 

We apply this later to G bt 2 and the group of the 27 lines on 
a cubic surface, 6*7,2 and the group of the 28 double isnigiMiN of 
a quartic curve, etc. Our final problem will be to connect the 
6*10,3 determined by a special set of 10 points in space with the 
group of the 120 tritangent planes of a space sextic of genus four. 

9. P-curves and discriminant conditions of Pf. We 
call that aggregate of curves defined on P» v such that each 
corresponds to the directions about a point in some set Q? tl 
congruent to Pm, the P-curves of the set Pm- They are in 
fact the P-curves of the transformations T~ l . Bertini 5 shows 
that they are rational curves whose multiple points may be 
arbitrarily assigned. If we denote a complex / by its linear 
polar form as to Q, and ascribe to the directions about a point 
the multiplicity — 1 at the point, the polar form for p l is y, 
and the conjugates of this under g m , 3 determine the types 
of the P-curves. Thus for m < 8 we have the types 
y-l 

yo—yi—rs, 

2/ 0 -— /1 — / 2 — /#, 

3/ 0 — -ta- h- 

4/o — 2 Oi 4-/2 +/s) — C/4-+- +/«), 

5 /o — 2 (/1 + ••• +/6) — (/7 H - /s) , 

6/0 — B/i — 2 {y% -{-•••+ /«)• 


(1) 
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For m = 9 an infinite number of types may be read off from 
the values of y\ in 6 (9) for the forms in 6 (7 ) but these 
will not exhaust the types. The aggie.:. lie of P-curves of 
Pm defines a discontinuous division of the projective plane 7 . 
An immediate consequence of the definition is- 

(2) If Pm is uunjmatl to Qm under T the P-eunes of Ph are 

to those of Qm under T. 

If in Pm itself or in any set Qm congruent to it two of 
the points are made to coincide in some direction then there 
is imposed on the set Pm a projective condition which we 
call a discriminant condition on pL if Pm and Qm are 
congruent under A 1S3 and if in Qi q± concides with q & then 
in Pm the points pi,]pa,jpi are on a line. Thus in Pf n there 
exists a complex whose polar form is y 0 — y, — y 3 — y 4 and 
this transforms under A v2 s into the form y 3 — y 4 for the 
coincidence in Qm- Hence the types of discriminant con- 
ditions on Pi are (cf. 6 (4)) the same as the types of con- 
jugate generating involutions of g m ^. 

(3) The discriminant conditions on the set Pm are m one-to-one 
correspondence with the < on jugate //. nemf/ug involutions 
of g m , 2 - If such a condition is satisfied by Plh the corre- 
sponding Cremona transformation T {whose S in g m% 2 is 
given in 6(9)) dn/nici a lev into a colhneation. 

Indeed if p t , p 2 coincide the transposition (12) is effected 
by the identical collineation ; and if p u lh. 2h are given on 
a line A 123 is a collineation. Any other condition is the 
transform of {p x p 2 pj) — 0 by some transformation T and 
the generating involution -■ ~i m 1 :. .■ to it is the transform 
of Ai 23 by T. But P~ 1 A 12S T is a collineation if A 13S is 
a collineation, provided the product is formed for congruent sets. 

We have characterized in the above a variety of linear 
systems, or particular curves such as P-curves, or conditions 
such as discriminant conditions, all attached to P™; as well 
as the conjugates of this variety as they appear in the con- 
gruent sets Qm, in each case by a system of linear forms 
roujiig. le under g m , 2 . Thus y 0 , 2y 0 — y t — y 2 — y 3) - - • re- 
present the types of homaloidal nets ; y 4 , y 0 — — y® , • • • 
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represent the P-curves; and n — n , ?'o — n — ?a— rs, ■ - - 
represent discriminant conditions. More generally if 


(4) 



— 4 — r + p — 1, 

— t‘m = r — p + 1 


then c 0 j'o — Cj n — • - • — ( ‘ m y m represents a linear system of 
dimension r and genus p. If the integer (positive or zero 
ordinarily) coefficients c are such that r and p are not negative, 
the system exists; if however r or p is negative the system 
is non-existent or virtual when Pf n is general. We may, how- 
ever, as in the case of the discriminant conditions impose 
on Pm the requirement that a virtual system be existent with 
an actual dimension r and genus p. Then the 1 1 j . ig .i f ; of 
the form under y m , 2 express the nature of the conjugate con- 
dition on the sets congruent to Pm. 

io. Linear systems (r = 2, D>1); birational trans- 
formations. If \C n \ is a proper net for which £>>1 the 
pencil of curves on x passes through I) — 1 further points x 
each of which determines the same pencil. Necessarily then 
the system is not simple and the points of the plane divide 
into sets of D points in a planar involution. The ■ i. ; ,>ii ■ 

(1) iji — (« 2 x) n • 0 = 0, 1, 2), 

furnishes for x an ordinary point in 8 X a unique point y in 8 V . 
For given y, determined by lines 0 ?y) = 0, (r/y) = 0, 
(1) furnishes a group of points x which arise from the points 
on NJ iji (at x) n = 0, («i x) n = 0 which are variable with 

tj, i\ . We have thus a (D, 1) correspondence from S x to S y 
(cf. 52 Chap. V). 

Let fix) be a given curve in S x which at one point p 
has the property that it does not contain any of the D — 1 
other points of the set to which p belongs. To the points x 
on f(x) there correspond in (1) the points y on a curve f{ij) 
in S y \ to a point y on f'(y) and on ij, f the D points in S x 
of which in general only one is on fix). This particular 
point x on the three curves fix), rj (a x) n = 0, ^fiaxp — O 
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can be obtained by rational pioce&ses. in terms of r t , r/ which 
clearly can occur only in the combinations (»? f) t = y, . Thus 
we find, for points x on the given curve fix) a unique solution 
of (1), namely 

(2) x t — (&*/)"' ( i — 0, 1, 2). 

Such transformations as (1), (2), one-to-one and birational 
between two loci of the same dimension will be termed bi- 
rational transformations. When this term is used it will be 
understood unless otherwise stated that the transformation 
is not defined outside the loci in question. The aggTegate 
of curves which can be put into birational correspondence 
with a given curve and therefore with each other is called 
a class of algebraic curves. A given class defines the ag- 
gregate of birational transformations B which connect any 
pair of the class. This .mgi *g..u- constitutes a groupoid. 
If a pair of the class is given B is uniquely determined un- 
less one curve, and therefore every curve of the class, admits 
birational transformations into itself other than the identity 
which is not true of the general curve. 

ii. Linear series on an algebraic curve. Complete 
and special series. Under the transformation £ in io 
line sections of the transformed curve correspond to the 
variable part of the intersections of fix) with curves of the 
net. We consider in general the sections of an irreducible 
curve fix ) by the members of a linear system. First let 
those members of the system which contain f as a factor 
be dropped, leaving a linear system | C v \ of dimension r. The 
curves of | C v | will have in general certain fixed intersections 
with f and in addition certain n intersections variable with 
the parameters of the system. We say then that j C„ \ cuts 
f(x) in a linear series g n r whose cc r sets of n points on fix) 
are in one-to-one com">>)ondence with the curves of the 
system. If those curves of \C V \ which pass through a generic 
point of fix) pass necessarily through y — 1 other points of 
fix), the n intersections divide into n/y variable sets of y 
points. If y W 1 the g’): is composite ; if /* = 1 it is simple. 
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If the system | C v | is determined by the members {a % x'f = 0 , 
the mapping. 

(1) yi — (cnxY (t — 0, 1, 2 , ■■ ■, r), 

establishes a birational correspondence between fix) and 
a curve Cf (y) of order n in S r when gf is simple, or 
a ip, 1) p : f « between fix) and a Cft 1 when g ” is 

composite. We have then the theorem (cf. 64 Chap. III). 

(2) The ' of curves tn hyp -, ' • space, the plane, 

ancl the n-fold projective line in-sheeted Riemann sin fare ). 
which are m birational con espondence with a given curve 
f{x) is represented by the "tp/. > ///>>■/ of simple linear sm ies 
g* (r > 1) cut out on fix ) by linear systems. 

If some of the curves in (1) are dropped, a gf. (/ < r) is 
cut out on f which is said to be contained m gf. The 
curve Cf in 8 r > is then a projection of Cf in 8 r from r — r 
of the reference points in S r . If the S r — i determined by 
these reference points cuts Cf in /., points, the order n of 
the variable part of g™ reduces to n — 7c. A g\ l which is not 
contained in a linear series of greater dimension but of the 
same order n is said to be complete ; and the 
Cf is said to be a normal curve, i. e. it is not the !• •’ i • 
of a curve of the same order in a higher space. 

As a consequence of a theorem of Noether (cf. 64 Chap. V) 
it may be proved that every complete y” can be cut out 
on f by linear systems of adjoint curves of f i. e. curves 
which pass through each s-fold point of /with riiisl! by 
s — 1 at least. Moreover all the adjoints of given order 
cut out a complete gf If G is a set of a complete gf the 
other sets are constructed by passing through the n points 
of G an adjoint of sufficiently high order l to contain G. 
This adjoint cuts / in a set H in addition to the sis — 3) 

intersections imposed on the adjoint at each s-fold point 

of /. Then all the adjoints of order l on H cut f in the 

sets of the complete g Jf which contains G. That g™ as 

thus constructed is unique is a ■"■■■>< ;.i ■ of the residue 
theorem. 
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If g? is complete and one of its sets A is divided into two 
sets B, C with respectively n x , n % (n x + iu = n) points, then 
B, C are residues of each other with respect to 9 The sets 
A of c/r which contain B contain in addition ce’ 2 sets C which 
lie in a complete g**, the linear series residual to B in g* . 

Similarly the oo’ 1 sets B, residual to C in 9” , lie in a com- 
plete 9” 1 . The residue theorem states that, if B 1} C\ are any 

two sets of g]\ g™* respectively, the residue ot either set 
with respect to 9” is the complete series defined by the other. 
We say then that the series 9* 1 , g”* are residual with respect 
to each other in g n r . 

Two sets A, A x which determine, and lie in, the same 
complete 9” are called "//uu id> uf. This is indicated by 
I hh ^ . The fact that A is made up of B and C is naturally 
written A ~ B + C. The residue theorem then states that 
if A == B + C and A == A , B == B lt C ~ Ci, then A x == B x + C \ . 
i. e. j 5 i and C\ make up a set A s = A x . We customarily 
understand then by A = B -f- C that the complete 9” defined 
by A is the sum of its complete residual constituents g" 1 . g** 

defined by B and C respectively. 

If / is of order m and genus p, the adjoints of order 
m — 3 of f - — the so-called 9 - curves — cut out a complete 
called the canonical series. It is the only complete 
series on f of order 2p — 2 and dimension p — 1 . For any 
complete .9”, 

(3) n — r A p, n — r — p — 1 (1 0) . 

If i > 0 the g™ is called special. Every special complete 
,9™ is contained in the canonical series which is itself 
special with index of special it g i— 1. For given g]’. 1 is 
the number of linearly independent 9-curves on a set O of 
g\\ For example a quin tic curve / with nodes at P x . P-2 {p = 4) 
has for 9-curves conics on P 1} P s which cut /in the canonical 
series g\ with index i — 1. The line pencils on the two 
nodes cut f in complete gf’s residual with respect to each 
other in 9®, each of which has index i — 2. For, a set of 
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one g\ is on two conics each made up of a line that cuts 
out the set and one of the two independent lines of the 
other pencil. 

If the canonical series is composite its sets are composed 
of pairs of points O = 2) and these pairs are in a g\, i.e. 
the curve / is cut by a pencil of curves in a variable pair 
of points. If conversely the curve has a g\ the sets of the 
canonical senes are composed of p — 1 variable sets of g\ 
and the curve is called r, t a rational curve (p — 0) 

has oo 2 ^ 2 ’s; an elhptic curve (p — 1) has go 1 g&s; a hyper- 
elliptic curve (p > 1) has a unique g\. For example on a 
conic the gfs are cut out by line pencils with vertex at 
each of the c© 2 points of the plane; on an elliptic cubic the 
gf s are cut out by pencils on the oo 1 points of the curve; 
and on a quartic with a node (p = 2) the unique g\ is cut 
out by the pencil on the node. 

Under birational transformation from /(a) to fix') linear 
series pass into linear series of the same order and dimension 
and complete series pass into complete series. In particular 
the canonical series on /passes into the canonical series on f 

12 . The canonical curve. Birational moduli. By 
birational transformation of a given curve, fix), the number 
of constants which appear in its equation may be reduced. 
If M is the smallest number which can be obtained and if 
in this reduced case the constants which remain will give 
rise, as they vary, to ’•'■.ili ■r.iliy distinct types then these M 
constants are termed the moduli of the given curve under 
birational transformation. We sketch a proof that 
(1) The general nou-ligpi-rdhyUi- curve of genus pfl 3 has 
3p> — 3 birational moduli. 

The given curve has a unique canonical series cut out by 
the y-curves. When we map from the plane by means of 
this linear system, setting 

iji = (i = 0,1, — 1), 

fix) is birationally related to the canonical curve Off 2 of 
order 2 p — 2 in S p — u When fix) is given, the '/-system is 
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determined uniquely but the projectivity between the ^-curves 
and the linear sections y t = 0 of Opt I 2 is at our disposal, 
i. e. the canonical curve is determined in S p ~ i only to within 
a projectivity. If, by a birational transformation B, fix) 
passes into /' (x) the intersections of the canonical adjoints 
if x) m ~ A with fix ) pass into the intersections with fix') ot 
its canonical adjoints if x ') m ~* . Thus under B we have 

Vt = if, = if aO w '-» if if = 0, f f) = 0) 

and image points x, x' on f f determine the same point y 
on the canonical curve. Hence 

(2) All in, tthhui n y )>•' plane curves hate j,> nfi t/rrh, 

equivalent canonical curves. 

The M absolute projective constants of Cf IT 2 are then 
birational moduli of fioc). If we select p — 3 points in general 
position on the canonical curve and thus adjoin p — 3 constants, 
the curve, projected from these points into an S z , becomes 
a curve of order p + 1 and genus p with p ip — 3)/2 double 
points and therefore 4 p — 6 = Mfp — 3 absolute projective 
constants. Hence M = 3 p — 3 as stated in (1). 

The problem of determining moduli of fix), i. e.. constants 
attached to fix) and invariant under birational transformations, 
is thus reduced to the problem of determining absolute pro- 
jective invariants of the canonical curve. For example, 
a plane sextic with 6 nodes ( p — 4) has for canonical curve 
a space sextic Ct, the complete intersection of a quadric and 
a cubic surface. When the quadric is not a cone and we 
name its points by the binary p.iiametvvs t 0 : t , ; r 0 : t x of the 
two generators on a point, a section by a cubic surface is 
a double binary form 

(3) (« r) 3 (a £) 8 = 0 

in the digredient binary variables t , r. This has 16 coeffi- 
cients whose 15 ratios may be reduced to 3 p — 3 = 9 by 
digredient transformation of t, r. The. absolute invariants 
of the form under such linear transformation are the moduli. 
It is true that the number of independent ones is nine but the 
number of those which* are distinct from the point of view of 
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rational integral expression is of course much larger. We 
have then a large complete system of invariants connected 
by a ■-* ' . large system of syzygies. 

In the case of h> ;*'!.• curves there is a pencil with 

parameter X which cuts out <j\ and 2jj + 2 members for 
which the two points of a set coincide. The 2 p — 1 in- 
dependent double ratios of the 2 p + 2 corresponding para- 
meters X are the birational moduli. For elliptic curves this 
modulus is the same for the co 1 gf s. Rational curves, 
birationally equivalent to a line, have no birational moduli. 

13. Moduli of a curve under Cremona transformation. 
In this and the following section applications of linear series 
are given. We observe that when fix) is mapped (cf. 12 ) 
by its <p-curves upon the canonical curve in 8 p ~i the plane 
of fix) is mapped (cf. 2 ) upon a rational surface, M.> in 8 p -i. 
We assume that g > 4, that the curve is not by per elliptic, 
and that the ^-curves constitute a simple linear system in 
the plane. Then M a lies in space or hyperspace, is covered 
only once in the mapping, and the canonical curve is a simple 
curve on il/ 2 . As before both the curve Off 1 and surface 
Jfs which contains it simply are determined only to within 
jvi.jeri Ivo. transformation. Also as before a Cremona trans- 
formation applied to the mapping system converts fix) into 
fix') and the canonical adjoints of fix) into those of fix') 
(after deletion from the latter of possible fixed parts which 
are P-curves of the transformation), while the point y m 
8p — 1 determined by the transformed point x remains fixed. 
Thus the relation of Cflf, Mo to fix) is invariant under 
Cremona transformation in the plane. If the rational M a is 
mapped upon the plane in any way in such wise that y passes 
into x' the linear sections of M a become the curves of the 
mapping system and Off' 1 becomes a curve f ix') for which 
the mapping system must be the canonical adjoints. But 
two distinct mappings of Mo upon a plane give rise to 
a Cremona transformation in the plane. Hence 
(1) The invariants or moduli of a , y±, l curve of 

genus p 4 tuhose canonical adjoints are a simple linear 
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system are tJie simultaneous projectile invariants in S p — i 
of the canonical curve and a particular rational surface 
on which the curve is not multiple. 

We have here a companion theorem to that of 12 (2) 
which also brings the matter of invariants of a plane curve 
under the planar Cremona group into the domain of projective 
invariants. It is useful as a means of indicating the relative 
efficacy of the birational and Cremona transformations in the 
way of reducing a given curve to a canonical type. We 
express the situation as follows: 

(2) The class oj cmves bn njitii aleiif to a given 

curve f (a;) of the type described in (1) divides into a number 
of subclasses under Cremona Ira u\f \» ;-»tr>u. If the canonical 
curie in S p ~ 1 admits no collineations these subclasses me 
m one-to-one correspondence with the ayy) “git tc of rational 
su) faces J/ 2 which contain CjfTf simply. 

We give a few simple examples. If p — 4 the canonical 
cuive is a Ct . It is on a unique quadric Q whence the curve 
and quadric have 9 projective absolute constants. A typical 
form of the plane curve is the quintic with two nodes. This 
has 10 absolute projective constants but only 9 Cremona 
moduli since one such quintic can be transformed by quadratic 
transformation with i^-points at the nodes and at one arbitrary 
simple point into cc 1 types which are protectively distinct. 
Again the Ct is on cc 4 cubic surfaces. The curve and one 
such surface Ml have the 13 projective moduli which belong 
to Q and Ml. A type of the plane curve is the sextic with 
6 nodes which likewise has 13 projective moduli. But the 
plane curve mapped by its canonical adjoints gives rise to Q 
and Ml together with an isolated “sixer” (Cayley), i. e. a set 
of 6 skew lines on Ml which arise from directions at the 
6 nodes. Since there are 72 sixers 011 Ml there are in the 
plane 72 6-nodal sextics which are mojociivdy distinct hut 
equivalent under Cremona transformation (cf. Chap. III). Thus 
the projective invariants of Q and Ml rather than the pro- 
jective invariants of only one of the 72 types of 6-nodal 
sextics, are the proper Cremona invariants of the curve. 
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Marietta 43 finds necessary arithmetical conditions for the 
equivalence of two curves under Cremona transformation 
when they already are birationally equivalent. These are 
arithmetical criteria which distinguish the great variety of 
types of rational surfaces on Cp — 1 . 

The plane curves excepted under (1) are such as bring in 
planar involutions and multiple correspondences. These will 
not be discussed further. 

14. Residual linear series. Curves in determinant 
forms. Applications to the planar quartic. Let 

the complete rfi on with sets A be cut out by ad- 
joints of order v in a linear system j C r | . If A be divided, 
say A = _B-j- C, the sets B and C define complete linear series, 
y” 1 and (7”*(wi+«s = «), each cut out by curves of \C V \. 
If B is a general set in y” 1 the curves of |6V| on B form 
a system, 

C = Co Ao + Cl Ai + • • • -f- Cr, Ar,, 

whose members C are in one-to-one ■*■•! -mloiriM* with the 
sets of gl This coirespondence is determined when r., m- 
depeudent sets C are associated with the reference C’s and 
when a further set, independent of any r 2 — 1 already chosen, 
is associated with the unit C’s. The curves A, are then 
defined to within a constant common to all. If B' is a second 
set in y” 1 the curves of |C,,| on B' likewise are in corres- 
pondence with sets <7 and therefore in projective correspondence 
with the curves C- This system can be written as 

C' — Co Ao 4* Cl A[-\~ • • • + Cr, Ar ± . 

Curves in the systems C, C' "with the same parameters Ki cut 
out the same set C of cl ' 1 . Then the determinant 

Ai Aj 

Al Aj 

of order 2 v in x must either contain f m as a factor or vanish 
identically. For the corresponding members of the two 



14. LINEAR SERIES. CURVES. PLANAR QUARTIC 33 

projective pencils, A % -f Aj — 0 and A[ + £, A,' = 0. 
meet in co 1 sets C which run over J ' m . The pencils either 
generate f m in the usual sense or they reduce to the same 
pencil after deletion from each of a fixed part. Such fixed 
parts determine a pencil which cuts out the variable sets 
determined by B, B' . We assume that this second case does 
not occur. The sets B of g(p can be put into similar corre- 
spondence with parameters g 0 > Then the curve of 

| C v \ which cuts out a set B(g) and a set C(C) will be 

, («»)*' (by) (cC) = = 0 

vl_) (t — 0 , • • • , ?’! ; J — 0 , • • . ) 2 ). 

We interpret y, g as dual coordinates in S, t , z, £ as dual 
coordinates in S rjl , leaving x, £ for dual coordinates in the 
plane of f m . For given g and variable £, (1) defines a system 
which cuts out a fixed set of a!? 1 and a variable set of /!- . 
and vice versa. 

In the excluded case the form (1) factors for every x into 
two factors linear respectively in g and £; in the general 
case it factors in this way when x is on f m . Then, for 
given g, (1) is satisfied by all fc’s whose sets in y” 2 contain 
x and these sets are '•■•I .*■ . of g. Thus, for each x 

on f m , (1) becomes (yy)-(z£) = 0 and the form sets up 
a mapping of points x on f m upon the birationally related 
curves C? 1 . C?* in , S' respectively. The two row deter- 

r i r 2 r l 

minants of the matrix [| A,j\\ contain f m as a factor, and its 
Ar-row determinants contain/” 1 as a (A - — l)-fold factor. We 
shall be interested primarily in the case v\ = r a in particular 
applications, some of which we proceed to develop. 

The canonical curve of genus jp — 3 is a non-singular plane 
quartic / 4 . Cubies in the plane, adjoints of order 3, cut it 
in a complete gf. A set of 6 points selected on / 4 and not 
on a conic determine a complete g\ whose residual series in 
gf is gf. The form (1) for this case is 

( 2 ) 


(ax) s (by) (c£) = 0, 
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where are planes in S s (y), S & (x) respectively. For x 
on f i , (2) factors into (y tj) - {z £) = 0 and / 4 is mapped on 
the bb'atbri.Ty related space sextics C 6 {y), C e (z). The curve/ 4 
itself has 6 moduli and the choice of g% introduces 3 more 
since 6 points on / 4 determine g\ and one of its co s sets. 
Hence C b (y), C 6 (s) have 9 moduli or 24 p’ojeo«ivc constants 
and are general space curves of order 6 and genus 3 (cf. 64 p. 369). 
For given y and variable x equation (2) is that of a point 
(s 0 — 0 which runs over a cubic surface on C 6 ( 2 ) the map 
of the plane by cubic curves on the set y of g\. 

We may look upon (2) as a correlation from 8{y ) to 8 ( 2 ) 
which for given y determines a point ( 2 /) = 0. The dual 
form of this correlation has coefficients which are three row 
minors of | A v - ] containing (/ 4 ) 2 as a factor; i. e. 

(lx){Py)(yz) = (ccx)H*'x) 8 (cc''x)\bb'V'y)(cc'c''s)/(f*) 3 

= 2 OvV**j (*» j — 0 5 • • • , 3 ), 

where primes, seconds, etc. indicate equivalent symbols. The 
form (3) has 3-4-4 coefficients or 47 ratios and therefore 
47 — 8 — 15 — 15 = 9 absolute constants under ;’Ili 1.1 
linear transformation of x, y, z. We recover the form (2) 
from (3) by rewriting’ (3) in dual form 

( 4 ) (a x) 8 (b y) (c 0 = (XxHX'xWx) 

(k a numerical factor). In (3) for variable x there is a net 
of correlations. The values of x for which the correlation is 
singular, i. e., for which | a,,\ — 0, are those for which the 
dual form (2) factors into the singular points in either space. 
Hence 

( r'i f i== 24 1 ay | 

w ')(yr’r"r'") = 0. 

We have thus attained an end which we frequently shall 
seek; namely an expression for a given geometric configuration, 
such as/ 4 and the residual /j’s on it, by means of an algebi ,iic 
form (3) whose coefficients are unrestricted. 
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For given, y and variable x in (3) the planes in S{z) turn 
about a point z whose equation is 

(6) {XX X"') (ftrj) C S'y) (ft" y) (y ■//'£) = 0 . 

Similarly for given z the planes in S (y) turn about the point y 

(7) (X X' X") {ft ft' ft" v ) (r z) (/ z) (/' g) = 0 . 

These are equations in either direction of the cubic Cremona 
transformation T between S(y) and S{z) determined by the 
incurves C 6 (y) and C 6 (z ) . For given y, ( 6 ) is the eon 
of the image point (g£) = 0 ; for given £, the equation of 
the cubic surface in S (y) on C 6 (y) which is the image of the 
plane (£ 2 ) = 0; in (7) these relations are reversed. The 
same homaloidal webs appear in ( 2 ) in parametric form; for 
given £ in ( 2 ) and variable x the point (rjy) — 0 runs over the 
cubic surface ( 6 ). 

An expression of f 4 as a four-row determinant whose 
elements are linear forms in x appears in (5) and evidently 
every such expression determines a form (3) and is associated 
with one of the co 3 pairs of residual gfs on f*. A similar 
expression for / 4 as a two-row determinant whose elements 
are quadratic in x arises from two complete yfs residual in 
the y\ cut out by conics. The residual series determine a form 

( 8 ) {ccx) s (lT)(ftt) — (i, j = 0 , 1 ) 

where t, r are digredient binary variables. For the binary 
variables there is no duality. The form ( 8 ) has 6-2-2 — 1 
= 23 projective constants and 23 — 8 — 3 — 3 = 9 ab- 
solute constants which arise from the 6 moduli of f 4 and 
the 3 involved in the choice of g\. Again / 4 is the locus 
of points x for which ( 8 ), as a form in t, r, factors whence 

( 9 ) /* = (ccxT(a r xYCbl'){ftft') — 2 |Ajy| = 0 . 

A further development of this case is given in connection 
with the curve of genus four (cf. 50 ). 

S' 
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We examine the case of -a mmei.G in (8) which then is the 
polarized form of a quadratic in r, 

(10) {uxf{bvY = A 0 tI + 2A 1 t 0 t 1 + A 2 tI = 0. 

Then 

( 11 ) r = («*)■(«'*)* (&&')* — .2 = 0 

is expressed as a symmetric determinant. The two residual 
g*’s have coincided into a single g\ which is made up of the 
sets of contacts of a system of contact conics, the quadratic 
system (10). Two conics of the system with .mranmlc > r, t 
have their 8 contacts on the conic (ax) 2 (bt) (bv') = 0. Let 
K denote a set of the canonical series i. e. a line section. 
The cf cut out by conics contains sets A such that 2 K ~ A. 
If the 8 points A are made up of 4 points B doubled, then 
2 B = 2K. An obvious case is B = K i. e. the line sections 
doubled are improper contact conics. A pair of double tangents 
furnishes a case for which 2B = 2 K but J5^= K. Moreover 
in any contact system (10) there are six pairs of double 
tangents with parameters determined from 

(12) (a a' a"y (bv) 2 (b 1 t ) 2 (b" t ) 2 — 0. 

Since there are 14-27 — 6-63 pairs of double tangeiiL we 
find that 

(13) The quartic f 4, has 68 systems of proper contact comes 
each < /•>'"•/ six pairs of double tangents. 

Denote by the two contacts of a double tangent. ‘If 
JDi, Z> 2 and B 3 , Z> 4 are two pairs in the system (10) the 
four double tangents have their 8 contacts on a conic and 
are called a syzygetic tetrad. Any three of the four have 
their 6 contacts on a conic and are called a syzygetic triad \ 
three with contacts not on a conic are an azygehc triad. 
A simple reckoning with the sets shows that the conic on 
the contacts of a syzygetic triad cuts / 4 in the contacts of 
a fourth double tangent so that a syzygetic triad can be 
enlarged to a syzygetic tetrad In one and only one way. 
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Any two pairs from tlie 6 pairs of a contact system determine 
a sy zyopt’> tetrad but the tetrad can be divided into pairs 
in three ways whence there are 63-15/3 = 21-15 syzygetic 
tetrads and 21 • 15 • 4 = 28 • 45 syzygetic triads. Since 28-9-13 
triads can be formed from the 28 double tangents we con- 
clude that 

(14) The 28 double tangents of f k contain 28-45 syzygetic 
triads and 28-72 azygetic triads. 

We consider now the systems of contact cubics of f 4 . If 
Ci denotes a set of contacts then 2 C l ~ 3 K. If Ci is on 
a conic, and the system therefore a syzygetic system, this 
conic cuts out a further pair A such that C t + 4 = 2 K. 
Hence 2 A = K and A is the pair of contacts of a double 
tangent. Conics on A cut out the g\ determined by Ci. This 
maps f i into a curve on a quadric surface which cuts each 
generator three times and has a double point with generators 
as nodal tangents. The space sextic is then a special form 
of the space sextic of genus four (cf. 12 (3)) with an actual 
node. There are 28 >yzyge:ic systems, one for each double 
tangent, and each system contains, according to (14), 45 
syzygetic triads of double tangents as degenerate members. 

When the set C t of contacts are not on a conic and the 
system of contact cubics is azygetic we have the particular 
case of (2) for which B = C and 2B = A. Since the two 
gl’s now coincide, the spaces S(y), S(z) coincide and y, £ 
are planes in the same space. Then (2) is merely the polar- 
ized form of the quadric, 

(2°) (ax) s (by)* = 0, 

which furnishes for variable y the contact cubies of the 
system. Now (3) also is the polar form of 

(3°) (Aar) (/ Ujf = 0 

which for variable a? is a general net of quadrics in 3 (y) 
whose planar equation is (2°). The cubic Cremona trans- 
formation T is now an involution whose pairs y, y' are 
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apolar to the net (3°). The quartic/ 4 is the locus of points x 
for which the quadric (3°) has a node at y, and the square 
of this node, (A/) 2 = 0, is given by- (2°). The equation 
of / 4 is 

(5°) /* = (Xx) Wx)Q."x)(X"'x) (ft 0 #'#")* = 24 \ a,, | = 0, 

where | a v j is a symmetric determinant. 

If the base points of the net are p i , • • ■ , jy s , or the set 
P|, a pencil of the net, determined as x runs over a line £ 
in the plane, lies on an elliptic space quartic curve E (£) 
on P|. The sextic locus, C*(y), the map of/ 4 by and 
the curve of F points of the involution T, is the locus of 
nodes of quadrics of the net or the locus of nodes of curves 
P(£). To the four intersections of £ with / 4 there ror. (‘spend 
the four nodes of nodal quadrics in the pencil on E(‘§). If 
two of these nodal quadrics coincide, their nodes coincide at the 
double point of a nodal E('§) which corresponds to a tangent i 
of / 4 . To a double tangent £ of / 4 there corresponds a bi- 
nodal E{'£). Since this must be degenerate, and there cannot be 
two conics on Pf, it must consist of a line on, say p^ Pa, ox- 
line (12) 1 , and a cubic curve (3456 7 8) s which meet in the 
two points on C 6 (y) which ' * *-■■■’. to the contacts of ? . 
Thus the 28 pairs of contacts of double tangents of/ 4 map 
into the 28 pairs of points where C b (y) is cut by the 28 
lines (piPj) 1 (:t,j — 1 , • * • , 8) . Since plane sections of C 6 (y) 
map contacts of the system <7®, a plane (fhpjpic) 1 cuts C 6 (y) 
in the map of the contacts of an azygetic triad of double 
tangent*. There are 56 such planes and therefore 56 azygetic 
triads in an azygetic contact system. On comparison with 

(14) it appears that 

(15) The quartic /* has 28 an d 36 azygetic systems 

of contact cubics. For each system of the latter kind the 
quartic admits an expression as a -.ynoneU u four -row 

determinant. 

We recur in Chap. IV to the relations among these systems. 
The study of loci expiessiblo as determinants goes back 
to Hesse ( ss 1855) and has since frequently been renewed 
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(Cf. 30 II 2, Chap. 31). Evidently tliis is possible only if the 
locus contains incomplete intersections defined by the vanishing' 
of a line of first minors. Noether (Cf. 50 II 2, p.929) has 
proved that a general surface in S & of order g > 3 has only 
complete intersections. Hence a general quaternary form of 
order g > 3 cannot be expressed as a determinant nor can 
any general form in more variables. These results of the 
geometers have been overlooked in certain recent . 

15. Congruence of sets of points under regular 
Cremona transformation in space and hyperspace. 
The groups Gr m , k , g m ,k, and e„ h k- In space we define the 
regular group of Cremona transformation to be that group 
generated by collineations C and the involutorial cubic trans- 
formation A X 234, 

(1) A 123 i' oc'i — l/xi (i — 0, 3). 

with P-points at the reference points jh , p-2 , p& , lh and fixed 
point at the unit point p „ . This transformation, or its more 
general type CC4 1S . 34 O', has properties entirely analogous to 
those of the quadratic transfonnation in the plane. It has 
four P- points p x , • • •, p 4 and four inverse F - points q lf • • •, 
such that the co 2 directions at p t correspond to the points on a 
P-surface, the plane (qj qk qi) 1 , and vice versa (i,j, k, l = 1, ■ - •, 4). 
It is determined by these two sets of F - points and one ordinary 
r-.'.r O'l.Mr.'ihm pair _p 5 , q- a . If then p 6 , is any other corre- 
sponding pair the two sets of six points 


Pi,P*,lh, Pi, p&, p&, 

2 i» ffs» S», qi, 2s, 25 

are projective in the order indicated. Hence J. j234 is deter- 
mined to within projectivities by its P- points alone and this 
is true of any regular Cremona transformation. The element 
-4-1234 carries planes into cubic surfaces with nodes at q u •••, g 4 . 
The six lines (q, qj) 1 are F- curves since they are on all the 
surfaces of the homaloidal web. The existence of these 
F- curves however is a necessary consequence of the existence 
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of the P-points. They all are of the second land i. e. directions 
at a point of the P- curve correspond to points on a P-curve 
which is fixed as the point runs over the P-curve. This 
P-curve is itself an P-curve of the inverse transformation 
corresponding in a similar way to the original P-curve. 
S. Kantor 89 has studied these regular transformations in 8 S 
under the name of transformations without P- curves of the 
first kind. In hyperspace 8k the author has developed their 
properties ( 17 II §§ 4, 5). 

In a linear space Sk an algebraic locus of dimension r and 
order n will he called a manifold or variety, more specifically 
an Mr or Vy . A manifold of dimension one will ordinarily 
be called a curve C n , and of dimension two a surface P'\ 
At the other extreme however, a manifold of dimension k — 1 , 
which of course is defined by a single equation, will be 
called a spread. 

The definition of the transformation (1) and the regular 
group can be extended immediately to Sk and there they have 
like properties. Two sets of m points in Sk, Qm are 
congruent under A lt if p x , • ■ • , pk+i and q x , • • •, q k +i are 

o.ir'oH'Oiidliip P-points of A and A -1 while pk+ 2 , Qk+ 2 ‘, • • • ; p m , 
q m are ordinary eor-evond'i.g pairs. They are congruent 
under regular Cremona transformation in 8k if they are con- 
gruent under a sequence of elements A. 

A spread in S* with singularity complex y at Pm is trans- 
formed into a spread with complex y' at the congruent set Qm . 
Taking account of the ordering of the points and of the fact 
that congruence under A suffices to define congruence in 
general it is clear that 

(2) The various types of regular ft ausfoi motions m 8k are m 
one-to-one h:.< ■ imth the double cosets of the 

fj, t./'j, fj„, , . generated by the ' • • - aup J1 of y x , • . ■ , y m 

and Ai t . i, with respect to 17; where 

yo — ky 0 JSy Yj 0 == 1 ? * • • > k -f- 1), 

Ai, . ,fc-u: Yi ~ (k — l) y 0 — Yj+ Y% (« — 1 + 1), 

Yh~yu (h = k -{- 2, ■ ■ • , m) . 
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If the set Pm is mapped upon a point P in a space 
by first bringing it into a canonical form similar to that of 
Pm in 7(1) and P* in 8(1), the various points P obtained 
in — by reordering Pm in Sk are conjugate under a Cremona 
G m < in fc— 2 ) whose ,i J . > are given in ( 17 I §7). 

If 

Pmj Qm ai e congiuent under .4.1, the points _P, Q of -- 

are conjugate under the inversion of the coordinates. The G rn < 
and this inversion generate the Cremona group G m , k in 
fc- 2 ). As before 

(3) If the ordered sets Pm, Qm are < ou//i frut under regular 
Cremona h nu^foi inulloii m Sk, their representative points 
P, Q in 2k(m— k— 2 ) cere < on jugate under an operation r of 
the Cremona group G m .k which m general is simply iso- 
morphic with the linear group g m p . 

Further properties of types arise from the invariant qua- 
dratic and linear form of g m ,k which are 

u , Q = (l — l) rl—r 2 0 — • • • —y'i, 

L = (k-\- l)ro— Y\— — Vm- 

These will be developed as needed. 

The elliptic norm-curve in 8k, an E k+l , brings to light 
a useful form of g m ,k. An E k+1 on the (A. 41) P-points of 
Ai, ,/c+i is transformed into a similar E ,k+1 on the inverse 
P- points. This is birationally equivalent to E k+1 and there- 
fore projective to it. If then we follow Ai, ,&+i by a colli- 
neation which sends E ,k+1 back into E k+1 the set Pm on 
E k+1 goes into a congruent set Qm on P fc_rl and the elliptic 
parameters u[ of the points of Qm are expressed in terms of 
the i,; iv. noli u t of Pm by the linear congruences ( 17 II § 6) 

ui — 2 (ttj -f- — -4* Uk+i)/ (A4 1) 

(* = 1? • * ■ &"f" 1)> 

Uj — (k — l) (hi 4- ••• 4 Kfc+i) / (k 4 1 ) 

0 = ^ 42 , •••, m). 

The ambiguity which arises from the > :bu i lliplc of a period 
merely leads to the cl y equivalent sets Q m on E 


Ui 

(^) 4.1, - , 7c— (—1 - , 

Uj = 
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T his element A and the permutations of the it’s generate 
a group e m ,k simply isomorphic with r/ m j c . It is the form 
this latter group takes in the invariant linear space L. The 
quadratic invariant takes the form 

[Oc A-lY-m Qi — 1)] («i + • • • 4- 

(6) +(A— l)(«i+ •••+««)*. 

For sets Pf, Pg and P| this reduces to an invariant linear 
form i(i+ ••• +«» ». For a discussion of these sets we shall 
find the group e m , 7 C particularly effective. 

The discriminant conditions on the set Pm are those which 
imply the coincidence of two points either in Pm itself or 
in some set Qm congruent to Pm under regular transformation. 
The P-spreads of the set Pm are those loci of dimension 
k — 1 which either are the co* -1 directions about a point 
of Pm or correspond on Pm to such directions in a congruent set. 

1 6 . Associated sets of points. Apolar matrices have 
been mentioned in i in connection with apolar linear systems 
of curves. The product of a row of the one with a row of 
the other was an apolarity condition. The emphasis here 
will be laid on the columns. 

In Sjc with linear spreads § let the set Pm of m points in 
Sh be given by their individual equations. 

(Pi §) = 0, (p 2 £) = 0, • • • , (pm '§) — 0. 

Any 7c +2 are linearly dependent and the to points are there- 
fore connected by m — k — 1 independent relations, 

. 2l t (Pi §) + 22* (p2 $) + • • • 4~ 2m* (pm ?) HZE 0 

C ' (i — 0, — , m — k — 2). 

If i} is a linear spread in 8 m ~k — 2 and if the relations (1) are 
multiplied in order by «?o, • • • , rim-k — 2 and added, a single 
relation, 

(2) ((A 1/) * (P\ £) 4" (2a f) - (. 'p-2 €) 4“ • • ■ 4“ (Qm T j) • ( Pm §) === 0, 
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is obtained which is an identity in both 2? and rj. If the 
coordinates of pi , - • • , Pm are the to columns of one matrix, 
the coordinates of g* , ■ • , q m are the m columns of the apolar 
matrix. 

Two sets of points, Pm in S k and in S m - 7._ 2 , are 

termed associated sets if their coordinates satisfy (2). If Pm 
is given, the relations (1) may be replaced by any m — k — 1 
independent combinations so that the set Q™ - fc-2 is deter min ed 
only to within projc-ctiro transformation. The symmetry of (2) 
in both sets shows that their relation is mutual and is un- 
altered by linear transformation of either set. 

The properties of such associated sets have been developed 
by the author (cf. 17 1 §§ 1, 2; 21 ). We v* ' J 1 '< some of 
these. 

(a) The set P™ on a line is associated with Qm~ 3 in 8 m —n , 
and the linear set is project 5 yc to the set of parameters of 
the points q on the rational norm-curve 3 defined by . 

If to — 1 of the points q are put, in any order, at a 
given basis in S m —&, the last point takes ml positions, 
h'j.oi on the order, which are conjuna'V under the 

Cremona G m , i. 

(b) If r points (say p x , • • • , p r ) of Pm are selected, and 

a further group of s points (say q r +i, ••-, q r +s) of the asso- 
ciated Qm~ k ~ 2 are also selected, and if the further m — j s 

points of each set are projected upon a lower space from 
either selected group then the projected sets Pm — r — s, Qm—> — s 
are also associated. 

A combination of (a) and (b) leads to: 

(c) The members of the pencil of Sk—is on k — 1 of the 
points p each of which is on one of the m — A- + 1 other 
points p are projective to the parameters of the m — fe-j-1 
complementary points q on the rational norm- curve p ™— 2 
which they define. 

The iT'-porli'cnil'-iy of complementary determinants of the 
apolar matrices leads to irrational relations among the deter- 
minants which we will illustrate here only in special cases 
(cf. 17 1 § 2 (19)) but to which we shall return in connection 
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-with theta relations. A product of determinants formed 
from Pm is prefaced by P, from QZT 1 ^ 1 by Q. For associated 
sets Pi, Ql the determinant products P(ij)(Jcl) and Q(ij)Qcl ) 
are proportional. From the determinant identity 

P(12)(34) + P(13)(42)4-P(14)(23) = 0 
for Pi we obtain the irrational relation, 

[P(12)(34) • Q(12) (34)] 1/2 + [P(13)(42) • Q(13)(42)] 1 / 2 

(3) + [P(14) (23) - Q (14) (23)] 1/2 = 0 , 

which is the necessary and sufficient condition for the asso- 
ciation (or in this case the pro j activity) of the two sets. 

For associated P 5 2 , Ql the line pencil from to the other 
four points is cut by a line in a Pi associated to the Q 4 
which omits q 5 , whence the sets satisfy three-term relations 
of the fn1]ii\\ iim type: 

2 [P(y 5) (Jclb). Q (if) (H )] 1 ' 2 = 0 

(4) » 

(*» 3 > Tty l— 1,2, 3, 4). 

For associated Pi, Qe the sections of the line pencils 
from jps to the first four points, and from q 6 to the first four 
points are associated P 4 \ Q\ whence 

(5) 2 [PQj 5) Qcl 5) . Q (ij 6) Qc 1 6)] 1 / 2 = 0 . 

a 

Here however there is a new type of relation which arises 
from the four-term planar determinant identity; namely 

(6) 2 [P fc) (Z 56) • Q ( ij 7c) (i 1 56)] 1/2 = 0 . 

4 

For associated P®, Q 7 there are then the two types, 

2 [P (ij 67) Qc 1 67) • Q (ij 5) Qc 1 5)F 2 = 0 , 

2 [P (V & 7) (l 567) • Q 0 ij 7c) (l 56)]i' 2 = 0 . 

4 


( 7 ) 
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If the set Pm is put in canonical form its representative 
point P in h— 2 ) is the same as the representative point 

<9 in of the associated set QZ~ k ~~ provided the 

latter set is taken m inverted order ( l7 1 § 6). Hence 

(8) The Cremona groups G„ hk and m 2 k0 n-k- 2 , 

coincide, and the linear groups g m ,k, g m>m -k -2 cue simply 
isomorphic. In this isomorphism the groups n correspond 
identically and the generator Ai, tk +i of g m ,k corresponds 
to the gcnnafo) Ajc+ 2 , , m of g m ,m-k-z. 

From this identity of G m , h and G m , m -k -2 there follows that 

(9) The mnidiniy of a discriminant condition on the set Pm 
implies the 1 minJuwj of a discriminant condition on the 
associated Qm ~ k ~ 2 . 

For example the 63 discriminant conditions on Q 7 may be 
indicated by the types (12)°, (123) 1 , (123456) 3 which exem- 
plify respectively 21, 35, and 7 conditions. The corresponding 
conditions on Pi are respectively (12)°, (4567) 1 , (1 234567 2 ) 2 . 
These latter require respectively that two points coincide, 
that four are in a plane; and that there is a quadric cone 
with node at p 7 and on the other points. 

The associated sets, Pne + 2 and Q k k+ 2 , may lie in the same 
space and, in special cases, may coincide in the identical 
order. They then will be termed self-associated. Hence we 
call the Pi which is the base of a net of quadrics a self- 
associated rather than, as customary, an associated set. The 
cases in which the two sets coincide in other than the identical 
order are discussed for Jc — 2 in ( 17 1 § 1) and for k = 3 in ( 49 1. 

17. Special coordinate systems. In a study of geo- 
metrical configurations attached to rational curves we fre- 
quently meet with forms symmetrical in a number of binary 
variables, which properly interpreted give rise to interesting 
loci. We illustrate the procedure in space S 3 which is suf- 
ficiently typical of S n (n = 2, 3, • • •)• 

The rational norm-curve in S s , the twisted cubic 0 s , of 
order 3 and class 3, has points and (osculating) planes whose 
coordinates, for proper reference basis in space and on the 
curve, in terms of a binary parameter t 0 : h, are 
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( 1 ) 


5 2 ct 2 

CCO — to, X\ — 3 to t\ J 0C2 — 3 to ti , 

?o = i, ‘§1 = —tUo, h = ktl, 


,s 

x% — ti, 

h — -ti. 


The plane £(£) osculates C 3 at the point x(t). 

The binary cubic 

(2) (« t) s = cio to -f- 3 cii to k -f- 8 ct 2 to t\ do t'i = 0 


then i eprescnts either a plane a 0 x 0 + x x + a? 2 + « s #s = 0 
or a point d 3 £ 0 — 3 « 2 3 a x ?s — «o = 0 . Hence the 

equations, 

xq — — ct- 6 , x x = 3a 2 , a; 2 = — 3 ai, x s = a 0 ; 

^ ^ ?0 == Mo> == & 1 , ?2 == === 


furnish, for given cubic in (2), the point a? such that the 
parameters of the three planes of C s on x are roots of (a£) 3 ; 
and the plane £ which cuts <7 3 in three points whose para- 
meters are the same roots. The coefficients a 0> ■ • a. 3 in (3) 

may of course be replaced by symmetric combinations of 
the roots or linear factors of (a f) 3 . When these all become 
equal equations (3) reduce to (1). 

A given cubic determines therefore a point x or plane ? 
which correspond in the null system set up by C A (a polarity 
in even spaces). The plane § of (atf) 3 and the point x of 
{/HY are incident if (a/2) 3 = 0, i. e. if the cubics are apolar. 
The four planes '€ of (a t) 3 , •••,(<? t ) 3 are on a point if 0 = A 
— (a/3) (ay) (a 6) (fty) (/3d) (yd); the four points x of the same 
cubics are co plana i if 9/1 = 0. 

A surface, ( Sx) n = 0, of order n in x will by using (3) 
be converted into a form of order n in the coefficients of 
the variable cubic (at) 3 . If the coefficients be replaced by 
symmetric combinations of the roots k, U , 4 the form becomes 
a symmetric form of order n in the binary variables, 

(4) (6x) n = fa. k) n (a, k) n ( a , t 3 ) n = 0. 

This we call the parametuc equation of the surface, if 4? 4, 4 
satisfy the symmetric form, then the point x of intersection 
of the planes k, k, 4 of C 3 is on the surface. The surface 
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is called the parametric surface or spread of the symmetric 
form. It occurs frequently in Meyer’s Apolaritat 44 

A second procedure is to use the completely polarized 
form, (dx L ) (dx 2 ) ■ - ■ (Scc n ), of (6x) n and replace Xj by tj from (1). 
Again a symmetric form, 

(5) (aiti) s (a 2 kf . . (a n t n ) 3 — 0, 

is obtained. If fa, — , t n satisfy (5) the n points of C s with 
these parameters are apolar to the surface (6x) n . If a cubic 

(u'ty = (cc"t) 3 = ... = («w t) 3 

is such that 

(«i a'f (a 2 a") 3 ■ • • (a n a w y = 0 

the point x is on (dx) n — 0, and this surface is called the 
apolar ity surface or spread of the ' *■ form (5). Thus 

a given symmetric form represents either a parametric spread 
or an apohuify spread and these in general are in different 
spaces. For example the symmetric form (aft) 4 (a- 2 t 2 y {aifaf — fa 
has for parametric spread a quartic surface in S\ referred 
to C A ] and for a polarity spread a cubic spread in S± referred 
to C 4 . Some examples are studied minutely in ( 14 ). 

Another special coordinate system in S 3 is based on the 
existence of a proper quadric Q This with generators t. r 
isolated in the simplest fashion has the f ‘ ■. point, plane, 
and parametric equations, 


(6) 

OC 0 X x x 2 

II 

© 

1 

hh — 0; 


Q: 

X o 

$ 

H 

1 

II 

II 

5?’ 

lo 

Is 

II 

*1 fa, Xi = — 

-Tl to 


?0 

— v l to, ?l 

II 

■? 

'Orf 

i* 

II 

r O to ? ^3 == 

T 0 fa 

A 

bilinear form 





(ar) ( 

o 

o 

£ 

II 

-to 

a 

*4“ #oi T o #io 

L ^0 + ®11 T 1 tl == 

0, 


represents either a point or a plane (pole and polar as to Q) 
by virtue of 

CCq #10, #?l # 11 ; ^2 ~~ #00; “ # 01 ? 

£ 0 ===: # 01 ? " — ■ # 00 ; ^2 === # 11 ; ^3 # 10 * 
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If (cit) (at) — 0 represents a plane, the values t , r determine 
in (6) points on the plane section of Q, if a point, they 
determine planes on the point section of Q. 

If for two bilinear forms, (av) (at) and (hi) (fii), the in* 
variant (ctb) (a fi) vanishes then the foims as points, or as 
planes, are an apolar pair of Q , but as point and plane, 
are incident. Four forms represent four planes on a point, 
or four points on a plane, if 

(bet) (ad) (ca) (bd) (ca) (b d) (ab) ( cd ) 

(8) ^ ^ 0 s **) O'**) (£<*) ( cc &) (r&) 

(ab) (c d) (h ( ) (a d) 
(afi)(yd) (fiy) (ad) 

A surface (d x) n — 0 may be icplacod from (7) by a form 
of degree n in the coefficients of the bilinear form; or it may 
be polarized n times and the variables be replaced from (6) 
by n pairs of variables t, t; and the coefficients be intro- 
duced later by an . y< V- ‘ 4 y process. In general the quaternary 
notation is replaced by a double binary notation (cf. 21 for 
examples). The next coordinate system of this character 
would occur in S 5 in connection with a binary-ternary notation. 



CHAPTER II 

TOPICS IN THETA FUNCTIONS 


In the discussion of geometric configurations defined by 
sets of points in the plane and in space we shall have occasion 
to use relations which exist among theta functions in p 
variables as well as groups which are associated with them. 
The brief resume of these matters which we proceed to give may 
be suo^Zemenf od from the accounts of Stahl ( 67 Chaps. 5-8), 
Krazer 41 , and Krazer-Wirtinger 42 . 

1 8 . Definition, periodic properties, and characteri- 
stics of the theta functions. We adopt for the constantly 
recurring exponential function the notation: 

(1) e z = E\z\. 

The general theta series in p variables u x * Up has the 

form 

(2) & GO = ^ M JE | {a m) 2 + 2 (m u) | 

in wdiich ( am ) 2 and {mu) are quadratic and linear forms in 
the integers m l7 -•*, m p of summation and indicates 

a summation over all positive and negative values of these 
integers. Explicitly 

( a m) 2 — a xl m \ + 2 a 12 m 1 m 2 + a 22 vn\ + * • * + a pp nip , 
{mu) =■ m x u x m 2 ^2 4 * * * - 4 ~ ffipUp, 

The p {p + 1) /2 constants a v are the moduli of &{u). 
Separated into real and imaginary parts, 

(4) a t j = r v 4 isif. 

The necessary and sufficient condition for the absolute con- 
vergence of (2) for all finite values of u l7 u p is that 

49 



50 


II. TOPICS IN THETA FUNCTIONS 


the real quadratic form (m) ! be a definite and negative 
form in p independent variables. The distributive properties 
of the forms (3) expressed by 

(a, m + g) 2 = (am) 2J r 2 (am) (ag)-\- (ag) 2 , 

(5) 

(m+g, u) — (mu)f~(gu), 

are necessary to verify relations given below. 

The p quantities vi, v p form a simultaneous period of 
D- (u) if &(u- f-n) = & (u ) ; a simultaneous quasi pta tod if 
■0 (u-\-v) — h&(u). Either type will be referred to as 
a period of the theta function. It is then easily verified 
that & (u) has 2p distinct periods, namely 


( 6 ) 


ni, 0, 0, •••, 0 flu, els i, • ••, cipi 

0 , ni, 0 , •••, 0 ai2, fl22i •••, ctp'i 

5 

0 , 0 , 0 , • • • , n i clip > ci^p , • • • , a.pp 


(«y = a Jt ). 


From these by multiplication with integers f, •••, X v \ 
*i, x p respectively we construct the general period 

(7) v — (ax) a-\-Xm 
for which 

(8) ■& (u-\-(ax)a-\-hni) = # (u) • E\ — (ax ) 2 — 2 (xn) |. 


This is proved by comparing exponents on the two sides 
when, for 3 (u), mfx replaces m. They are 

(a m) 2 + 2 (m. u 4- (a x) a) 

— (a, m-\-x) s -\-2(m-{-x,zi) — (ax ) 2 — 2 (xu). 

If we set 

«1 — Vif-ilVi, Up — Vp-fllOp 


and interpret v x , •• v p , ioi, - - •, w p as ' ’ coor- 

dinates in a linear real space B<i p then every system of 
finite complex values u, , • * • , u p defines a finite point u in 
JRzp and conversely. In particular the 2 p periods of &(u) 
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define 2 p points in R 2p which, with the origin u = 0, form 
a proper (2p -f- l)-point in R 2p , the analogue of a proper 
triangle in the plane. Hence the 2p strokes from the origin 
to the 2 p period points serve as the axes of a coordinate 
system in R 2p . Thus for every point u — c in R 2p there 
will exist real numbers rji, • - cj p \ h\. h p such that 


( 9 ) 


c 

c 


{g,h} — {ffi, •••>&>; hi, •••, h p ) = ( ag ) a-j-hm, i.e. 
(ag) ai c p = (ag) a p -\-h p 7ti. 


The 2p numbers g, h are called the peiiocl characteristic of 
u — c. All points u whose period characteristics satisfy 

(10) 0 <; g < 1 , 0 < 7i < 1 

lie in the initial period cell C 00 with initial lei tex at a = 0. 
The 2 2p vertices of the initial cell are obtained from values 
g,h = 0,1. 

Any point c can be expressed uniquely as 

(ID e = {g,h} = {r.,l} + W,h'} 

where as always are integers and g' , h! satisfy (10). For 
all values of g', h! subject to (10), the point c in (11) runs 
over the period cell C Xy x; and the point [g, h\ of C x ,x is said 
to be congruent to the point {g , h’\ of the initial cell Co,o- 
From (8) for u — {/, h'} we find that 

(12) H{g, h}) = &(W, h!})-E\—(ax?—2(ax){ag)—27ti(xh!)\. 

Hence the behavior of A (n) in any cell C x ,x can be deter- 
mined when its behavior in C 0 ,o is known. 

In the original theta function we make a change of origin 
for the variables, which does not affect convergence, by 
replacing u by u~\-c. If c is expressed as in (9) and if in 
addition we multiply by E | (a gf + 2 (g, u + n i) j , the general 
term becomes E\(a, m J rgy-\-2(m J rg, u-fhr r«)|. The re- 
sulting function is called the theta function ivith characteristic 
[g,li\ = \g-L, ■ • *, g p \ 7q, - • -, h p ~\. Such characteristics \g, h] 
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attached to the theta functions are to be distinguished from 
the period characteristics \g , h) and will be called theta 
characteristics . Thus 
(13) The function 

'V'lfJ > A] (**) — & [ffi> • • • j fh > 5 Aj ) • • • j hp] (’ n i > • • • > u p) 
is defined by the senes 

#[, g, h] (w) =^Ei M E\(a, m + ^) 2 + 2(m + g, u-\-hm)\ 

ancl is connected ivith the original theta function by the 
relation 

(A) &[g, h]{u ) = &(u+ {y, h)) ■ E\(agY + 2{g, u + hm)\. 

Other ri<l i spe:.'»aVle formulae which follow from this defini- 
tion are: 

m . ^ Ur, A] (« + {*, A}) 

K } = #[g, A] (u) • E\ — {axf—2(xu) + 2{gl — hx)7ti\-, 

fn & \9, h](u + {g', h'}) 

1 ; = -Oig+g’ ,h-\-h!](u)-E\— (a/) 2 — 2(g’ ,u-\-hm-\-h'm)\, 

(D) S[g-\-x, A + A] (u) = &[g, h] (u) ■ JS] 2 (gX) mj; 

(B) ^ [g. A] (— u) = ^» [- g, - A] (u) . 

Of these (B) gives the periodic i ■ it*- of ■ti[g,h](u)-, 

(C) the effect of a change of origin; and (D) indicates that 
integer changes in the characteristic at most produce multi- 
pl'ca l*nii by a constant. It would suffice then to consider 
'db initio only functions with reduced characteristics, Of^Cl, 
OgACl, though others would eventually occur by using (C). 

19. Theta functions of higher order. Theta relations 
and theta zeros. Functions 2 p-tuply periodic. A theta 
function of order n {n a positive integer) with characteristic 
[g, A] is defined to be a uniform function, ^n[g, h](u), of 
mi, • • -, Up, regular for all finite values of u, which satisfies 
for arbitrary integers *, A the equation 

-tin [g , A] (u -j- , A}) 

= S- n \g, A] (a) • E\ — — 2n(xu) 4 - 2 ( 0 A — hy)ni\. 
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If tlie moduli ct v of the function are to be indicated we 
write it -h n [g , A] (u) a ■ When n — 1, this is the function 
&[g, A] (it) (cf. 18 (Bj). We verify, again by the use of 18 (B), 
that & n [g, A] (it) = (fi[g, A] ( it ))' 1 is a function S- n [ng , »i/i](i<); 
and furthermore that the functions, 

A- [(.<? + Q)/n, A] (nu), ia , & [g, (A + cr)/»] (»)«'*, 

& n lilt 4- o)/n, (A 4- a)/ n\ (u) a , 

where q, a are integers, all are functions 0- n [g, h](u) a - The 
following theorem, with obvious extension to any number of 
factors, is an immediate co.i-e:pie ice tithe defining equation (1): 

(3) The product of two theta functions of orders n Lf n 3 with 
characteristics [ g , li\, [g , h'\ t t- L u t !t‘ <ly. is a theta function 
of order •n 1 -f-w 2 cmd characteristic [g + g' , h-\-7i']. 

It may be proved (cf. Krazer 41 p. 40) that the most general 
function, & n [g, A] (u ) , can be expressed linearly with constant 
coefficients in terms of a set of nP pa: inula; functions, e. g. 
those of the first type in (2) for which q = 0, 1, • •, n — 1; 
and that these nP functions are themselves linearly independent. 
Hence 

(4) Between any n p 4 1 functions, \g , ft] («,) , there must 
exist at least one linear homogcucoa^ relation with coeffi- 
cients ivhich are constant with respect to u. 

By examining an expression linear in nP such particular 
functions we derive the relation 

h-n [g, h] (it 4- W, A'}) — &n [ g + ng ' , hf-nli] (it) 

x E\ — niag'Y — 2 {cf , nu J rnh , Tti-\-hwi)\. 

Thus g' , h! maybe so chosen that [g-fi n g' , h + n A'] = [0, 0] 
whence 

(6) The ' of theta functions of order n and charac- 

teristic [g, 7i\ may he converted into the aggiegatc of theta 
functions of order n and zero characteristic hy a common 
change of origin and multiplication hy a common ecc- 
pnHcuhu! factor. 

This theorem permits the use of the simpler zero charac- 
teristic in certain problems such as the determination of the 
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zeros in a period cell. Again from tlie definition there follows 

(7) A function, 0- n [r/ -f- *, h + 1] (u), where *, 1 me interjeis. 
is also a function h- n [g , h\ (u ) . 

We ask for the number of solutions or zeros of the p 
equations, 

(8) S lh ( u — e,) = 0, • • • , &n t (it — e p ) = 0, 

where the thetas are general functions of the orders indicated 
and with the same characteristic which may, according to (G). 
be [0, 0]. It is understood that e x — e x i, e x -i, - • •, e>. Then 
(cf. Krazer 41 p. 43). 

(9) The p theta functions (8) of orders n x , ■ - n p and the same 

characteristic vanish ^noolUnu-oud j at N — n x -n» n p -p ! 

points in a period cell whose sum satisfies the • n ■ < • • 

u = n t -n 2 n p - ip — 1)! (el) e. 

Here (e 1) e — (e t + • • • + e p ) e and e x e, — e,j ^ ej x . 

Any two distinct theta functions of the same order and 
characteristic such as two of the types given in (2) will have, 
according to (1), each period of the theta functions as a quasi- 
period with the same multiplicative factor and thus then- 
ratio will be 2p-tuply periodic m the strict sense. It may 
be proved conversely (ef. Krazer 41 Chap. 4) that any 2j?-tuply 
periodic function of p variables with no essential singularities 
at a finite distance, can, after proper linear transformation 
of the variables, be expressed as a quotient of two theta 
functions of like order and characteristic. 

20 . The half-periods. The odd and even theta 
functions. We ask for such points u in the initial period 
cell as will satisfy the «*o mi <i:m 2u~ {0, 0} or the equality 
2 u — {*,!}. This requires that u ~ {*/2, A/ 2} where 
0 <[ */ 2 < 1 , 0 < 2/2 <u 1 and gives rise to the 2 2 p solutions 
* = 0,1; 1 = 0,1. These 2 2 ^ values of u in the initial cell 
are called the half-periods. They are in general proper but 
the particular one for which * = 1 = 0 is improper since it 
is a trivial period. We give these half periods a distinctive 
notation as follows: 
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(1) Ms = M Ms = M/2, • • ■ . s p /2] 4/2, - • • . 4/2} 

0, s' = 0, 1). 

Id terms of a similar characteristic fo] 2 the 2,-p theta func- 
tions of first order are defined by 

(2) i) [97 ] 2 (it) = '^j ll E\ (a, m-\-rjl2) 2 -\- 2 (to + 97/2, u-\- w i,‘2)' . 
By specializing the relations in 18 we find that 

(3) & }— { 2ss}a) — t)\ri\(ii)‘ E\ — (ax) 2 — 2(yu)-j-(qx ' — i{x)rci | . 

(4) ^(«+{»},) = # W 2 (a) -E\— (a ef /£ — (€', u + e' tv, / 2) r 

(5) ^ Ms M M Ms) == & [i? ~r *]s (m) 

• E | — (a«0 2 /4 — (*!() — (f, ry'+f')5r//2,, 

( 6 ) & [ v + 2 £] 2 (u) = & [,], ( ? 0 .E\{. n Z)7Vi\, 

(7) = ?],(!«). 

Formula (3) expresses the usual periodic property. Formula (6) 
shows that two functions MflsCw) and -0 [-ij} 2 («) whose charac- 
teristics [*]> , [t?] 2 are such that [e] = [rj\ mod. 2 will them- 
selves differ only by a constant factor and are not < i.i/nV,/ 
distinct. The 2 2p essentially distinct functions <> [27], (n) are 
obtained from values rj = 0, 1 ; rj'— 0, 1. Formulae (4), (5) 
show that the 2 2p essentially distinct functions are obtained 
by adding the 2 2p half-periods to the argument of any one. 
Thus the 2 2p functions form a ’ ‘ . -set. 

According to (7 ), -it (u) = & [0] 2 (u) is an even function. 
For any other function, & [^] 2 (u ) , we have from (7) and (6) 
that 

— u ) — ^ M — ^ + 25?] 2 0<) -E\ — [r t ri')7ri\ 

Thus the function is even or odd according as (97 4) even 
or odd. From an easy enumeration there results: 

(8) Of the 2 2p essentially distinct theta functions #[ j ?] 2 ( m ) of 
first order and rational characteristic with denominator 2. 
the 2 p ~ l (2 p -\-l ) functions whose characteristic satisfies the 
i onyntente 
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hv'i+v^ mod - 2 

are even and the , > .monhig 2 P ~ X (2 p — 1) functions cac odd. 

With respect to odd and even theta functions of any order 
the following theorem (Krazer 41 pp. 357-362) holds. 

(9) If -d n [g, h](u) is an odd or even function of u it -is neces- 
sary that [g , A] in reduced form he one of the 2- p charac- 
teristics [jy] 2 - If E is the number of linearly ../'?< ,/<’< .#/ 

even functions with given characteristic , O the number 
of odd functions , then for 
n even-, [^]-> — [0], 

E = (»f + 2*0/2, O — (n»— 2*0/2; 

!+ 0, 

E = n*f 2, O = »p/2; 

« odd ; [»+ eyen i. e. ( r\i {) == Omod.2, 

E = (»*+l)/2, O = ( w p- l)/2; 
[j?] 2 i. e. (rtf) = 1 «wi 2, 

E = (n p — l)/2, O = (n*>+l)/2. 

21. Integral linear transformation of the periods, 
and of the period and theta characteristics. The 
vertices of the period cells were built up from the 2j> strokes 
from the origin to the values of u given by the period scheme, 
1 8 (6). We seek a new set of 2 p strokes which will furnish 
the same network of vertices. It is convenient to begin with 
the following more general expression for the 2_p periods in 
which they are divided into two sets of p periods: 



W 11 ? «21 , ‘ • 

• ? M pl 

0)11 y 0)01 y * * 

* » Wpl 

( 1 ) 

O) , 0)22 7 ’ * 

* ? 0)p2 m 

0)12, 0)22, ’ ' 

-? 0)p 2 


0)ip , 0)2p j • - 

• , Olpp 

0)l p , 0)2p « • * 

* J 0)pp 


The 2 p new periods w, «' must then be integral combinations 
of oo, co' with determinant ±1, since the old periods must 
be similarly expressible in terms of the new ones. Hence 

Oltk == (. a Jcy + flk/t Oo' z f) , 

== jSf* O0i/t °liu + dlc/ii a>ifj) ■ 


( 2 ) 


Oftilt 


(p, i, k 


1, •••> P) 
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A point u of a cell with, period characteristic g, g with 
respect to w, to' will have a characteristic J,g' with respect 
to a, m'. From 

u {g , g'\ - (t/v (Jr ®ir) 

== iff ? g } == ~2i v ( 9 v ~t" g v wtj') , 

the c-o: ” of g, g' with «, is evident and we 

find that 

^ f/g ~ jEjv ( a vf.i g v Yvfj, g r) ■ 

g fx ’ ==l (.fivfx g v ~\~ dvjx g'v) • 


If these new periods are such, as will serve, after proper 
linear transformation of the variables, to define new r theta 
functions, the 4 p a integer coefficients in (2) must satisfy 
certain relations (cf. Krazer 41 p. 131). These are 


( CC Ot Yoj a Oj }'ol) 0, q {/Sal d<y ftoj <3'w) 0, 

^ ^ ( a di doj Poj Yoi) = | 0 .f * _j_ J .\ 

from which there follows (Stahl 67 Chap. 8) 

( Ytq djq Yjq 8 iq) = 0 ? ^Jq («20 ftjq a JQ ftiq) = 0. 

2 q ( a iQ <W fiiQ Yjg) — lo if \ ^ y* 


(5) 


These relations may be stated m a very convenient way 
with respect to the transformation (3) on the period charac- 
teristics (Stahl 67 p. 331). 

(6) Two period characteristics, {g, g'j, {1 i , 7i'}, transformed as 
in (3) into [g, g'} , {h, h'} respectively, have the simultaneous 
absolute invariant, 


2 


111 hi 


g% gt 

I'll hi 


i.e. \g, h\ = \g, h 


Under integral linear transformation of the periods a linear 
theta function &[g, g'](u) a is transformed, to within an ex- 
ponential factor, into a linear theta function, 9[g, g'](u)a for 
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which (cf. Krazer 41 pp. 166, 180) the transformed theta char- 
acteristic [g, ~g'\ is expressed in terms of the original theta 
characteristic [g, g) by 

^ g fj, = £ J V fur !Jv ftw tjr "t" fifir/2), 

g[u === ^j v ( — Y f IV fjv "4" ^uv fjv Yf.iv $ fir / -) ■ 

An obvious peculiarity is that the coefficients «, /?, y, d of 
the original transformation (2) do not occur hoiMoiiV’.ie.ii.-'h . 
This complication is removed for congruence modulo 2 in 24. 

22. The finite geometry defined by the reduced 
half periods. Under integral linear transformation of the 
periods a half period with characteristic {«} a is transformed 
into one with characteristic {¥} s (cf. 21 (8)). If all sueli half 
periods both original and transformed, are reduced (modulo 
the periods) to half periods in the initial period cells then 
it is sufficient to take the transformation from e, s' to ~e,e' 
with coefficients reduced modulo 2. The effect of this from 
the standpoint of group theory may be expressed as follows: 

(1) The group I (21 (3)) of integral linear transformations on 
the period characteristics contains an invariant •« 7 </ . . J., 
which consists of those /, •■,.-f>., ■„,>/'> ,>> - which reduce modulo 2 
to the identity. The factor group of 1% under I is represented 
by the elements (3) which are distinct when reduced mod. 2. 

According to 21 (6) this group is defined by the invariant 
\g, h\. It also leaves the improper half period \g,g j — {0, 0} 
unaltered. Ifthenweie|i the proper reduced half periods 
with s, s' = 0, 1 as points in the finite geometry (mod. 2) 
of an S‘2 P ~i, the group of the reduced half periods becomes 
a collineation group with an invariant of the type given. 
Thus (cf. 10 p. 247): 

(2) Under integral linear transformation of the periods of the 
theta function in p variables the reduced proper half period 
characteristics are /. ■ of,. d like the points of a finite 
space Sip—i (mod. 2) under the group Gkc, isomorphic with 
the factor group in (1), of collineahons which leaves un- 
altered the proper null system 

C — (xi y'x — xi yf) + (x 2 y 2 — x ! 2 yi)-\- [- (x p y' v — a' v y p ). 
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This null system coordinates to a point x, x' in S 2p -i its 
incident null space, S> p —o, whose equation in variables y . y 
is given by C = 0. We identify a period characteristic {«. e'} 2 
with the point x ~ s' , x' — s or with the null space. 

(«r Xy + e'y x'y) = 0 (mod. 2). of this point in C. According 
to (2), properties of sets of period characteristics, invariant 
under period transformation, are projective properties of the 
corresponding sets of points in Sap- 1 with reference to the 
given null system C. We outline first these projective proper- 
ties and translate them later to period characteristics. 

The following facts result from easy enumerations (cf. 16 § 2). 

(3) The numbei of points in a finite space. Sk {mod. 2) is 

Hk = 2 , - +1 — 1 . 

Given n linearly independent Sk-is in Sk the number of 
points on m of the Sk—is but not on the r< mahtim/ n — m 
is 2 k ~ >l+1 if m<Cn , and is Hk—n if m — n . 

In Sk (k + 1) linearly independent points constitute a point 
reference basis and the (k + 1) Sk— i’s on each set of k points 
constitute an Sk-i reference basis . Either basis determines 
the other and the two make up a reference basis in Sk- 

(4) The number, JRk, of nfiii’iiw bases in Sk is 

Ft = 2 k HkRk-x/(k+ 1 ) = HkHk-i ■ ■ HjCk + 1 )! . 
(5j For h < h the number Hk } of spaces Sj, in Sk is 
HU* = HkHk—i • • • Hk-Jit HuHh—i -• Hi. 

We shall be concerned mainly with a space S 2 p—i of odd 
dimension with coordinates x 1} •••, x p , x'\. x' v . This 
reference basis determines a unique space, (x-f x r ) = 0, 
not on the reference points. The 2p-\-l spaces are dependent 
but any 2p of them are independent. If one of the spaces 
is isolated, there is a unique point (cf. (3)) on the one space 
and not on any of the remaining 2 p spaces. Hence the set 
of 2 p + 1 spaces determines a set of 2 p + 1 points each set 
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ordered with respect to the other. Either set constitutes 
a basis in Sip- i and the two make up a self-dual basis. The 
peculiarity of the odd dimension is that cm din., point 

and Sip -2 of a self-dual basis are incident. 

(6) The number of self-dual bases in Si P —i 'is 

N b = B.2P- 1/(2 p + 1) = 2**-» H 2p -i Hip-2 --Hi/ (2 p + 1) !. 

The order of the collineation group Gn m Si P —i is 
JV r — (2p + 1) ! Nb. This group is unynu nU-d by N cor- 
relations to the correlation group of order 2 N in Ssp-i. 

Those correlations for which corresponding point and Sip- 2 
are incident — the so-called null systems — are of particular 
interest. They all are of one type and each may be deter- 
mined by the fact that it interchanges couespoiidin*: point and 
Sip -2 of a given self-dual basis. If (J is given an enumeration 
of its invariant bases leads to the theorem: 

(7) The number of self-dual bases invariant under the null 
system C is 

Nbg = 2P 2 Hip-i Hip-i • • • Hf{2p + 1)! 

All proper null systems are under Gn and each 

is unaltered by a group Gnc (cf. (2)) of order 

Nc = 2 P 1 Hop-i Hop -2 ■■■Hi. 

Under Gn in Si P -i two spaces of the same dimension are 
conjugate; under Gnc this is no longer true. Two linear 
spaces in Sip— 1 are called skew if they have no points in 
common. If an S r - 1 is determined by x m , ■ ■ ■, x (r) the null 
Sip - a ’s of all points x in S r — 1 meet in an S, p - r -i, the null 
space of S r - 1 , the common part of the null of the 

r points x (i) . If the null space of S r - 1 contains S r —i, then 
S r — 1 is called a null S r - 1 . For example any line on x and 
in the null Szp — 2 of as is a null line-, any other line on x is 
an ordinary line. A null space of greatest dimension, an 
Sp—i, is called a Gopel space. The null space, Si P —r—i, of 
a given S r — 1 will in general have a space S m ~i in common 
with S r — 1 , which will be called the null subspace of S t — 1 . Then 
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(8) Two spaces of the same dimension in S 2 p—i a>e conjugate 
under Onc if and only if their nidi subspaces have the same 
dimension. An 8,— \ with a null subspace S m —i (r — m neces- 
sarily even) has a reference basis of the form 

y (X) 4. z m . y &) _|_ gm t ... *(w) ? .... y (r) 

ivhere the points y, z form part of a self-dual basis of C. 
The number of spaces of various kinds and the order ot 
the subgroup of Gnc which leaves a particular type unaltered 
have been determined by the author (cf. 16 pp. 250-251). 

We indicate the translation from terms in the finite geo- 
metry to the corresponding terms in the exposition of the 
characteristic theory given by Krazer ( 41 Chap. VII). 

Point in Ssp—i. Proper Per. Char. 

Two points on a null (ordi- Two Mzyci-tL' f.i/ygetic) Per. 

nary) line. Char. 

Points of a self dual basis Fundamental system (F.S.) of 
of C . 2p- f-1 Per. Char, (every 

pair azygetic). 

(9) S r — x. Group E, of Per. Char, of 

rank r. 

Space in S 2p —i skew to .8, _ i . Group S conjugate to E, . 
Null subspace of S r - 1 . Syzygetic subgroup of E r . 

Null space of Sr— i- Group adjoint to E r . 

Null S r - 1 - Syzygetic group E r . 

Gdpel space. Gdpel group. 

The following theorem (cf. 16 § 1) is of particular importance 
in the ppl : , alio«<. 

(10) The group Gnc of the null system is generated by a com- 
plete cnnjiigiih: set of H-ip—i involutions each attached to 
a point of S 2p —\. The involution I x attached to x leaves x 
and every point on its null S 2p — 2 unaltered ancl inter- 
changes the further pair of points on every ordinary line 
through x. 

23 . The basis notation for the half periods. The 

2p -f 1 S- 2 P- 2 & of a basis, B 2p + 2 , are linearly related. If their 
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equations are respectively y t — 0 (i = 1, • - • , 2 p f 1), this 
relation is 2 y = 0. In this superfluous coordinate system y, 
the 2p-}-l basis points are 
( 1 ) yi = 0 , yj = 10 + *)• 

This i-th point (i = 1, • • •, 2 p -j- 1) is on y t = 0 but on no 
other $ 2 p— i of the basis. If (7 has i? 2 j 3 -f 2 as an invariant basis 
its equation is 

fe> \ C = yi y't -f- y% y'z + - • • + yzp+i ykp -\- 1 = 0 

w (2v = o, 2y'= 0). 

For Cy= V ' — 2 v\ — (2 &O a = 0 (mod. 2), and, due to 
2^ = 0, the null /Skp-a of the point (1) is y 2 = 0. 

The point (1) will be named JPx, 2 P + 2 . The line joining two 
basis points contains a third point called a residual point of 
the basis. The residual point P v on the line through P t ^p+‘>, 
Pj, 2 p +2 is P t j = Pi, 2 p +2 -f -?j, 2 p 42 and has coordinates 

(3) y t = yj — 1, yic — 0 (Je + 1 , /£#,;). 

The 2p-\-l points Pu, P a3 , • • *, Pi, 2 jh -2 themselves evidently 
form an invariant basis P\ of C; and from symmetry there 
exist similar bases B 2 , • • • , B 2p +i . A point P v is in the bases 
Bi, Bj and these two bases have no other common point. 
This set of 2jp + 2 bases is symmetrical since any one of 
the bases and its residual points determine the set. The 
involution l x (cf. 22(10)) attached to the point P^+o in (1) 
is y' % = 2 A, yn — yu + y% (k 4= ») • This interchanges B t and 
B 21 3+2 and leaves each of the other 2 p bases unaltered. The 
involution attached to P v - in (3) is y[ ~y J} y'j — y%, yic — yic • 
This interchanges B t and Bj and leaves the others unaltered. 
Hence (cf . 16 p. 271). 

(4) The 2p + l points of a basis and the p{2p-\-l) residual 
points of the basis form a basis < oitfiynrnhou B C, i. e., 
a set of (p + 1) (2p + 1) points which can be divided m 
2p + 2 ways into a basis and its residual points. Each 
po’int of BC is in two bases B t , Bj and is denoted by P t j 
(i,j — 1, • • 2p + 2). The configuration is unaltered by 
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ct Gf-ip-^2) >, h /. on the 2 jj -}-2 bases, a ’ of 

Gtnc, winch is generated by the 'involutions attached to the 
•onfignration points. The involution attached to P u effects 
on the bases and the points an /»</■ , > h./ng of the subscripts. 

The points of S 2p — 1 not included among the points of B C 
will have 2 k ( 1 <.k<. p) coordinates y — 1 and the others 
zero. If the 2 h unit coordinates are say the first ones the point 
is the sum P ia + P34 + ■ •• +P>fc— i,2fc but it is equally well 
the sum P 2 fc+ 1,2^2+ •••+ P^+i, 2^4-2 • Evidently also the 
order in which the subscripts are paired in these sums is not 
material so that the point in question will be denoted by 

Pl234. ,2k — Pyc+l, - ,2p+2- 

Hence (cf. 18 § 1): 

( 5 ) The points in the finite geo.eoh g are named by an even 
number of siibsadpts from the set 1 , 2 , • - • , 2 p + 2 in such 
wise that < Oiuph’iiienfin y sets of subscripts denote the same 
point. The linear condition is 

Pa “l” P& == Pab 

where like subscripts in the sets a and b cancel in ctb. 

The f' 11 . v ‘ i_ theorems are easily verified: 

(6) Two points P a , Pi of S 2 p—i are sysygetic or azygetic ac- 
cording as the sets of the subscripts , a, b, have an even or 
an odd number of subscripts in common. 

( 7 ) The number of basis configurations belonging to C is 

27s c = % p ~ Sap-i Hip-t • • • -Hi/(2 p + 2)1. 

By virtue of ( 5 ) the basis notation reduces the construction 
of the linear space S 2p - 1 to a purely tactical process. Ac- 
cording to (6) the same is true of the luill-sysieu C. 

24. Theta characteristics as quadrics in the finite 
geometry. The 2 2p odd and even theta functions of the 
first order, it [jy] 2 (u) , are defined by characteristics [g, g r \ with 
denominator 2 and numerators ij, r/ = 0 , 1 . If to these the 
period transformation of 21 is applied they become new theta 
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functions of the same order and type whose characteristics [ rj ] 2 
are connected with [rj\ by the relations 21 (7) 

t] /x =Z ^ 0 V ( CC I (xv ijv ftp,/ -f- a fir fijxv) , 

H u — : ■ ( Y (xv V v ~"f~ ^ uv Q]v ~~ Y (xv ^ (of . 

In this transformation with integral coefficients the essentially 
distinct new characteristics [^] are obtained by reducing tj, ’if' 
modulo 2. Then 

( 2 ) v = a %'’ — V = V* ' * ■ (mod * 2) > 

and (1) can be written 

V -‘—'O' ^ (xv & (xv Vv~^~ a [xv ’ 

V (l ^—Iv^YjXV V 4 " ^ (XV ^V~^~^(XV ^ fX?') > 

in which the coefficients a, ft, y, 6 of the transformation occur 

7/o /' r )(jt >/• o '-7/f. 

Then we observe that if the half periods (i. e. the points 
in the finite geometry) are transformed by 21 (3), 


(4) 

the quadric 

(5) 


X(1 ^ lv (ci-,,1, X V YvfX *Ev) ; 

CCfx z (ftv/x VCv ~ F" dpfx %v) } 

0*y K 4- n v + v' v x'*) 


is transformed with the help of 21 (4), (5) into the quadric 

x'v + -Yn'v n'v) 

where if, ~if' are expressed in terms of n , if by precisely the 
equation- (3). The 2 2 ^ quadrics obtained from (5) by variation of 
V, V = 0, 1 all have the same polar system 

&v y'v -f- x v yf) == 0, 

which coincides modulo 2 with the null system, 
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C r (Xy IJ j' Xy y y ) — 0 ; 

of 22 (2). Any two of these quadrics with coefficients [r,}, [f] 
respectively differ by the square of an S 2p - 2 , 

2y Ktfj/ x i H~ (Vr O X 7~l = [('Jjz + C,,) x r + Wy + £,4 a?' ]". 

the null space of the point x — //- f S', a' = ^ -j-£. 

The particular quadric, a?', = 0, is identified with the 

original even theta function, &(u ) — ^[0] («)• The 2 2 ^ — 1 
remaining odd and even theta functions, & [>/]:> (it), are identified 
with the quadrics (5). If the half period {«} 3 is identified as 
above with the point a; = s', x' = s, then the theta function 
■#[«? + £] 2 ( u ) = k • (u + {«} 2 ) is to be identified with that 
quadric which arises from (5) when the square of the null 
space of the point x which corresponds to the half period {^} s 
is added. Then (cf. 16 § 4) 

(6) Under integral linear transformation of the periods the 
2 2p theta characteristics are permuted hom<» yhi> tdhj with 
the 2 2p quadrics (5) in Sop— i (mod. 2), whose polar systems 
coincide with the null system C, under the collihation group 
&no of C. 

The 2 2p quadrics are of two types (cf. 27 Chap. 8 ; 16 § 3) 
according to the number of points which they contain. If 

(7) E p = 2P- 1 (2 p + 1) , O p = 2P- 1 (2 p — 1) , 

then there are E p E-quadrics each containing (E p — 1) points, 
and O p O-quadncs each containing (O p — 1) points. If to 
a quadric of either type there be added the squares of the 
null spaces of each of its points then all the quadrics of 
that type are obtained. It may be proved readily that the 
quadric (5) is an .E-quadric if 

(8) ¥i4-( + % n'p = 0 (mod. 2), 

whence according to 20 (8) the .E-quadrics correspond to the 
even and the O-quadrics to the odd theta functions. Many 
properties of these quadrics with respect to their incidence 
with linear spaces have been developed (cf. 76 §§ 3, 5). 
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From the relation & [>/ + £ ]a («) = k • >2 Ms (it 4- M 2 ) there 
follows that (it) vanishes for m = Ms if [47 + «] 2 is the 
characteristic of an odd function. But [1/ + e ]2 corresponds 
to an O-quadric either if M-s corresponds to an O-quadric 
and Mg to a point on it, or if Ms corresponds to an .E-quadric 
and Ms to a point not on it. Hence 

( 9 ) An even function vanishes for a half period if the cor) e- 
■ ...” ’ E-quadmc does not contain the '01 n^ix-ud/ug 
point ; an odd function vanishes for a half period if the 
, < "•/,</«/'*< r/y O-quadric does contain the -o,i- -/.v/, -0 h, 

point. 

Thus it is clear from ( 7 ) that either type of function 
vanishes for the same number, O p = 2*’ -1 (2^ — 1), of half 
periods if for the odd functions the improinv zero half period 
be included. 

25. The basis notation for theta characteristics. 
To the coordinate system y\, ■ ■ y > v + 1 of 23 there is attached 
a definite quadric, K= ^y t yj — 0 (i,j — 1 , •••, Zp+l; i<j), 
which is characterized by the fact that it contains none of 
residual points of the basis Bop^o- The 2 - p quadrics then 
have equations of the form, 

The following set of four theorems (cf. 58 § 1) may be verified 
without difficulty: 

(1) If B is the basis configuration of 23 ( 4 ) with bases 
Bi, •••, Bzp+z every quadric Q Wom//w// to C is uniquely 
determined by a separation of the bases of B into tioo 
complementary sets of jo — J- 1 — 2 k and ji-f-1+2 k each. 
Q contains only those points P v - of B which belong to 
bases B x and Bj drawn from different sets. Q is an E- or 
an O-quadric u< • 01 d,;,y as k is even or odd. The particidar 
quadric Q determined by the separation Bi, • ■ ., 24+1—27. ; 
24+2— 27., • • •, Bip+2 will be denoted by 

Ql, ■ , p+l — 27c = Qp+2—2k r ,2p+2 = K -f- ^ y\ — 0 
(I = 1, + l — 2&). 
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In accordance then with 24 (6) we shall adopt a similar 
notation for the 2 2p odd and even theta functions. 

(2) If the notation of 23 (5) for a point be adopted also for 
the square of the mill space of the point then 

Qaf Qb ~ lab , Qa Pb = Qab 

where like subscripts in a and b are cancelled in ab. 

If P is interpreted as a half period, Q as a theta function, 
this theorem expresses the change in the function when the 
half period is added to the argument (cf. 24). 

(3) If in (2) Q a , Qb are both E-, or both 0-, quadrics the 
point Pab lies on both, if however Q (l , Qb are of different 
type, Pab lies on neither. 

An easy test for type is given in (1), i. e. h = 0, 1 (mod. 2). 
In connection with 24 (9), (3) furnishes a criterion for the 
vanishing of a theta function for a given half period. 

(4) The involution (cf. 22 (10)) attached to the point P a b in (2) 
in fori hrnii/if. the quadrics Q a , Qb if they are of the same 
type and leaves each unaltered if they are of opposite types. 

This theorem in conjunction with 22 (10) enables one to 
pass from a given basis configuration to any other and 
thereby to obtain all the conjugates of a given figure in the 
finite geometry or of a given arrangement of theta and period 
characteristics. 

We illustrate the notation for the smaller values of p. 
When p — 1, S-2 P —i = Si contains but three points which 
make up only one basis. Nevertheless the basis notation 
with 2p-\-2 — 4 subscripts persists. We name the three points 
or proper half periods by P 1S — P 34 , P13 = Pa 4> Pu = P a3 ; 
the three even theta functions by = H31, fz = 
i 9- 14 = -#33 ; and the odd theta function by # = >9 1284 . 
\ ‘!ii g to (3) and 24 (9) & 12 vanishes for u — P l2 ; while <9- 
vanishes only for the zero half period. The involution attached 
to P 12 leaves P 12 unaltered and interchanges P 13 and P 14 . 
The three involutions generate a Q e which is symmetric on 
the three half periods and three even functions, and which 
leaves the odd function invariant. 


3 
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When p — 2, the 15 points in S 3 make up a single basis 
configuration with bases B L , • ••, B 6 whence the 15 halt 
periods are of the type Pi 3 . There are 10 even functions 
(cf. (1) for k — 0) of the type ^ ias = ^i 36 ; and 6 odd 
functions of type — O ZZi - oQ . The function 0 12a = # l5<3 
vanishes for the 6 half periods of types P 1S , P 4 5, the func- 
tion -<5-i for the 5 proper half periods of type P 12 as well 
as the zero half period. The modular group of period trans- 
formations of order 720 is simply isomorphic with the per- 
mutation group of the six bases. 

When p = 3 with B — B x , B s there are 28 half periods 
of type Pj 3 and 35 of type P123.1 = Pse>78- There are 35 even 
functions of type ^ l2S 4 = ^se-s ; 28 odd functions of type 
= ^345678; and one even function of type 3 = ^1231567,3. 
The even theta function S izsi — 0 miz vanishes for 12 half 
periods of type P 12 and 16 of type P1235 = Pt67 s; the even 
function S- for the 28 of type P 12 ; while the odd function 
vanishes for 12 of type P13, 15 of type P 12 34, and the zero 
half period. The basis configuration isolates one of the 36 
even thetas and the modular group is of order 36.8!. 

When p = 4 and B — B x , •••, B d , B 0 the 255 half periods 
comprise 45 of type P l2 and 210 of type Pi 281 . The even 
functions comprise 126 of type A 2345 = ^67390 and 10 of 
type ; the odd functions comprise 120 of type iS\ 23 . The 
even function ^12345 vanishes for 20 half periods of types 
P 12 , P & 7 and 100 of type Pms; the even function vanishes 
for 36 of type P 23 and 84 of type P lS34 ; the odd function 
■#428 vanishes for 21 of type P 14 , 63 of type Pi 2 «, 35 of 
type P 4 o67 , and for the- zero half period. The number of 
basis configuration:?. is 2 8 .9.51 (cf. 23 (7)) and the order of 
the modular group is 2 8 .3 3 .17.10!. 

The basis notation has been frequently used and, in early 
cases at least, could hardly have been overlooked for tactical 
reasons. However, it has usually been developed from the 
standpoint of theta characteristics. It is clear from the geo- 
metric aspect that its real origin is in the basis configuration 
which is composed of period characteristics alone. An im- 
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portant advantage of the geometric approach is the marked 
difference between a theta characteristic (a proper quadric) 
and a period characteristic (a point or the square of its 
null space). 

26. Systems of theta characteristics. Projection 
and section of the null system. When the theta 
characteristics are represented by the proper quadrics 


qu, >n se 


'h 


/ 2 \ 

) 


it is clear that the theta characteristics alone do not form 
a linear system. For 

Q[*l ) >/J + 1~ £,<) &l-\~ O •£'„}• 


This sum of squares is the square of an S 2p -2 and such spaces 
are permuted under Gjsrc like their null points, i. e., like period 
characteristics. But the 2-i J quadrics and the — 1 squared 
Sop -2 s together constitute a linear system R 2p of dimension 2 p. 
The sum of j members of R 2p is a proper quadric or a squared 
S 2p — 2 according as the number of summands which are proper 
quadiics is odd or even. A linear system Fk of dimension k 
contained in R 2p may consist only of 2 fc + 1 — 1 squared S 2 p— 2 's 
and then behaves like a system of period characteristics. If 
however Fk contains one quadric it must contain 2 fc quadrics 
and 2 & — 1 squared Ssp—a’s. If these be i-erdacou, as is con- 
venient, by their null points, the null points fill up a linear 
space Sk-i called the allied space of F k ( l6 §§ 5, 6). Two 
systems Fk and Fk with the same allied space and a common 
quadric coincide. Hence the 2 2 ^ quadrics can be distributed in 
a single way into 2-P~ k systems Fk with a given common allied 
space. A Gopel system Fk has a null space as its allied Sk—i ; 
a Gopel system has a Gopel space as its allied S p — 1 . 

We give a few examples of systems which contain quadiics. 
Of systems F 0 there are two types; an ^-quadric, and an 
O-quadric. Of systems F x with two quadrics Q a , Qt, and 
allied space S 0 = P a i there are three types according as the 
two quadrics are both 77-quadrics, both C-q'Mdrv**. or an E- 
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and an O-quadric. In the first two types P a & is on both, 
quadrics; in the third, on neither. Systems F=> determined 
by three quadrics Q a , Qb, Qc contain a fourth quadric Q a ic and 
ther allied space S\ contains three points P a b, P ac , Pbc- They 
divide first into two types according as the three collinear 
points P are on a null or an ordinary line. The four quadrics 
are then called a t-giygctn or an azygetic tetrad respectively. 
Since any three determine the fourth, the three are also 
termed a syzygetic or an azygetic triad as the case may be. 
At least two of the four quadrics, say Q a Qb are of the same 
type. Then m the syzygetic case the involution I a b attached 
to P a b interchanges Q a , Qb and leaves Pac, Pbc each unaltered 
(cf. 22 (10), 25 ( 4 )). Hence Qa+Pac — Qc and Q b -\-P a c = Qabc 
are also interchanged and are of the same type. Thus the 
system contains 4 , 2 , or 0 P-quadrics. In the azygetic case 
lab interchanges Q a , Q b and also P f «., P/ IC whence Q c — Q a +Pac 
= QbpPbc is invariant and similarly Qabc is invariant. Thus 
Q c and Qabc are of different type and the system contains 1 
or 3 E- quadrics. For p = 3 and a syzygetic tetrad with 
allied S 1 — P 12 , P 34 , P 1284 the three types of tetrads are 
exemplified by 9 - 1s57j •^2337? ^1437; ^2457; 9 , ^12,^34) 

9 l& , ^23, 9 xi> ^24- In the azygetic case with S x — P x 2, Pis, 
P 23 the two types of azygetic tetrads are exemplified by 
'•^’1456 , ^2456? ^3456, ^78 9 , 9 x % , ^i8 , ^23 • Ih general two 
systems Fu and Fw each containing proper quadrics are con- 
jugate under the Gng of period transformations if first their 
dimensions k, k! coincide; if second their allied spaces 
S/i—i are conjugate (cf. 22 (8)) ; and if finally they have the 
same number of quadrics of each type E, 0 . 

Doubly periodic functions of the second order can be con- 
structed from the 2 2 ^ functions by forming ratios in two way. 

( 1 ) 9 % (u)l 9 l(u), 9 a (u) 9 b (u)/ 9 c (u) 9 alc {u). 

The first ratio is an even function with characteristic 
aa = bb — 0 (cf. 19 (3)); the second has the characteristic 
ab = cab c and is odd or even according as P a i, Pac, Poc is 
a null line or an ordinary line. 
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A fundamental set (F. S.) of 2p + 2 quadrics is an 3 T set of 
2^ + 2 quadrics subject to no other relation than the vanishing 
of their sum and such that any three are azygetic. A dis- 
cussion of these will be found in ( 16 § 6) with references to the 
eori'Chponding arithmetical development of Krazer ( 41 Chap. 7 ). 
We note here merely that every F. S. is obtained bj’ adding 
to one of its quadrics the squared Sip-Cs of a self-dual basis 
of C and contains a O-quadrics where s = p mod. 4. A wo? mal 
F. S. is one in which all or all but one of the quadrics are 
of the same type. According as p ~ 0, 1. 2, 3 (mod. 4) the 
normal F. S. contains 2p 2 P-quadries ; one O-quadric and 
2p-\- 1 .27- quadrics; 2_p-f-2 O-quadrics; one P-quadric and 
2p-\-l O-quadrics. For example a nonnal F. S. for p — 1 is 
■9, 9 12 , 9 1Z , for p = 2 is 9 1 , .... for p = 3 is 9, fr 12 , 
■& 1S , •••, &i&-, and forp = 4 is .... 9 g , 9 0 . The normal 

F. S. has usually been enq.h yc ! to introduce the basis notation. 

An important means of setting up confinin'. ilk O' in the 
finite geometry, or sets of characteristics, is the operation 
of i oj<‘< hthi and sechon of the null system C, or more ex- 
plicitly C p . A null system in ordinary projective space is 
non-singular only when the dimension of the space is odd. 
If in such a space S^p—i a point P is isolated, the null lines 
on the point P, and therefore in the null S * p — 2 of P, are 
cut by any Sip— 2 , C, not on P in the points of an Sm-i 
in — p — 1 ). if p' : p " are two points in S& r— 1 they will 
be defined to be syzygetic or azygetic in the null system C-z 
in S- 27 I -1 according as P', P" are syzygetic or azygetic in C v , 
i. e. according as the plane P P' P" is or is not a null plane 
of C p . The null system Cn as thus defined in /SW-i is the 
projection and section of C v from P and by £ respectively. 

The subgroup gp of Gnc p which leaves P unaltered has the 
order (22 (7)) 2^ H^p— 3 - Hi. It has an invariant ^•bg 'oi.p I 
of order 2 2 ^ -1 which leaves every null line on P unaltered. 
This subgroup I is abelian with involutorial elements (ef . 19 p. 326). 
The factor group of I with respect to gp, i. e., the group of 
permutations on the null lines through P induced by gp, is 
the group Gnc„ of the null system Cn in Sin- 1 . 
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The 2 2 ^ -1 quadrics containing P are pet muted in pairs by the 
involution attached to P. These comprise O n pairs of 0 • 

and E n pairs of P-quadrics. The quadrics of a pair have 
the same section by the null S»p -2 of P and the further 
section by £ furnishes the On and E n quadrics whose polar 
systems coincide with the null system C n . These pairs of 
quadrics are called the Steiner set attached to the half period P. 

This operation of proj'-c+ion and section may be lepeated 
in the space £W-i or a like result may be obtained in the 
original space by projection from a null line and section by 
an S 2 p—& skew to the line (cf. 16 p. 261). Thus for g — 3 
and projection from P 78 there are six pairs of odd theta 
characteristics -On, t) l8 , and ten pairs of even theta charac- 
teristics 

0'ijlc7 , it'ijk 8 Ol mn % , dinin'! ‘ ’ *7 W === 1 ? * • ‘ j 6 ) 

■.'.Udine to the six odd and ten even theta characteristics 
for p — 2. On further projection from P 8B there is one 
tetrad of odd theta characteristics , d 68 , d bl , d e8 ; and 
three tetrads of even theta characteristics 


d'ljhl ! ^?J58 , ^y67 , d,jCS d , d hlr, 7 . d’hloU , d)d 57 

(i,j, h, l = 4) 

as in the case p — 1. 

27. Theta modular groups determined by sets of 
points. The linear group g m , 2 of 6 , and g m ,ic of 15, associated 
with regular Cremona transformations whose P-points are 
found in a set Pm of m points in a projective space Sic, has 
elements with integer coefficients and determinants ±1. Such 
a group, in general infinite, is the source of a variety of 
finite groups when the coefficients are reduced modulo r. The 
situation is similar to that of the reduction of the period 
transformations modulo 2 and may be expressed as follows 
(cf. 19 (1)). 

(1 ) The elements of g m ,k whose coefficients reduce mod.r to 
those of the identity form an invariant (in general 

infinite) of g m jc whose factor group g^ k is finite. A re- 
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presentation of this factor group consists of the elements 
of g m ,k which are distinct when > educed mocl.r. 

These factor groups for r — 2 are intimately connected 
with the properties of sets of points under Cremona trans- 
formation. On the other hand the groups k are isomorphic 
with the group Gtnc p for suitable choice of p, or with sub- 
groups of &nc p • A complete discussion is found m ( 19 ) with 
16 cases according as m, k = 0, 1, 2, 3 (mod. 4). One case, 
# 10 , 2 , will be discussed here in detail and for other cases 
references will be made as needed to the article cited. 

The group # 10,2 is generated by the traimpositionN of 
)'i, • • •, y l0 and the element A 1S3 (6 (1)). With reduction mod.2 
the variables / will be replaced by x and A 12S has then the 
form 

Ai 23 : 3-; = Jj-|- (x 0 4- X\ + x 2 -1- x 3 ) (i — 0. • • - . 3). 

U . x' = xj 0 = 4. • ••, 10). 

Linear forms with coefficients reduced modulo 2 are of two 
types according as x 0 does or does not appear. Set 

(3) JBi2. 1 = • • • -f-aji; (\i ■ Xq-\~xx-\~Xz~t — 

Let B(l) represent the aggregate of forms B with l terms, 
which of course are all conjugate under the transpositions 
alone; C(l) the aggregate of forms C with Z terms in addition 
to x 0 . On apph'ing A 12 s to B (Z), the form B (l) is reproduced 
or is transformed into a form C(f) according as B(J) contains 
an even or odd number of the terms x t , x 2 , x 3 . More precisely: 

(4) A form B{1) is t> ausfui med by A 123 into B (Z), C(1 4- 1), 

Bit), C(l — 3) according as B(l) has 0, 1, 2, 3 subcripts 
in common with A 123 . A form C(J) ? s . .• >’■ by 

A 123 intoB(l + 3), C(l), B{1 — 1), C(l) n,<erhn ; , as C(l) 
has 0, 1, 2, 3 subscripts in common with A 123 . When either 
type is altered the subscripts of the transform are those of 
the original form and of A 123 with like subscripts cancelled. 

Let & 1? b 2 , b 3 , denote those aggregates of forms B(l) 
for which Z == 1, 2, 3, 4 (mod. 4) respectively; c 0 , r lt e 2 , c 3 
those aggregates of forms C(l) for which Z = 0, 1, 2, 3 (mod. 4) 
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respectively. According to (3) a form B(l) has <•« y ga’e> 
C'(Z+ 1)> — 3) and these in turn have e<r:p B(7+4), 

B(l), B(J — 4). Then as l~ 1, 2, 3, 4 (mod. 4) there are 
four conjugate sets of linear forms namely 

(5) hi, c-i , b- 2 , ( 3 ; b-i, c 0 ; lu , <\ . 

Naturally the invariant linear form ■ • • -fia?io (cf. 4 (3)) 

is excluded from the set c 2 . The transformation will he 
determined if its effect upon the forms b x and c 0 is known 
since these include the individual variables. 

In the basis notation of the finite geometry for p — 5 
with 2 j> + 2 = 12 bases B±, ■ • ■ , Bio, B«, Bp the linear forms 
of the first and third conjugate sets (5) will be identified 
with the points of S 2p —i as follows: 

(b) &i , Co = Pi^, P\ 2 up ; Pimp, Pup- 

The identification of with P^s means that B l corresponds 
to Pip, Bijjdm to Pijkimp, • ■ similarly for the other sets 
(i,j , • •, w = 1, 2, 3, • • •, 10) . Furthermore the transposition 
(xi, Xj) is identified with the involution attached to the 
point Py, and the element A 12S with the involution attached 
to Pm<£. Then 

(7) The involutions attached to P v and Pi 2 sa permute the 
points P m (6) precisely as the ■ . > • > transpositions 

(xi, Xj) and A 123 permute the an i c-pniuhny linear forms . 
This is evident for the traimpoi-ition'. and is easily verified 
for A 1S & by comparing the effect of A 12S as stated in (4) with 
that of the involution P 123 K as given in 22 ( 10 ), 23 ( 6 ). 

Since the forms ( 6 ) in l x and c 0 contain the individual 
variables the element of is completely determined when 
the effect on these forms is given. Since the points ( 6 ) 
contain all the points of the S 2 p~i (p = 5) the transformation 
of Gtjvc 6 is completely determined when the effect on the points 
is given. Hence is simply isomorphic with the group in 
the finite geometry generated by the involutions P v - and Pm«. 
These generators transform P v into all the points of type 
P 12 , Pi, , 6 , Pl, ., 10 , Pm«, Pi,. ,7, «, i. e. into all the points 
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not on the .E-quadric Q u p (cf. 25 (3)). Such a complete conjugate 
set of generating involutions generates the subgroup of Gyc. 
which leaves invariant ( 19 p. 325). The order of Gyc. is 

2 25 ZZ‘g-H 7 H 5 H z H x and the number of E-quadrics is 2 4 (2 3 -rl). 
Hence 

( 8 ) The groujp g\ of h unfa of g lo2 reduced mod. 2 

has the 01 der 10! 2 13 - 31 • 51 and is simply isomot phic uith 
that >n7)fji ‘iii/t of the modular gioup Gyc. it Inch has an 
invariant t even theta characteristic. 

This result is used later to prove that a ten-nodal rational 
plane sextic can be transformed by Cremona transformation 
into • only 2 13 - 31 • 51 projectively distinct rational sextics. 

28. A remarkable system of equations. Gopel 
invariants. F. Schottky ( 63 § 5) has devised an interesting 
set of equations which lias enabled him to simplify very 
materially the numerous relations which exist among the odd 
and even theta functions. In many cases (to which we shall 
add others) he finds that these relations are equivalent to 
well-known proj'ective relations which connect the coordinates 
of the sets of points, discussed in Chapter I. 

Schottky first attaches to each half-period, or point in 
the finite geometry, a constant, say the constant e u to the 
point .Pu, where g is a certain set of subscripts in the basis 
notation. Secondly he attaches likewise to each of the 
2 2p odd and even theta functions, or quadrics in the finite 
geometry, a constant, say the constant f m to the quadric Q m . 
where again m is an aggregate of subscripts in the basis 
notation. 

The system of equations referred to then reads as follows : 

(1) fm = r[](e u ) (P« not on Q m ) • 

The number of equations is the number, 2 fy, ot quadrics Q m . 
The quantity r is a factor of proportionality. The product fy[ 
is extended over the 2 p- 1 (2^ — 1) points Pu not on Q m when 
Q m is even; or over the 2 J5 ~ 1 (2 p + 1 ) points Pa not on Q m 
when Q m is odd. 
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For p — 1 the system reads 

(2) yia = y&L2j Jis == re IS) faS == t'?2S> f == ^^12 6l3 623* 
For*p = 2 typical equations are 

J^123 = ^*Ci2 6l3 623* ®45 6*6 ^56 j 

(3) /> 

Jl T ^23 624 605 ^26 ^34 <?35 ^36 e 45 #46 #56 • 

The solution of the system of equations (1) for the 2 2 ^ — 1 
constants e tl in terms of the 2 2 ^ constants f m is 

( 4 ) ^ = {11 (fm) I n C/») } 1/2 (Qn on P„, Q m not on P u ). 


For, of the 2 2 ^ quadrics Q, 2 23,—1 are not, and 2 2 ^ - 1 are, on P u - 
If then we insert on the right of (4) the values / given in 11), 
the r 2 ^— 1 in numerator and denominator cancel; and the 
factor e u occurs in each factor f of the numerator but in no 
factor of the denominator. Furthermore of the ‘Z-v—' 1 quadrics 
on Py„ 2 2 p~ 2 only are on P^ whence occurs 2 2 * >-2 times 
in the numerator and in the denominator. 

For example the values of the constants e u in the cases 
p = 1 and p — 2 are* 


1 ) 612 = (/ 12 /// 13 / 23 ) 1 ' 2 , 

Q\ _ J /s/i/o/s/lSS Sxiif 25 ,/l2fi 

i 1 ./l*ir>./l*tti./l 1.1./. I 


Scholtky uses for the value of 

(6) f m = 4 

where c m — (0) if (u) is an even function. If how- 

ever -th m (u) is an odd function the interpretation of the con- 
stant c m attached to it depends upon the number p of vari- 
ables. We shall find that the constants can be intei protod 
as the discriminant conditions attached to a set of r points, 
Pr, in Sic (cf. 9, 15). 

Of special importance are those products of the e M ’s whose 
conjugates under the group of period transformations contain 
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the constants c m attached to the odd functions (and thus as 
yet undefined) merely as a factor of l ■ m i^rn ,’.ry. Such 
products arise from the . ' _ of points in Gopel spaces 

whose types we proceed to tabulate. 
p — 2: The Gdpel lines (cf. 22) or null lines, comprise 
15 of type P 12 , P S4 , P 56 . 
p = 3: The 315 null lines comprise 
210 of type P 12 , P 34 , P 133 4; and 
105 Of type P 12S4 , Piase, Pi 27 s- 
These combine into 135 Gopel planes whieh comprise 
105 of type Pi 2 , P34, Pjg? P7s> Pis34> Pi2o6> P.27S 5 and 
30 of type P l 23 i, Ptsse, P3456J P 1357 j P2457 j P.2367 ; Pl467‘ 

p = 4: The 255.21 null lines comprise 

18.35 of type Px 2 , P34, P1234; 

45.35 of type Pi«> Ps45e; Prsaoi 

90.35 of type Pi 28 4> Pisse, P 3 456- 
The 255.45 null planes comprise 

70.45 of type P X2 , P 3i , P56) P 7890 ? pL256? P'dioS ! pL2S4i 

105.45 of type Pl284> P 1236 ? Pl27S> Ps456 j Ps47S* Po67S > P90- 

80.45 of type P\ L234? Pl256? ^8456,* Pl337j P2437; P2367- Pt467 • 
These combine into 255.9 Gopel 83’ s which compi’ise 

105.9 of type -Pl2 ? -P34J -P56? -P78? -P90? -Pl2S4? ^1278 - 

-Pl290? -?3456? -^S47S? -^3490? -^5678? -^5690? -?7S90 5 

150.9 of type -P12347 -^1256 7 -f3456? -Pl357? -^2457 7 -p2387? -Pi 46 7 « 

-F 9 O 7 -P 5678 ? -^3478 7 -Pl27S7 -?246S ? Pl3(>S? -Pl 45S ? -p23o$ • 

For = 1 a Gop.el space is merely a point P i2 and the 
coi responding e x % has the value (cf. (5)) 

(7) e 12 = {IP/)} 1 ' 2 //,/.. 

In the numerator there occurs the product of all the con- 
stants fm, ; in the denominator those constants f, n for which Q m 
is on P 12 . 

Eor p = 2 a typical Gopel space G- is the line P 12 , P34. 
P 56 and the corresponding product of <? u ’s is 

63 2 634 = {![(/)} / C/l35 ^136 fliifl its) 112 - 


( 8 ) 
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Again there occur in the denominator those constants f m for 
which Q m contains the G-opel line. Indeed we observe that 
if Qm contains G then, according to (4), f m occurs once in 
the denominator for each factor e p on the left and once to 
account for it in ri GO • If Qm does not contain G it meets G 
in one point only, and from (4) f m appears once in the de- 
nominator but twice in the numerator. 

In general a quadric either contains a Gdpel space G 
and is an .E-quadric or it contains 2 p ~ 1 — 1 points of G and 
omits the remaining 2^ -1 points of G. Hence by the same 

a. Li’ il.-i ! 

(9) ne(*P = {II(/)} 1S “"/{II(/4 1 '"“' («.*»«), 

where H G is extended over the points of the Gopel space, 
IK. fm) over the 2* even quadrics Q m which contain G, and 
II (/) is the product of the 2 2p constants /. 

If Gt, G 2 , • •• is the set of all Gopel spaces in the finite 
geometry we define the pioducts, 

(10) iig^), (^), •••, 

to be the Gopel invariants of the functions. They constitute 
a conjugate set under the group of period transformations. 
Their ratios are expressed (cf. (9) and (6)) in terms of the 
zero values of the even thetas. 

With respect to these Gdpel invariants we prove the 
theorem : 

( 11 ) If, for p = 1 , 2, 3, 4 the three Gdpel spaces , G x , G s , G 3 
of dimension p — 1 have a common null Sp — 2 , and if the 
functions are abelian theta functions, then there exists 
a three term relation, 

For p — 1 the three Gdpel spaces S 0 have no common S— 1 
and the relation is merely 

&12 i 613 i egg = 0 . 
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This (cf. (7), (4)) is a consequence of the relation (cf. 30 (4)) 

&12 1^18 ->^23 = 0 . 

For p — 2 the three Gopel lines with common S 0 = P 5B 
yield the relation 

612 634 ^56 i e 13 624 653 rb e 23 656 =■ 0 . 

This, according to (8) and (6), is satisfied if 

(^135 ^136 • ^145 & 146^ 1 zh (>^145 &llb • ’Pja ^120^ 

± IP 125 & l'2b * 1 = 0 , 


or 


'9'125 ± ^135 ^136 zt ^145 <^146 ~ 0 (cf. 30 VI). 


For p — 3 the three Gopel planes with common null line 
P 56? P 7 8 , P 5678 are obtained by the process of projection and 
section from this line as explained in 26. The three points 
Pit, P 24 , P 34 of the resulting &\ yield three sets of four points: 

G’l- Pu> P 23 j Pl4S6? P 147S 5 
G%\ P 24 , Pl3; P 2450 j p247S' 

G;i : P 34 , Pi 2 j P 3456 1 P 347 S 5 

which with the common null line make up respectively the 
three Gopel planes. The three P-qua dries Q li} Q Si , Q 3i of S x 
yield three sets of four E- quadrics. 

( 12 ) Q?457 } Qi458 7 Ql 467, Ql46& G = 1 , 2 , 3), 

all of which are on the common null line. Since in the 
Si ( p = 1 ) Qi 4 is on Pji, Pm (t,j,Tc — 1 , 2 , 3) but not on P t4 , 
the four quadrics (12) contain Gj and Gk but not G t . If then 
we set 

Ol = ">p457 3'libS, &li 67 ^7468 

there follows from (9) and ( 6 ) that 

J[ j[ Gi {e u ) : J ] G-> (e u ) : J[ \ G 3 (e u ) = 1 /o 3 cr a : 1 / cr 3 G x : 1 / a L <r 2 

- — Oj[ 1 O ' 2 l ^3 • 



80 


II TOPICS IN' THETA FUNCTIONS 


The relation (11) then follows from ± <r 2 ± 0's = 0 
(45(A)). 

For p — 4 and three G-opel *SVs with a common null plane 
with points 

P 3 0, P?8* P90 ? P&678 * P 5690 ? Pt 80O> Pl93t 
there are three sets of eight quadrics 

<2*4579, <2*4570* <2*4589* <2*4580* <2*4079* <2*4070, <2*4089, <2*4080 

(♦ = 1 * 2 , 3 ) 

and three corresponding theta products 
o'* — ^*4579 • • • <9*4680 
such that according to (9) and (6) 


= H ) 1/2 : ( o ',) 1 / 2 : K ) 1 ' 2 . 

Schottky ( s9 § 4) shows that for the abelian theta functions 
(< r 1 ) 1 «±(a 2 ) 1/2 ±(o' 3 ) 1/2 — 0 


which verifies (11) (cf. also 57 (15)). 

29. A determination of sign. The coefficients of the 
theta relations of the second order which are derived in the 
next section are determined by substituting certain half periods 
in the relation. When only the squares of the odd and even 
thetas occur the formula 20 (5) yields 

(1) ^[*Mm +{«}*) — /(*)•(— («)• 

The factor ./(«) divides out of the relation leaving the sign 
( — 1)^2 to be determined. Since however only the ratio 
of two such signs, say for and is necessary it 

suffices to find ( — — ( — l)( s *') -where {k} 3 is the 
half period characteristic which is the sum of the two theta 
characteristics [4?] 2 , [£] s . 
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The sign ( — l) le ' 4 ' ) associated with the half periods 
{«} 2 = {e, and {x} 2 = [x, x'}. 2 depends only on the first 
part of the characteristic { e , and the second part of {x, x'} 2 . 
It is then the same as that derived from {f, 0} 2 and {0, x' }» . 
In the finite geometry the 2 P — 1 points {e. 0} a (e = 0, 1) 
lie in a Gdpel space G x , and the 2 p — 1 points {0. x'} 2 
(V = 0, 1) lie in a Go pel space G s which is skew to G x . Any 
half period {2,A'} 2 canbe expressed uniquely as {A . 0} a — }-{0. A' , }» . 
Geometrically any point P is on a unique line Pi P 2 where 
Pi on Gi is the of P upon G t from G» and P 2 

on G a is the projection of P upon G» from G \ . If in the 
basis notation P m corresponds to {s} 2 and P n to {x} 2 we 
shall set 

(2) (-1) (S ^ = (Pm.P«). 

Then (P m , P n ) is + 1 or — 1 according as the projection 
of P m upon Gi from G s is syzygetic or azygetic with the 
projection of P n upon G 2 from G x . 

The sign (P OT , P n ) will depend not merely on the sets of 
subscripts but also on the way the Gdpel spaces G x , <? 2 are 
selected. A simple selection (cf. 18 § 3) is that in which 
Gi, 6r 2 are defined by the two sets of p + 1 points, each 
linearly dependent, 

. . G\~ Pi 2 j P34; P 56 ? * * •> PiJ)+l,2jt)4-2', 

G a : P 2 3, Pi 5, Pei f * • •, PzjH-s.i- 

Then a point such as P1347 has projections on G L . G* which 
are obtained as follows: 

Pl847 = Pt223455667 == (Pl2 Pie) 4" (Pa3 "j“ Pto “1“ P<n) 

— Pl.256 P234567 • 

We prove first that 

(4) (Py, P V ) = (-1V+H- 1 . 

For if i, j are integers in the natural order separated by 
ch, • • - , a r then 

Py' = Pia l + Pttjfl, -h Pa 2 a 3 + * * • ~T Pa,j 


6 
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where alternate points are in the same -space G x or 6? 

A point of the sum is azygetic to its adjacent points and 

syzygc + :c to all the others. If i and j have not the same 
parity, the first and last point of the sum are in the same G 

and each point in the other G' is azygetic to two of the 

points of the sum in G. If i and j are of the same parity 
the last point of the sum, say in G, is azygetic only to the 
preceding one in G’ and the sign is negative. 

Let 

(5) ■ ~f ii i 

according as h, tz, v is an even or odd ,;(■ i : '.i 

from the natural order of these integers; and let 

(6) ..k ( \ = ~ fl,— 1 

according as • • * t r ji ■ ■ ■ js k x • ■ ■ let is an even or odd 
permutation from the natural order after the sets n ■ • . i r ; 
ji’-'js) h---kt have themselves been .. in natural 
order. Then 

(7) (Pj, Pjk) = (-lV+i e, Jk . 

To prove this let provisionally t<lj<.le which gives rise to 
six cases, 

i° (p v , p Jk ) = (— iy+i. 

For if j is even the point P x , the ' ' ‘ of P v on G 1 

from G 2 ends with Pj- Xj \ and the point P 2 , the projection of 
Pjic on G % from G x begins with Pj,j+i whence (Pi, P a ) — — 1 . 
But if j is odd P x ends with Pj—o,j-i and P 2 begins with 
P; +lii/+2 , and (Pi, P 2 ) = -fl. This situation is reversed in 

2° (P/7c, P y ) = (— 1)L 

The remaining four cases depend on (4), 1°, 2°. 

3° (P„, P k ) = (P v , P v -fPj*) 

= (— D^-j+i . (_ i)j+i = (— 1)». 

4° (P rt , P v ) = (Pj+Pjic, P,j) 

= (— iy+j+i.(— iy 


= (-i) t+1 . 



30 . THETA RELATIONS OP THE SECOND ORDER (p = 2 ) 83 


5° (P lk , P jk ) = (Pj+Pjic, Pjk ) 

= (— 1 V + 1 . (— 1)^- + 1 = 

6 ° (P jk ,Pk) = (P jfc , PrjPPju) 

= ( — iy •( — iy+M-i — ( — i)*-+i. 


Inspection shows that the cases 1 °, , 6 ° all are comprised 

under (7). 

Finally 

(8) (Py Pm) = e ij I M • 


For ( P)j, Pki ) = (Pij, Pki+Pa) = ( — iy 4-1 «,!*• ( — l )'* 1 
But = £/ j | M . 

The formulae (4), (7), ( 8 ) complete the determination of 
the required sign for half periods with two indices in the 
basis notation. This is sufficient for the relations (_p = 1 , 2) 
of the next section. Since for any value of p the generic 
point can be expressed as a sum of points with two indices 
these formulae suffice to determine the required sign for any 
two points. We give without proof the general result: 


J a > Pj z j 2 - J a fcjfc, 

(9) = <-iy.*'.+- 

(e — 1 if « = 1 , 2 mod. 4; e = 0 if « = 0, 3 mod. 4) . 


30 . Theta relations of the second order (j? = 2 ). 
In the case of the elliptic thetas ( p — 1 ) with one odd and 
three even functions of the first order the squares give rise 
to four even functions of the second order and zero charac- 
teristic of which according to 20 (9) only two are linearly 
independent. The six products pair off into three sets of two. 
The products in each pair have the same characteristic [i^Ja^O 
but opposite parity. Hence no relations exist among the 
products. 

As in the preceding section we identify the three points 
in the finite geometry with the half periods as follows: 

(1) P 12 =P S 4 ={1,0} 2 ; Po 3 = P a *={0,l} 2 ; P 1 S =P 2± = { 1 , 1 } 2 . 


6 + 
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For the functions the basis and the characteristic notations 
are related as follows: 

■&2i(u) — ^18 (m) = #0,0 0 *) 5 -<^14 ('ll) — tt'11 00 ■= #i,o(«); 
^ ^3400 == ^12 00 = ^ 0 , 1 00 ; #(«) == #123400 = # 1,1 ( u ) . 

The four relations among any three of the four squares are 


( — i ) 1 -0-u (u ) + ( — iy -o-ji ■&% oo O - ( — i ) k &ki o-ki oo = o , 

(3) e v ■> 9%i # 2 00 = #i4 &ji 00 — #j4 #« 0O 

k = 1, 2, 3). 

The coefficients are easily checked. In the first relation ( 8 ) 
let u = P» 4 - The first term vanishes and from 29 ( 1 ) the 
other two are pvopo't ional to 

(— l) 7 #* 4 #L + (P*, Pi) (— 1) ?C #fc4 #j4 

which vanishes since (P^, Pa) = (Pjk, Pjic) — ( — l )# 7 # 1 
(cf. 29 (4)). In the second relation (3) let a — P i4 . The 
last term vanishes and the others contribute e XJ 0 I 4 #j 4 

== (P 44 j -?j 4 ) #£4 #7c4 • But (Pj4j Pj4 ) e i 4 j E ij • 

The coefficients in the right member are checked by setting 
u — 0. The value u — 0 in the first relation gives rise 
to the modular relation 

( 4 ) ( 1 )* -f- ( iy -f- ( 1) ?C #fc4 — 0 . 

In the case p = 2 the number of relations is much greater. 
We give here for the first time in the basis notation a com- 
plete set of three and four term, relations. The 16 theta squares 
are connected by 240 four term relations which read as follows - 

I* ( 1)" #i»»n. &vmn (w) "T" ( l) 7 Pjmn # jmn (w) 

4~ ( — 1) & #Imn #ton» 00 + ( 1) ? #fmn &lmu 00 — 0 , 

II. ( 1) E imn &imn #4 (it) "4" ( I) 17 E jmn #jwm #J 00 

”i~(' 1) f 7cmn#fc»m#'fc(l0 _ t - ( 1) e lmn ^Imn #7 (?0 == 0, 

lit. Pimn #re (it) ~ f" ( 1 Y e vnii &jmn ^ (m) 

+ ( — 1 ) fc E ir>xk &hmnPilm (u) + ( — 1 f E iml &lm.n # tin (w) = 0 , 
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VI. & 


tmn v jmn (^0 * 


&j?nn &zmn 00 ( 1 ) * €yk &kmn 00 

+ ( 1/ f yZ &lmn &k 00 = 0. 


To prove these we first observe (20 (9)) that any five theta 
squares are linearly dependent. If to the four given in I 
we add <9f (u) then in the linear relation connecting the five 
the coefficient of f>\ (u) must vanish, since, for u — P mn , 
00 does not vanish whereas the four vanish. To check 
the coefficients in I set u = Pij. The last two terms vanish 
and the first two are ]• ‘oi.o-tional to 


( 1 ) 'j’lrnn &jnm ~T ( 1) J (-Py'j Pij) '^'tmn 


jynn 


which also vanishes (cf. 29 (4)). 

The other types are derived from I. Replace u in I by 
u -f- Pmn . The identity becomes 


( 1) ^imn &i 00 -f* ( 1 Y ( Pm n, P,j) &jmn &j 00 H - * * * — 0. 

Since ( 1)^ e mn\y/( 1)* =: ( - IV ^jmrJ ( 1 Y £tmni the re- 
lation II has the form given. Again in I replace u by 
u -f P im . Then 

( 1) &tmn '-Oi 00 ( 1 Y (Pitn, Ptj ) &jmn Pjn 00 ~f" • * • :== 0. 


Since (P tm , Ptj) = ( — l) l+1 e , n = ( — )» e tmj , the relation in is 
verified. Finally in I replace u by u + Pij and divide by 
( — 1)0 Then 

&imn & jmn 00 ~ f~ ( 1) ^ (Pij , Ptj) & jmn & tmn 00 

+ (— 1) ,+ * ( P ij , P lk ) #Lh $ 00 
+ (— IP 1 (Ptj, Pi) tfmn («)*= O 
which reduces to IV. 

With reference to the Kummer surface (cf. 32) I, •• •, IV 
represent the 240 relations which exist among the 16 sets of 
6 tropes on the 16 respective nodes. On the node u = 0 
there are the 6 odd tropes any four of which are related as 
in II. On each of the 15 nodes u = P mn the 6 tropes are 
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composed of 2 odd and 4 even ones. The four even ones 
are connected by the relation I. Any three of the four even 
ones and any one of the two odd ones are related as in III. The 
two odd ones and any two of the four even ones are related as 
in IV. Thus I, • * • , IV comprise the 15 + 15 + 120-1-90 = 240 
relations mentioned. 

If we set u = 0 in these relations the types II and IV 
vanish identically but the types I and III yield the modular 
relations (cf. 17 1 p. 193) 


V. (- 1)*' #tn*+(— l/+Vn+ (— if ^L+(~ 1)* &lmn = 0, 


VI. (-If e wij & jmn &ijn + (-if € imk & kmn $ ikn 


+ ( — i) &iml & imn &iln 


= 0. 


The 120 products of pairs of the 16 thetas are also con- 
nected by a set of 120 three term relations. With respect 
to an isolated proper half period P mn the 16 functions divide 
into 8 pairs such that the characteristic of the product of 
members of a pair is that of P mn . Of these products four 
are odd and four are even, namely 


(5) 


+ ('«) +), •+ (w) +mn +1, +c(w) &]cmn 00> + (?/) &lmu (h) ] 

+<■?»+), +7cj! (u) +Zra+); +£?i+) +7c«(w), $ m. (w) +i (+ • 


Any three of each set of four are linearly related (cf. 20 ( 9 )). 
Thus for each Pmn there is a set of eight linear relations. 

In the determination of these relations there are two points 
of difficulty. The first is that the sign ( — l)( ex "> discussed in 
29 is, for a function of the first order, a factor (+ /2 )( e5! ' J . 
The second arises from the formula ( 20 ( 6 )) which states that 


(6) ^ in + 2 & (u) = (- ljforo ,9 [/+ (u ) . 


Thus the situation in question is to a certain extent arith- 
metical whereas the basis notation is purely geometric or 
tactical. The results given below in VII, VIII, IX were, 
so far as the signs are concerned, deduced from lists of 
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particular formulae which, are not reproduced here. The 
basis notation used to obtain the lists was the specific one 

(7) {11; 11}, = {P 58 , Pi*; P i5 , P* 3 } 
by which it is to be understood that 

P 56 1=1 { 1 0 5 00}, etc. 

The 120 desired relations then appear as follows 

(8) With a basis notation defined as in (7) and i,j, k three 
indices in the natural order. 

^ II* 'J'lln fikn • Oj (i<) xhimn 00 'ijln It %kn • tt, (u) ttj mn (u) 

+ h'ldn h/jn • &k 00 &kmn 00 = 0. 

If i,j, h, l are four indices in the natural order. 

VIII. h'/jii I kin . O'jjn (u) -ttkln 00 'd’tkn & jin * I ikn 00 fin 00 

”1“ I tin Itjkn * hiln (?f) ttjkn 00 =■ 0. 

The determinant of two columns in the order given from the 
matrix 

I’m 00 &n(n) lyii 00 itklniu) It ikn in) flnill) flniu) ttjkniu 

0 ttkin h ikn fin &iln fkn 

is equal to the determinant of the ,■,.■■■> «'./•, two columns in 
the order given. 

Thus of the eight relations among the products (5) four are 
given by VII, one by VIII, and three by IX. By setting u = 0 
in VIII the modular relation VI is again obtained with a de- 
termination of sign which is different from, but nevertheless 
consistent with, that of VI. 

These nine relations are much simplified by using the 
equations of Schottky (28(3), ( 6 )). Set 

(9) (ij k • • •) = e tJ eik • • • e jk .... 

Then the equations read 

n m = 4a = CO) = r (1 23) (456) , 

U J f=c\ = r (23456). 
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Schottky takes, for the value of c u the initial term in the 
development of the odd function for fixed values of 
u = u 1} « 2 , say u m . He also modifies the theta functions 
by constant factors as follows: 

(11) (it) = Cl Oj 00, ^123 ( ?t ) == ClS3 a 123 (w) • 

Then in terms of the e y , c r z (u), <r ylt (ii) the nine relations are 

1° (156) (234) ± (256) (134) o| 56 ± (356) (124) c r| 5fi 

=t (456) (123) <&, = 0, 

H° (234) orf ± (134) o|± (124) <r|± (123) = 0, 

HI° (15) (234) (26) (34) cr®, ± (36) (24) crf M 

±(46) (23) er® 4b — 0, 
IV° (34) [<r® 86 — of 56 ] = ± (12) [(35) (36) of ± (45) (46) o|] , 
V° (156)(234)±(256)(134)±(356)(124)± (456) (123) = 0, 
VI° (12) (34) ±(13) (42) ±(14) (23) = 0, 

VII ° (23) oi o*i 5 g ± (31) o 2 o 2 5 6 ± (12) o s o 356 = 0 , 

VIII 0 (12) (34) o 128 o 348 ± (13) (24) o 136 u 2 4 g 

± (14) (23) Oi 4 g o 236 — 0, 
IX° o 2 43 o 246 — ff 145 o 146 = ± (12) (34) o 5 <Tg . 

Here we have given only a typical relation in each set and 
have made no determination of sign. 

The relations II 0 ,VII o ,IX° are given by Schottky ( GS pp.270 
-271). He uses the relation VII° to determine the (/;) — e,j. 
Since (cf. (10), (11)) o v - fc ( 0) = 1, the initial terms in this 
relation are those of 

(12) «2S °i ± #81 0 2 ± g i2 o 3 = 0 . 

Similarly for the fixed values w (0) the initial terms of o I; o g , cr a 
are 1 whence 

(13) ea$ ± e 31 ± e lg = 0 . 

The 20 relations of this kind imply that 

(14) e tJ ~ (e» — ej) . 
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The equations (12) then imply that the initial terms of the 
odd c l} . . c 6 are linear forms in u u u 2 whose roots are 
ei, • • ■, e e . But the initial terms of the odd are 

six linear forms projective to the six factors of the funda- 
mental sextic which defines the functions of genus two 
(cf. 61 p. 481). Thus e x , • • •, e 6 are projective to the roots of 
the fundamental sextic. 

31. Theta relations in the characteristic notation. 
If the moduli ci v for which i ^ j are all zero the function 
&[g, h](ii) a breaks up into a product of elliptic thetas, namely 

1 ) = 0-[g u hi]{ni)a^ • h 2 ] (ns)<z 21 Hg p , h p ] (u P ) aj>p - 

We may then regard the general theta as a symbolic non- 
commutative product of the elliptic thetas. In many eases 
formulae derived for the elliptic thetas may be extended by 
this symbolic multiplication to higher values of p. The process 
must however be used with caution. For example ^9- [1 , 1] (?< 1 )« 11 
and i9[l, 1](«< 2 V» vanish for —u 2 = 0 while #[1 1,1 1J (ui,u s ) a 
does not. 

The operations, 

J{e } 2 It! = {e} 2 , 

where {e} 2 is any one of the 2 2p — 1 proper half periods, 
together with the identity, u' = u, form an abelian group, 
0 2 i P , of order 2 2p and type (1, 1, •••, 1). A simple set of 
generators consists of J £i , I s ; (i — 1, ■ ■ -, p) where J £ , is that 
operation for which all the s, s' except s% are zero. The 
p generators I s generate a G 2 p\ the p generators I e ' a G'. 2 p\ 
and G-pp is the direct product of Gy and Gy. 

According to the formula 20 (5), 

M2 (.u + {e} 2 ) = /(«, u, s) . (— l)W> + e] s (u), 

an operation of G^ P permutes the theta squares, to within 
a factor common to all, and in certain cases changes the 
sign. To eliminate the permutation so far as possible we 
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construct in the elliptic case four functions X* 1 in, h — 0, 1 mod. 2) 
linear in the theta squares; namely 

Xo(u) = ^ 2 [0 } 0] 2 ( M )4-^[0,l]2(*i)+-9- 2 [l,Ol2(iO+^ 2 fl,lkOO, 

Xi (u) — ^[0,0 ] 2 (u)— „ + — 

* Xo (t<> = ^ 3 [O,O] 2 00+ „ ~ „ — 

Xi (u) — — #"[0, 0] 2 (m)4- „ + „ — „ 

These have the property that l e - converts X] 1 into ( — l)"' 1 A'* 1 

1 •'l i x 

and I Sx converts X£ into A I V 1 . The theta squares are in 
turn expressed in terms of the X* 1 as follows. 

•'I 

2 s y [0, 0] 2 00 = Xo (u) + Xi (m) + Xo 1 00 — Xi 1 (u) , 

(2') ^ Ife ( u ) ~ Xo 00 — » + » + »? 

2 2 [i, o] 2 00 = Xo 00 + „ — „ + 

2 2 xh 2 [1, 1] 2 00 — Xo 00 — 

An immediate consequence is: 

(3) For general values of p, the 2 1T functions X] 00 O’- j — 0,1 
mod. 2) defined by the non-commutative symbolic product 


x)\)\ ■ x = x)\ o o . x;: («,) . x;>o • • • xi o t P ) 


and the 2 2p functions it 2 [^, f]., (n) with the '■ymbnlr ex- 
pression (1), are expressed in terms of each other by sym- 
bolic multiplication of factors whose values are given in (2) 
and (2'). Any set of 2 p functions Xj with fixed supei- 
scripts i is t, " ,„.-d into itself by G<p» mu,, dim/ to 
the law 

«' = K + {*. e ’ } 2 ; (J xf = (— 1 )<*'•» Xfis. 

Thus Grv? merely changes the signs of the X] whereas Gx 
merely permutes the Xj. 

We* now prove that 

(4) If any one of the 2 p sets of 2 p functions X with fixed 
nijii , /£,! - contains 2 p functions Xj which are linearly 
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related with constant coefficients then each Xj lanishes 
id ' At least one set of "2 P functions Xj does not 

vanish and is linearly independent. Any other set is 
p> upoi tional to this one ivith constant factor of propoi- 
tionality. 

Suppose that a linear relation of the form 
a Ji -jp x Jr j p 00 — o 

exists. On applying I Si a new relation is obtained in which 
the terms with = 1 are changed in sign. By adding and 
subtracting the two relations a pair of relations is obtained 
in each of which the subscript is fixed. Proceeding 
similarly with J e /, etc., we find eventually 2 p relations of 
the form a Jx Jp X Jt Jp = 0. Since not all of the coefficients 
are zero at least one of the functions Xj vanishes identically. 
On applying to this function the operations Is it is trans- 
formed into each one of the set Xj whence the entire set 
vanishes identically. Not every set could vanish identically 
since not every theta square vanishes identically. If then 
x]\ f p 0 no member of the set X 1 is identically zero and 
the set is linearly independent. Since all the other Xs are of 
the second order and zero characteristic any other X must 
be linearly expressible in terms of the 2 p in the set X i , i. e. 

a X\[. i p (it) = ct Jt j p Xj\. . j t («) (k + i). 

Apply I s{ to this and add to or subtract from the old relation 
the new one thus obtained a •c:rc!ii>e as h is even or odd. 
The result is an identical relation 

Xl 1 . .l p “ ^1/^2 i Ip * Jp jp ‘ 

Proceeding similarly with J®-, etc., we obtain finally 
a Xi (u) = a u Xi ( u ) and by applying the J s the pro- 
portionality of the sets X k and X 1 with factor a : ai is proved. 

In order to exhibit the common part of the 2 p sets X 1 and 
to obtain the factors of proportionality certain formulae 
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(cf. Krazer 41 pp. 364-366) are necessary which here are proved 
ab initio. The exponent of a general term of the product 

&[y, y% (m) • &[y, '/Mr) 

is 

(a, to -f y/2 ) 2 4- («, n + y/2) 2 + 2(m+ y/\ 2, u + y m/2) 

+ 2 (w -f- y/2 , u + // 7i i/2) . 

This may be rewritten as 

(a, to4-w + '3?) 2 /2 4'(«; m — nf/2 4- (m 4- n 4- y , -y'ni) 

4 - (mi — n, u — v). 

If now we introduce new letters, /t, v, of summation from 

m-\-n — 2 /.v 4- « , 

O I (« = 0, 1) 

to — w = 2y + e, 

then all values of to, n are obtained from all values of v 
for a — 0, 1. Again the exponent can be written as 

(a, 2 ( 1 4~ « 4" ,J ?) 2 /2 4" (a , 2 v 4~ a) 2 /2 4~ (2 4- « 4~ r l , u 4- r 4~ y'n <0 

4~ (2 r a, it — y) 

= [2 (ct , /i* 4" «/2 4- y/2 ) 2 4~ 2 (/t 4~ a/2 4" ^/2, it 4" r) 

a=0,l 

4~ 2 (a, v 4- a/2) 2 4" 2 (v 4~ a/2, it — r) 4~ (2/t 4* « 4" ^ y' n *)] • 

The exponential — p and 4- a+7> ^' n ^ = ( — i)( c+, ?,4). 

If now a is held (y, y' also fixed) the summation for //., v 
yields a product of two thetas. Summing finally for a we have 

&[y, y% (u) ■ &ly, y%(v) 

— 2 ( — 1 ) ( 4 + ’?> 1 7 ) & [a 4- y , 0] 2 (it 4- vh a, * «>[«, 0] 2 (it — r) 2rt . 

01 = 0,1 

This becomes, on i-cv.-LK-in^ by a new 

& [y > Vfe (m) '/4s (r) 

= 2J(— • ^ [« 4- y, 0J 2 (it— y) 2a • 0 [«, 0] 2 (it 4 r) 2 « . 

«=0,1 


( 5 ) 
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For u — v, (5) becomes 


(&') 


AGO 

= 2 (— l)'*’ 0 • ^f« + ? , 0], (Oba . 0] 2 (2 M)2fl . 


The equations (5) may be solved as follows. Multiply by 
( — 1)^ ^ and sum for r/ — 0, 1, arranging the terms on the 
right with reference to «. Then 


2 (- I) 0 * 0 A 00 • Ab A 0‘> 

= 2*[ 0]a (it rl2a -1 ^[«. 0]o (it -{- t’brt • ( — l) f “ ^ 0 

* V 

Now _2( — is 2^ if a = ft, but vanishes if « 4 /S. 
V 

Setting then a — ft and replacing ft later by « we have 


( 6 ) 


2 P ■& [a -j- Tj, 0] 2 (u — v)-ia • & [«, 0] 2 (it +t’)-’a 


= 2 (- l)^ * b, A («) * to, A GO- 

For u = i?, (6) becomes 

2 P & [cc — [- ?j , 0] 2 (0)*2a • [#, 0 ]o C2 w)>a 

- 2(-D ( ‘ n7 ' ) AGO- 


<60 


An important formula is derived from (5) by replacing r 
by « + u, u — v : 

& \V, A 0*4- v) - & [?, A (u — v) 

^ = 2 (— l) (a7,) • ^ [«, 0], (2 «)* ■ ^ [« 4- tf , 0]* (2 r) 2a . 


We specialize some of these formulae for %> = 1. Let 


<B) 


Z 0 = & [0, 0]a (2 u'ha , Zi=& 1 1 , 0] 2 (2 n ) 2a ; 


£0 = # 10, 0] 2 (Oka, 


Zi — & [1, 0] 2 (0)aa- 


Then (5') yields 

-ft- 2 [0, Ok 00 — z Q Zo + z x Z u ^*[1,0],(m) = Z\Z§ + ZqZi. 
(9) [0,1k 00 = z»Z Q —z,Z u w 2 [l, 1] 2 00 = z.Zo—Zo^. 
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From these in turn (5') can be obtained by symbolic 
multiplication. 

The values of the X^ (cf. (2)) are therefore 


(10) 

Xo = 

2 (2b 4" 2i) Z 0 , 

li 

N) 

1 

X° = 

2 (2 0 + ^1) Z\ > 

Xi 1 = 2 (2 0 — 2i) Zt . 

We have then 

the theorem: 


(ID If 


...» = ^ 

V 0 0 • • • 0] 2 (2 ?t) 2a 


and 


*9! ... Vp = V'tol • • • V 0 • • * (°) 2 a 

and if in non-commutative symbols, 

^jji Zy;, • ^jjs, z yi---vp~ s h '**)* 

? = • «j 2 a ?jD ?f/«ere 

«o = je’o + Si, «i ~ 2-0 — a; 

<{7?m the values of the 2 2p functions X in terms of the 
functions Z are 



The formula (7) specialized for p — 1 yields 

^ [0,0] 2 (m+ u) • •& [0,0] s ( « — v) = 00 * £o (v) -\-Zi (u) • i?i Cu) , 
^L0,lL(u+v).^[0,l]«(«— U) = Z Q (ii).Z 0 {v)-Zfu)-Zfif), 
^[l,0],(«+v)*^[l,0]*(tt— v) = ^(«;.^ x (f;)+^(tt)*^(w). 

These again by symbolic multiplication give rise to (7). 

32. Theta manifolds; the Kummer surface and 
generalizations; modular families. The aggregate of 
theta functions of order n with given characteristic, say the 
zero characteristic (19 (6)), can be expressed linearly with 
constant coefficients in terms of n p such functions (19 (4)). 
If n p linearly indopemh-iij functions are chosen as the homo- 
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geneous point coordinates of a point P in a space then, 
for variation of ui, •*., it p , the point P describes a normal 
theta manifold M n , v of dimension p . Any manifold of this 
dimension with the property that the coordinates of its vari- 
able point can be exploded uniformly as 2 p-tuply periodic 
functions of p variables is either M„ lP or a projection of it ( 19 ). 
The n p functions may be so chosen that E are even and 
0 are odd ( E-\-0 = n p ) (cf. 20 (9)). In this section only 
the case n — 2 for which the functions are even is discussed. 
The manifold in question is then a projection of M 2 , p from 
the linear space defined by the odd functions (cf . 62 Chap. 17, § 1 ). 

The even functions of the second order and zero character- 
istic, which include the theta squares, can all be expressed 
in terms of the 2 p functions 

(1) Z r ^ ... jj p (ui, • ■ ■ , Up) (tji, — , = 0, 1) 

of 31 (1 1 J- We set 

( 2 ) v(p) — 2 P — 1, m (p) — 2 p ~ 1 - p ! 

As the u’s vary the point Z runs over a manifold K p of 
dimension p in S V ( P ). Since p functions linear in Z have 
2 P-p\ simultaneous zeros (19 (9)) which divide into pairs zb u 
yielding the same point Z, the order of K p is m{p). For 
p = 2 this is the long known Summer quartic surface K 2 . 
For general p the properties of the manifold K p Up) whose 
existence was pointed out by Klein have been developed by 
Wirtinger 7ft . 

Associated with K p there is a dual manifold W P (v) whose 
elements are &,( P y-i’s with coordinates 

(3) (vi, • • v p ) = Z Vl yj p (vi, v p ). 
Evidently W p is the polar reciprocal of K p in the quadric 

( 4 ) 2 7 ) Zrp t), = 0 * 

The group Gp P of transformations, it! = u + {« } 2 ? will, 
according to 3 1 (3), (11), give rise to a eollineation group 
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whose expression in Z coordinates and dual expression in W 
coordinates is 

u' = ?«+{*, f'ja; Zj — ( — l) (e J ) ^,4e; 

(5} Is: WJ = ( — Wj+e (e, e' = 0, 1). 

Since vl as well as u gives rise to a point of K v , or an 
Sv( P )-i of W p , these manifolds are each individually unaltered 
by the collineation G^ P . The polar system of (4), a correl- 
ation of period two, is invariant under G^ P whence this 
polarity and G.^j, generate an abelian correlation group, 
r 2 2 2 P , of type (1, 1, • • •, 1) whose 2 2p correlations interchange 
K p andTTj,. An equation of the polarity (4) (cf. 31 (7) for 
Ly, y'l = [o, 0]) is 

(6) -&( u — u)-#(m+u) — 0. 

By combining this with the parametric form of (5) the 
equations of the 2 2p correlations appear as 

(7) -0-[e , «'] s ( u — v) • #0, £, ]a (?t + u) — 0. 

Their explicit equations* in terms of the coordinates Z, W 
are furnished by 31 (7) or arise by symbolic mur 
from the equal ion^ 31 (12). 

The correlations of r a 2 of period two, are either polarities 
or null systems. The null systems arise from symbolic products 
with an odd number of factors of the fourth type in 31 (12) i.e. 
from the odd functions in (7). There are then E p — 2 p ~ 1 (2 p -j-l) 
polarities and O v = 2^ -1 (2 p — 1) null systems in r 2 3 Sp . The 
2 2p points of K p and the 2 2p S„( P )— i’s of W p which form 
a conjugate set under f 2 2 -> P make up a configuration (2 2p )o p 
such that each of the points (S V ( P )— i’s) is on O p of the 
/SVqjj-i’s (points). 

An especially important configuration of this type arises 
from the proper and zero half periods. Wirtinger 74 describes 
its properties as follows. The 2 2p half period points are 
multiple points of K p (p) of order 2 P ~ 1 and the 2~ v half 
period Svw-i ’ s touch K™ (p) along a manifold M%. L ( f )/2 With 
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respect to W p the configuration presents a dual behavior. 
Finally Wirtinger shows that with respect to K p lp) the 
S r i P )-iS of W p are characterized by the fact that each 
touches K p along a manifold M P 1 f )/4 which lies in an Sr (p) - p . -j, 
i. e. each cuts K p in an M' P 1T on which M p -f Xi is a locus 
of double points. Of the spaces of W p the oc^-s whose 
M p — 2 hi ’s pass through P on K p contain the tangent space 
Sp of K p at P and precisely m (p) / 4 of these pass through 
an arbitrary R p - 6 whence the K p and W p may be regarded 
as dual forms of the same locus. For p — 2, K p is the 
Kummer surface with 16 nodes determined by the half periods 
including u — 0 and W p is a quartic envelope of planes with 
16 double planes similarly determined. The double planes 
of W p are tropes of K p , the plane sections of K p determined 
by the theta squares, which touch K p along conics. The 
plane v of W P touches K p at an Ml or point whence W P and 
K p are dual forms of the same surface. 

The involutorial elements of G.^ P are all of the same pro- 
jective type. For p = l the three involutions and their fixed 
elements with multipliers dr 1 are : 


u' = u-\- {0, l} 2 


(8) «' = «+{ 1,0} S : 


u' — ?<+{!, 1 }a : 


Zo = K 
Zl = —Zl' 
Zl = Z 1 
Z{ = Zo’ 

Zl = Z x 

zl = - Zo ’ 


Zl = +Zo 
zl = — Zo ; 

Zl-\- Z[ — (Zq-\- Zi) 

Zl— Zl = — (Zo— Ztj 
Zl — iZ[ = -\~t(Zo — iZi) 
Zl -\-iZl = — i(Zo -j- i Zi). 


The . i ■ n.li -n- canonical forms of the collineations and 
of their spaces of fixed points for general p are obtained from 
these by symbolic multiplication. We observe that each 
collineation has linear spaces, Sr(p-i) (dr), of fixed points and 
is the harmonic poi^pecfivity determined by these two skew 
spaces. Two involutions defined by {d} 2 and {«} 2 are inter- 
changeable and either transforms the other into itself. The 
two fixed spaces of either are invariant under the other aDd 
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they either are interchanged or each is invariant. The follow- 
ing theorem states the situation: 

(9) (a) If {d} 2 , {«}s are azygetic, the six spaces, & >'oj— d (d=), 
of fixed points of the collineations defined by {d} a , {«} 2 , 
{S -f- f} 2 , are all shew to each other. The line from a point 
of one space to {<5} 2 across the pair t ■ 

to {e} 2 is incident vnth all six. The locus of the co 2, ’~'— 1 
such lines is an M^_ x of the type defined by a matrix of 
two rows and 2 p ~ 1 columns. Such a ./<" uldd is ruled in 
two ways, the one ruling loud'-hny of oo 2 * _1 lines, the 
cross ruling of oc 1 S 2 p—i_fs. The six fixed spaces belong 
to the cross riding and meet each line m three harmonic pairs. 
(b) If {<5} a , {e} 2 , {d + «}s are syzygetic there exist four skew 
spaces S V (p— 2 ) such that the six S v <.p-X)’s which contain the 
respective pairs of the four are the six fixed spaces. Two 
<’• n i ' I .• ’ i j pairs belong to the same half period. 

The theorem requires proof only for sample azygetic and 
syzygetic pairs since all azygetic and all syzygetic pairs are 
conjugate under the modular group to be introduced p; <"■<•!. tly. 
For an azygetic pair take that for which <3[ — 1 and ~ 1 
while all the other d’s and e’s are zero. The six fixed spaces 
are ovecNoly those of (8) with arbitrary tj 2 , • • •, Vp- The 
matrix in question is 


( 10 ) 


Z 0r n 

Vr 


Vp 


? /p 0 , 1 ) . 


The two rows define the fixed d’s of {d} 2 ; and those 
of {f } 2 , {d f} 2 are defined by linear combinations of the rows 
with parameters 1:1,1: — 1 and 1 : i ; 1 : — i which proves 
the harmonic property. The elements of the two rows, or 
any two independent linear combinations, can not vanish 
simultaneously whence the spaces are skew. 

As a sample of a syzygetic pair take <4=1, <?» = l with 
the others zero. Then the six fixed spaces are 


(11) 


Zoo — Zoi — 0 

£io = Zn = 0 ; 


Zqo 

a ' 

i) 

Q 

II 

Z()0 

= Zn 

Zoi 

= Zu = 0’ 

Zxo 

== Zqi 
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with, variable indices *ia, >/ P to be supplied. The four 
spaces of (9(b)) are then those which contain ” •> t V 
the four vertices of the tetrahedon Z uo , Z 10 , Z 0l . Z n , with 
variable indices .... t lp to be sup.. lied. 

Of particular interest always are those points which take 
up, under the ope-v.tie:^ of a group, a number of positions 
smaller than the order of the group. These are necessarily 
fixed points of some of the elements. A point of K p is fixed 
for the element, ± u = H+{e} 2 , when 2 u~ {<?}„ or u =: {«}„- 2. 
l. e. u is a proper quartic period. If |e} 4 is a proper quarter 
period for which 2 {s} 4 = |e} 2 then there are 2 2p proper 
quartic periods, namely 

(12) M 4 +W 2 (d, d' = 0, 1). 

all of which when doubled are congruent to {«}„. Since 
3{e} 4 = — {«} 4 the quarter periods 3 {s} 4 and {<?} 4 determine 
the same point on K p or more {«} 4 — f- { and 

{«} 4 4* + e } 2 determine the same point on K p . Hence 

(13) The two fixed Sy^p-^js of the collineation, u' — a-\- ,, 

each meet K p in 2 2(p ~ 1> points, each point being defined by 
the pair of proper quarts)' periods {e} 4 +{d) 2 , { £ } 4 +{^+f} 2 . 
The points F# and Pr on K v , with parameters {d} 2 and 
{ C} 2 in (12), are in the same or different 8 y (p—n's auordtuy 
as | d ) 2 , j £ ) a are each syzygetic or each cuygetic with { £ } 2 * 
In a particular S v < p— i) the quarter period configuration 
of 2 2(p ~ 1) points admits a group 0 2 hp—d which is the 
factor group with respect to I s of the Gr.pp - 1 Co, ‘.sitting of 
the elements I x for which {*} 2 is syzygetic to {«} 2 . This 
configuration audits group correspond m the finite gc-onu-h y 
to projection and section from the point .w ; espundlng to 

The configuration dual to the 2 2 ^ p ~ 1> p>oints on 
Sy(p-i) (-}-) is cut out on Sy ( P - .»(+) by the quarter period 
spaces ofWp which contain 8y(j 3 _p( — ). 

This distribution of the quarter period points between 
8y<,p—t) (±) is a consequence of (9). 

The collineation group, G-.fp, has integer coefficients and 
therefore is independent of the moduli, a t j, of the theta 
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functions (1). As these moduli change the manifold K v 
changes and describes a family, F p ( a ) , of manifolds K p each 
of which admits the group f? 2 2 „. We seek that group, G(p), 
of collineations which transforms this family into itself. 
G{p) must contain G.p P as an invariant subgroup and must 
transform the 2 2 *’ -1 involutions of G. Pl , in such wise that 
syzygetic and azygetie pairs are invariant. The order of G(p) 
then is not greater than 2‘ ip • No — 2- p • 2 J/ ' Hi p -\ ••■Hi 

(22 (7)). On the other hand under integer linear transfor- 
mation of the periods the theta squares, and therefore the 
functions (1) are permuted according to the law (Krazer 41 

p.181), 

(14) r/h («)« — C 2 • &~' iV ■ V* iv, V? 

where C is constant with respect to u, and U is constant 
with respect to [< 7 , if\ whence e~ UI figures as a ptojioi lion.tli'y 
factor. The vf, if' are given in terras of >j, if in 24 ( 1 ). 
Hence the elements of G (p) not in G 2 -<,, are precisely those 
which arise from transformation mod. 2 of the periods, and 
the order of G (p) is precisely 2~ p -Nc. Since G (p) can be 
defined to be the maximal collineation group which trans- 
forms G^r with integer coefficients into itself, G(p) must 
likewise have numerical coefficients which are determined 
presently. Gnc is generated by the involutions attached to 
the points in the notation of the finite geometry ( 22 ( 10 )). 
Por p — 1 , there are three such involutions each of which 
leaves one of the three elements (8) unaltered and inter- 
changes the other two. Corresponding elements of G(p) 
(p — 1), to which we add 4he identity, are 

Jo.o Jo,i J 1.0 J\,x 

j Zq = Z 0 _ Z 0 Zo + iZ^ Z 0 + Zi 

Zl === Zi ’ 1 Zi ’ % Z<i -f- Zi ’ — Zq -j~ Z\ 

These modular involutions are of period 4 in the space Z Q -.Z j 
but, in each case 

(15) tf,k = I hk 
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so that in the factor group J,p gives rise to an involution. 
We summarize the above: 

(16) The collmeation G 2 « P of K p is an imariant of 

a collineahon group G(p) of order 2 - p • Xc uhich leaves 
unaltered the family F p (a) of theta man fold- K p which 
have the same G, 2 ? P but variable moduli a }J . The factor 
group of Gp P with respect to G(p), J, ‘ * r 1 - 
is the permutation group of order Xc , •' r < ■ - f 

the family and it arises from the group of integer linear 
/, 1 ‘ 1 ,'f (mod. 2 ) of the periods. 

We recall (29 (3)) that the half periods in the basis 
notation can be identified with those in the characteristic 
notation by the parallel schemes: 


G t : 

Pn, 

Pl4 j 

P 56 ’ • • 

* ? P'2p— 3, 2p— 2, 

P'2p—l, 2p* 

P'2p~ 1. 2p~r-2 

G 2 : 

P 2?, ? 

P 45, 

Pq 7 , • • 

•7 P2p—2,2p—l } 

P2p, 2p+l ? 

-P2j9-r2, 1 ; 

(17) Gi: 

Cl = 

: 1 , e 2 =l, 

e d = 1 , - . . , 

£ p—l 1 1 

1 ? 




Cl = 

= ^2 = * * ’ 

■ =r=r 1 

Gro ' 

Cl = 


= 1,4 

= 4 = 1 , 4 

= 4=1 



• * • ■ tp— 1 — &p — 1 j f P — 1 , £ 1 — 1 • 


It is necessary only to observe that the syzygetic and azygetic 
relations are the same in the two arrangements. The permutation 
group of the bases is generated by the involutions attached 
to all the points of G r and G$ except the last point of G s . 
If to these generators we add one with four subscripts, say 

(18) -P0345 , or 4 — 4 — 1, 

the entire group is generated. 

We consider now the element of period 4, 

(19) <T(e 1 = 1 ): ... 1jp = ^\r n ...r iP == ‘ l ^vr n ...r IP ’ 

This has the same spaces of fixed points as J a (4 — 1 ) 
= I(e'x — 1 ). Since its square is in Gp P the element J 
figures in the factor group as an involution. We write the 
involution 1# (cf. (5)) in the form 
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,, = 


^,4-dVrJV dj, ? 
^rfd^dy rj; ( ■ 


If = 0, d is syzygetic to 4 = 1, otherwise nzywiir. 
But the transform of 1$ by J is I,y if d x — 0 and is l,y-\. e \ 
if = 1. Hence J transforms the involutions 1# among 
themselves precisely as the involution attached to a point in 
the finite geometry transforms the points of the finite space. 
The required generating involutions of the modular group are 
then obtained by attaching multipliers 1 , 1 respectively to the 
± fixed spaces of the corresponding involutions of 


We apply the method set forth above to the 
case p = 2 and the Kummer surface Kt. The group O. 
is generated by 

Po.io Joo,ox P. 0,00 Pi , 00 

specific 



Zk = 

Zqq 

^00 

-Po 

z 

H 



(20) 


Zu> = 

Zio 


•Zoo 

z, 

1 




Zk = 

Zot' 

— z* 1 

’ Z u ; 

Zoo' 





ZLx = 

— Zxx 

^11 

Zo\ 

z, 

0 



The 

modular group Gxe c 

is generated by 







j()0, 10 

^00,01 

^00,11 

J~n, 00 


J(n ,00 


Zoo 

== ^00 

£00 

Pio 

2^00+ 


Zoo 

+ ^ 

: Zoi 


Z { 0 

= iZxO 

£io 

i Z\o 

2 Z\o 4“ Zoi 


-Zio 


'Z u 


zk 

— Zat ’ 

2 ^01 5 

iZo 4 

Z l0 ”4“ 2 Zoi 

7 

2 ^,0 

4" 

Zoi 


Zix 

= tZ u 

2^11 

Six 

Zoo + 2^11 


2 0 

+ 

Z n 


The generators are those attached to P u> , P 15 , P S3 , P M , P S1 
and that attached to P 284 5 = P S1 is in this case <1 i,,-\ 

The four even functions Z v are of the second order. Their 
quadratic, cubic, and quartic combinations are of orders 4. 
6, 8 with respectively (cf. 20 (9)) (4 2 -f 2 2 )/2, (6 2 + 2 2 )/2, 
(8 8 -{-2 s )/2 that are linearly hidepondonJ. The number of such 
combinations is res|»ec< : vely 3 • 4 - 5/6, 4 • 5 • 6/6, 5 • 6 - 7/6. 
Thus there must exist one quartic relation on the Z v , say 


2? cum Zoo Z J W Z 01 Zl-L = 0 O-fi-Wi-H = 4). 
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This must be unaltered or at most changed in sign when the 
involution Z 0 o,io (20) is applied. Hence only terms of the same 
parity in the first subscript can occur; similarly for the second 
subscript. If these parities are 1, 0, j-\-l is odd and either 
j > 0 or Z > 0. But then the line Z l0 — Z x L = 0 would lie on K* 
whereas, being a fixed line of Jo 0 , 10 , it meets K 4 in only four 
points determined by quarter periods. Parities other than 0, 0 
would lead to a similar situation whence the terms must be 
made up of Zfj and the product Z 00 Z t0 Z 01 Z lt . On applying 
also the permutations (20) the quartie relation must have 
the form 

«o ( Z$o + ^10 ~r ^01 •2’n) -{- 2 «! o (-Zoo Z{ 0 -|- Zqi Z{ x ) 

(22) + 2 ccqx (ZSo Zq i Z{ 0 Z xx ) 

4" 2 «n {Zoq Z X1 -f- Z x o ZSx) -j- 4 /S 0 Zqo Z xq Z$x Z xx = 0. 

If now the modular substitutions J in (21) are applied to 
this form it must be transformed into another of the same 
type m Z' tj with coefficients a' which are linear in the «’s. 
The modular group of order 6!, the factor group of G u; 
with respect to Git b<, appears as a collineation group on 
the modular forms « 0 , ■ • /V The explicit expressions of 
the generating involutions are 


Joo ,10 

eW 

Joo,n 

^11,00 

^01 ,00 

a' 0 = a 0 

a o 

a 0 

«o— 

a 0 

C A 0 = ” a 10 

«10 

— a 10 

of 

l 

o 

$ 

! 

o 

H 

$ 

«io — a ll A 

(23)ocqi = «oi j 

a 01 5 

— «01* 5 

^lO+^Ol A) j 

— 3cc 0 — cc 01 

«ii = — an 

a ll 

«n 

— 3« 0 — «11 

c< iO“h ce ll A) 

I 

II 

—fio 

-/So 

— 2« 10 ~2«oi 

— 2« 10 — 2«u 


The ratios of the five coefficients of Kt in (22) are func- 
tions of the three moduli ciy and they must be connected by 
one relation. The four linear conditions on the coefficients 
which require that K.% have a node at %- = (0) determine 

the ratios of the coefficients in terms of the three ratios 
of ztj. If the latter be eliminated the resulting modular 
relation turns out to be (cf. Hudson 86 p. 81) 
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(24) a* — « 0 («? 0 + ct 2 * 01 + cc 2 n — Pf) + 2 « lf) « 0] « u = 0. 

The modular group, G 6t , in (23) is the collineation group 
which leaves this cubic spread (24) in >S ' 4 unaltered. The 
lack of symmetry with respect to a group isomorphic with 
the permutation g&i is rectified in the next chapter. 

33 . The theta manifold K p (p — 3). When p — 3 the 
generalized Kummer manifold 

(1) Zifli (Hi, Wg, (^,^, ^ 0, 1 ), 

is a Kt 4, in a linear space S 7 . The quadratic, cubic and 
quartic combinations of the 8 Z tJ k of orders 4, 6 , 8 are ex- 
pressible respectively in terms of 36, 112, 260 independent 
functions. The number of such combinations is 36, 120, 330 
respectively. Hence there are 8 cubic relations on the Z,,k 
and 70 quartic relations which are identically satisfied for 
all values of u, i. e. JSTf 4 is on 8 cubic and 70 quartic spreads 
in S 7 which are linearly imlepe.id'ml. If each of the 8 cubic 
relations be multiplied by each of the 8 valuables, 64 of 
the quartic relations are obtained, leaving 8 quartic relations 
to be accounted for. Wirtinger ( 7<> §§ 17-23) shows that all 
identical relations among the functions Zyk are consequences 
of these quartic relations. 

We shall be more concerned here with the cubic relations. 
We note, as for p — 2, that, due to the existence of the G'% 
of changes of sign in the G 6A , u' — n + {e} 2 , there may be 
derived from any one relation another in which the terms 
have the same parity in each of the three indices. Further- 
more from a cubic relation in which the terms have one type 
of parity there is obtained, by the operations of the per- 
mutation C ? 8 in Cr G 4 , eight relations in which the eight possible 
types of parity occur. The possible terms of parity 0, 0, 0 
are of three kinds, Zooo, ZoqqZiw, ZiooZoiqZho- Instead of using 
triple subscripts it is more convenient to set 

( 2 ) ^ooo == Z } Z 1W = Z x , Zq 10 = Z * , ^001 ;=:=: , 

Zui — Zi , Z ni = Z 4 , Ziot = Z 5 , Z no = Z n , 
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It may be observed that we have chosen the single subscript 
notation by number- 
ing from 1, •••, 7 the 
points of the plane 
in a finite geometry 
mod. 2. The seven 
linear triads then 
give rise to products 
like Z 100 £oio Z U9 of 
parity 0,0,0. The 
most general cubic 
relation of parity 
0, 0, 0 has then the 
form 

C == oc. Z -f- Z («i Z\ -f- • - • -j- «7 Z{) 

+ a 423 Z 4 Zg Z S - (- « 133 Z 1 Z 5 Z 3 -\- « 12a Z t Zg Zg 
+ « 147 Z t Z 4 Z 7 «or )7 Zg Zg Z- -j- rt 367 Zg Zg Z 7 
+ «4.>6 Z 4 Zg Zg — 0 . 

The involutions of 0 8 arise by addition of unity to one, two, 
or all of the subscripts. According to (2) they are in the 
new notation: 

I i = (ZZ,) {Zg Z 6 ) {Zg Z b ) {Z 4 Z 7 ) , 

Ig = (ZZg) {Zg Zg) (A Zg) {Z 5 Z 7 ) , 

Ig = {ZZg) {Z, Zg) {Zg Z 4 ) {Z 6 Z 7 ) , 

(4) I 4 = {ZZ 4 ) {Zg Zg) {Z t Z Q ) (A Z 7 ) , 

J 5 = {ZZg) {Zg Z t ) {Zg Zt) {ZgZ 7 ) , 

Ig = {ZZg) (A Zg) {Z 4 Zg) {Zg A) , 
h == (ZZ 7 ) {Z t Z 4 ) {Z. 2 Z 5 ) {Zg Zg ) . 

We observe that Ij contains the pair {ZZJ) and the other 
pairs are, in the finite plane, collinear with Zj , On applying 
these to (B) seven new cubic relations, C x — 0 , • • • , C 7 — 0 , 
are obtained with the same 15 coefficients cc as <7= 0. If 
the cubic relation of parity i, j, k is multiplied by Z t p c , a quartic 
relation of parity 0, 0, 0 results. The addition of the eight 
such quartic relations yields the following important quartic 
relation of parity 0, 0, 0: 
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£ 4 = «(^ 4 + Zi 4 +...+^) 

+ 2 «, (H 2 zi+ Zl zl+zl z2+ z! Zi) -h • • • 

(5) -f- 2 cxrj (Z' Z*j -f- Z\ Z\ -f- Z^ Zi -f- Zi Zi) 

-f- 4 0:423 {Z Z x Z -2 Z s — 1~ Z- Z x Z x> Z ( i) 

H - 4 «456 (Z Z x Z x , Z h -\- Z x Z x Z.> Z :t ) -= 0 . 

In L 4 the pairing of terms with coefficient «, is given by 7, 
in (4); the products with coefficient a )jk arise from a linear 
triad and the complementary tetrad in the finite plane. Since 
the arrangements all depend on collinearity in the finite plane, 
each of the 15 parts of L with a given coefficient is invariant 
under G Cli . 

We observe that 6/9 Z[L 4 ] =4 C. Since L 4 is invariant 
under G s also 9/9 Zj [L 4 ] = 4 Cj . But C Cj == 0 for points 
on Hf\ Hence 

(6) There exists a unique quartic spread L 4 in S 7 whu-h contains 
Ki 4 as a double manifold. When the group G r>i of Kolias the 
canonical form, the 15 coefficients a of L 4 {themselves modvlat 
forms whose ratios are modular fum ttons ) are subject to a set 
of 63 cubic relations which are in correspondence with the 
63 half periods. 

The latter statement follows from the fact that the two 
8 s s of fixed points which belong to an involution I £ of G a 4 
meet Kt 4 in quarter period points (32 (13)) which form 
a Hummer configuration. Thus such an t% meets L 4 in 
a 16-nodal quartic surface with a G 2 i P {p~ 2 ) and there- 
fore a Hummer surface. But the coefficients of a Hummer 
surface satisfy the cubic relation 32 (24). For each of the 
63 involutions in G e 4 , i. e. for each of the half periods, there 
occurs such a cubic modular relation. 

It may well be that the cubic relations alone define K 3 1 
and that the eight additional quartic relations mentioned 
above are necessarily satisfied when C— 6) — 0. In any 
case the modular forms « are well defined and will be iden- 
tified later (Chap. IY) with irrational invariants of the ternary 
quartic. For this generators of the modular group are 
necessary. The group Gjsrc of period transformations has the 
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order 8 ! 36 and the group G{p) (p — 3) of order 8 ! 36 ■ 64 
is generated by 



J 000.100 

'^000,010 

'ToOO.OOl 

500.111 

'-^l 10,000 *^011,000 

»-7" 501 ,000 

j 101,000 

Z' = 

z 

z 

z 

Z 

i Z- h Zc l Z+Z 4 

iZ+Zj 

iZ+Z; 

Z{ = 

tZ 1 


<£1 

iZi 

7 Z 1 +Z 2 %Z\-\-Zi 

iZi+Z h 

i Zi 4-Z, 

Zi — 

z 2 

iZ> 

Z, 

\Z X 

Zi~\~i Z 2 i Zj -|- Z<$ 

iZ.+Z* 

l Zi-f-Z; 

Zi = 

z. 

Z 3 

iZi 

iZj 

iZ%-\-Z~ t Zj-j-iZs 

Z+iZj 

Z 1 + iZ J 

Zi = 

z 4 

iZ 4 

iZ ; 

z 4 

Z 5 ~\r i Zi Z-r 1 Z± 

Zi+iZ, 

i Z 4 + Zu 

Zi — 

l Zzi 

z- a 

^Z5 

z 5 

iZs+Z* tZa + Zb 

Zi-\-iZ h 

z+iz 5 

zi = 

i Zq 

iZ& 

Za 

Zc 

Z+iZa Za+iZ 0 

iZo+Z-, 

Z 4 +iZ (i 

Zi = 

iZ 7 

i Zi 


iZ 7 

Zj-j-iZ? Z| + lZ 7 

Z«-\-i Zi 

Z, + iZ: 


Again J ijk, Imn ( I 1H ■ 

These modular involutions may, by 1 * « ; * : h _ the roles 
of Gi, G% in 32 (17), be identified with the involutions attached 
in order to the following points in the basis notation: 

(8) -Pl2 , -fs4j -P 38 J -flS) -?28j -P 40 J ^2345 * 

If these operations are applied to L i it is transformed into 
Li, of the same form as L*. but with coefficients a wliich 
are linear functions of the a’s. Thus there arises the modular 
group of order 8 ! 36 which is generated also by eight involu- 
tions corresponding to those in (7). They are 


ft' — 





ft-«o 

Ci — ft 4 

ft— ft« 

ft— «5 

fti = 

- 



- 

Ci | — - Ct ,, — fti 2 Q 

« 1 — ft 7 — ft 14 7 

ftl — ft5 — ft 158 

fti—ft.i— ftiss 

= 


- 


r* 

-cci-rccs — ftisc 

ft 2 — cc 3 — ft 42ti 

CU ft 4 ft 42g 

a 2 — ft 7 — ft 257 

«8 = 



- 

~ 

fta ~ a 7 — ft3G7 

— « 2 +fta— ft 4 2S 

—3 ft— ft 3 

— ftj — ft 3 — ft 153 

«4 — 


- 

r 


ft 4 — ft5 — ft 4 5ft 

— 3ft'— ft 4 

— ft >~t~ft 4 — ft 4 2 S 

j ft 4 ftc ft456 

ft$ = 

- 


- 

i 

— ft4~hft5 — ft456 

ft$ — ftft — ft 4 56 

— ftii-fts— ftiss 

— 3k— ft 5 

«G = 

i- 

- 



—3ft— ct Q 

— ft5-l-ftfi — <*456 

ft«~'ft7'~ft3tj7 

— ft 4 -ffto— ft456 

(9) «; = 


- 

L 

- 

— ft3~t~ft7 — ft367 

— fti-f-ft 7 ftl47 

— ftti — ftx — ft^67 j 

— ft 2 H~ft7— a, Jol 

ft 4 ‘20 — 


- 

- 

- 

ft 423 — ftl53 ft 147"“ ft 2 57 

— 2ft2“ 

— 2 — 2^4 

ft403 — * * * 

ft 158 = : 




- 

ftl53~-"ft 4 23 — ft 147 <*257 

ft3l5 * * * 

— 2«i— 2« 0 

— 2«i— 2«j 

ft 126 “ 

- 

- 


- 

— 2fti— 2«2 

ft 126 ’ 

ft 126 — * * * 

ft 120 • • ■ 

ftui = 

~ 

- 

- 

- 

ftl47 ft 4 23 ft 158 — <*257 

— 2<*i— 2<* 7 

ftl47 — • * * 

ftl47 — * * * 

ft‘257 = 

~ 

- 

- 

- 

ft257 — ft 42 8 ft 153 ftl47 

ft‘257 — * * • 

ft i57 

— 2«2~ 2ft 7 

ft307 ^ 

- 

J 

- 

- 

— — 2« 7 

<*807 * 

— 2ft 6 — 2ft 7 

ftSbT 

ft456 

- 

- 

- 

- 

— 2ft 4 — 2ft 5 

— 2«5“2ftc 

ft456 — * * * 

— 2« 4 — 2fte . 
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The first four of these generators yield only the changes of 
sign indicated. In the fifth all of the terms are given. In the 
last three the terms indicated by • • • are to be supplied as is 
done in the fifth with the group of terms « 4 a3 , a 168 , a 147 , a 25 , . 
(10) Under the modular group of order 8! 36 the modular 

farm « is one of a set of 135 ' ' , each one invariant 

under a '/du/i oup of order 2 b • 168, which are /><■, stal'd 

in the same way as the 135 Gopel planes in the finite 

geometry under Gng- 

To prove this we first observe that the iT, , • ■ • , Z-, attached 
above to the points of a finite plane (mod. 2) may be permuted 
in 168 ways without destroying the linearity of triads. In 
fact the collineation group in the finite plane is of order 168. 
These 168 permutations are collineations in >S' 7 which, with 
coiiosponding collineations on a lf •••, ci 7 and a 42S , •••, « l3 «, 
leave L 4 , and therefore its manifold K$ l of double points, 
invariant. This Cries on the «’s must be the result of a period 
transformation on the Z’s. It is a group which permutes 
the seven modular involutions Jm,vk («,,/, k 4= 0, 0, 0) in all 
geometrically possible ways. These seven involutions, four 
of which appear in the first columns of (9), are themselves 
merely changes of sign of the «’s. They are permutable and 
are subject to no other relation than that their product is 
the identity. These seven involutions generate an abelian (? a ». 
The entire G 2 a • G im — G 2 » 168 (in which <? 2 e is an invariant 
subgroup) is determined in the finite geoinotiy by the Gdpcl 
plane with seven points, {000, ijk} 2 . Since (cf. 28 ; there 
are 135 <*r,njra,ile Gopel planes, (? 2 a 16S is precisely the sub- 
group of the modular group which cu-re^tond-. to an invariant 
Gcipel space and a is an obvious invariant of this subgroup. 
This theorem is fundamental for the transition from modular 
forms to algebiaie invariants of the ternary quartic. We 
identify similarly (Chap. Ill) the leading coefficient of the 
Summer surface with one of a - : . - set of 15 Gopel 

invariants (p = 2). 

We give finally one of the 63 cubic relations on the co- 
efficients a of L i . One of the fixed spaces of Jooo.xoo is 
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Zi = Z 6 = Z e — Z; — 0. The section of Z 4 by this S s is 
the Kummer quartic surface 32 (22) in variables Z. Z*. Z 3 , Z, 
and coefficients «. 

The cubic relation 32 (24) is now 

(11) « 3 — a (a 3 - 4 - 4- c<.\ — a 3 23 ) + 2 «, c* 3 « 4 — 0 . 

The 63 conjugates of this may be obtained by applying the 
generators (9). 

Some further properties of Ki 4 particularly with reference 
to the 64 ilf^’s along which ZT| 4 is tangent to the 4-fold 
linear spaces of TPf 4 (the extension of the conics in the tropes 
of the Kummer surface) are found in Chap. IV. Here and 
throughout the admirable ’ account of "Wirtinger 76 should be 
consulted. 

34. Algebraic and abelian functions. If a canonical 
system of 2 p cuts is drawn on the Kiemann surface T defined 
by an algebraic curve, F (x, y ) — 0. of order q and genus p. 
the p normal integrals of the first kind u = Ui , • • • , tip have 
simultaneous periods on each of the 2p cuts which coincide 
m form with the 2p periods of & (u) in 18(6) and which 
satisfy the convergence condition of &(u) ( 67 § 1 5). These normal 
integrals are 



where g> 1} • ■ • , y> p are properly chosen canonical adjoints 
of F(ci. 12). The p (p-\- 1)/2 moduli a v - which arise in this 
way from Fix, y) = 0 must depend only on the 3 p — 3 (p> 1) 
algebraic moduli of F. The theta functions with a period 
scheme thus defined by an algebraic curve are subject to 
(p — 2 ) (p — 3)/2 conditions and are called abelian theta 
functions. The single condition for p = 4, as given by 
Schottky, is found in 57(15), for values of p > 4 they are 
as yet undetermined. 

The theorem of Abel is of especial importance for geom- 
etric applications. This states that if « (x = a, y — fi) is 
a fixed point of T and Xi . * • - , x n a variable set of n points 
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on T which on the curve F (x, y) — 0 is in a fixed g* then 

n 

( 2 ) 2 «» = m 

i=i 

where m is constant as the set x varies in g". The equa- 
tion (2) stands for the system of p equations obtained by 
setting u, m — n„ m, (j — !,•••, p). The possible variation 
of m indicated by the = sign is due to the possible variation 
in the paths of integration on T from « to x ? . Another 
version of the theorem states that if x t , • - - , x n and 
x[, - • •, x' n are two sets in the same g*, i. e., the zeros and 
poles of a rational function, then 

(3) 2 

l — l 

Conversely (3) is a sufficient condition that the two sets 
are equivalent. If the complete g£ is not special (cf. n), 
the p equations (2) define uniquely the position of the re- 
maining n — r — p points of a set of g™ when r of the points 
are given; if g% is special and n — r — p — i then only p — i 
of the equations (1) are independent. 

Let u (o) be the normal integrals of the first kind taken 
with fixed lower limit a t a = a, 0 and with variable upper 
limit as in o — x, y on T or F(x, y) — 0. Then the function, 

(4) d- (u (o ) — e) 

with pm ranch'll, e lf -• -, e P} regarded as a function of position 

of o on T is known as the Riemannian theta function. The 
moduli of %)• are of course those defined by the u’s on T. 
This Riemannian theta function has, for general choice of 
the parameters e, p zeros on T at points yj , ••-, y p which 
are connected with the parameters e by the congi-uein e 

( 5 ) e = u (r/j) + k 

j — i 

where k l} - - • , k v , the so-called Riemannian constants, are 
independent of the parameters e and the zeros y (cf. 41 IX 
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§§2-7 1 67 §§ 27-82). If for example e is an odd half period P nl 
for which therefore & m (u) = E ■ (P(u — P m )) is an odd 
function, then the zeros of &(u(o) — P m ) or of & m (i t(o)) are. 
in addition to o — a at which u (o) = 0. the p — 1 points 
at which Fix, y) = 0 is tangent to one of the 2^ -1 (2^ — 1) 
contact canonical adjoints, <f m (x, y). If however e is an even 
half period and l a the tangent to F at « which meets F 
in q — 2 further points £ then the zeros of the even func- 
tion (u ( o )) are found at the p contacts of one of the 
2j3-i -j- 1 ) adjoin ts, \p m (x, y), of order q — 2 which can 

be passed through the points £ to touch F again at p points. 
If in the odd case y> m ■ l a is set equal to ip m {x. y) then for 
any two half periods P m , P n the function (« (o))/fi (u(o)), 
a uniform function of position on T, has the same poles and 
zeros as ip m ( x , y)/ip n (as, y) whence 

(6) (u{o))/& n {u (o)) = c m , n V ip m {x, y)/V'ipn (as, y). 

Such radicals of rational functions as can he expressed as 
uniform functions of u(o) are called root functions. The 
general function of this character is discussed by Stahl 
( 67 p. 228 (IV)). 

From (4) and (5) there follows that in general the function 

(7) -th I it ( o ) — u (ft) — Jcj 

vanishes only at the p points o = ft, . . ft, on T. If 
however the p points y are on a canonical adjoint <jp then F 
in (7) vanishes identically, i. e., for the values u determined 
by all points o on T. In particular, for o = ft,, a point 
on the adjoint <p determined by arbitrary ft , • ■ - . yp—i, & also 
vanishes whence 

(8) ^ | ^ n (ft) + = 0 

for any p — 1 points <j . 

The determination of the p upper limits y , when the lower 
limits d and the XI are given in 
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(9) 2J = Uz (i = 1, • • - , p), 

j =i 3 

is known as th e, 'inversTon problem* Since /' f * t 

there follows, again from (4) and (5) that the required 
points 7i are the zeros of the function 



The solution is in general unique. If however the V s are 
so chosen that this function vanishes identically, i. e., if for 
given points 6 the ZTs are such as would arise in (9) from p> 
points 7] on a canonical adjoint then one or more of the 
points Th , - • - , Vp of the solution can be taken arbitrarily. 
It is by means of this inversion problem that the p remaining 
points of a set of g* in (2) or (3) are determined when ? 
points of the set are given. For the properties of rational 
and symmetric functions of the coordinates ,r, y of the p 
points tj as abelian functions of the Z7 ? s we refer to Stahl 
( fa7 § 36). 



CHAPTER III 


GrEOKETRXC APPLICATIONS 
OF THE FUNCTIONS OF GENUS TWO 

The theta functions of genus two are necessarily of the 
hyper elliptic type defined by an algebraic curve on which 
there is a g\ (cf. ii) with 2p+2 = 6 branchpoints. There 
are two standard canonical forms for the hyperelliptic curve 
of genus p . To obtain the first, of greater geometric interest, 
the curve is transformed birationally in such wise that the 
g\ is cut out by a pencil of lines, oc 0 — toc 1 = O. It is then 
a curve of orders 4-2 and genus with a p-f old point 

at 0(0, 0, 1) whose equation is 

= f v 0 C 2 4~ 0(2 -j-j(p42 = 0, 

where fj is a binary form of order j in x 0 , # 1 . For given 
value of t — Xo/x ± the two further intersections of the line 
on 0 are separated by the irrationality 

* = 1 l )} 1 ' 2 

= {aoCt — eO - (t — e ip+2 )}^ = {(« *)W}i* 

This latter canonical form, = (« £) 2 p+ 2 , is the one commonly 
employed in the study of the hyperelliptic algebraic functions 
and their integrals, and of related transcendental matters. 
The birational moduli of the curve are then the absolute 
projective invariants of the binary (2p + 2)-ic. (<xt) 2 P~^ 2 . 

35. The figure, JP% 9 of six points on a line. For 
p — 2 the fundamental binary form of order 2j?4-2 is the 
sextic 

(1) (« t) 6 — a 0 {t — Ci )••-(£ — e b ) . 

The group, (cf. 15 ), is, in the absence of Cremona trans- 

formations on the line, merely the permutation group, g$,, of 

IIS 
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the six points e t , Its invariants are therefore the 

usual ■ jeHiw invariants, rational or irrational, of the binary 
sextic. The complete system (cf. 17 1 § 3) is most conveniently 
determined in terms of the 15 irrational G-opel invariants 

( 2) (ij) (If l) (m n) = (e t — e() (e k — ei) (e m — e„) . 

The even subgroup of y B , is peculiar in that it contains 
two distinct systems of six conjugate ikosahedral -mbgi 
In the first system the subgroups have the individual e’s as 
invariants. In the second system the subgroups arise from 
the six essentially distinct ways in which e l , ••*, can be 
identified with the six ■l : .ic.»u,+ of an ikosahedron. The 
latter system is defined by a set of six irrational invariants, 

A, By C, D, E, F, 

due V to Joubert (for references cf. 13 ). We give 

A = (25) (13) (46) + (51) (42) (36) + (14) (35) (26) 

(3) +(43) (21) (56) + (32) (54) (16). 

Here and hereafter we avoid lists of con ingale formulae 
by giving merely a sample along with the cm a.-' he .sub- 
stitutions which produce the entire set. In this case the 
substitutions in cycle form are 

(12): UD)(BE)(CF), 

(4) (23456), ( ADBFE ). 

An odd permutation also changes the sign of A, ••-, F. 

The ratios of these six irrational invariants are functions 
of three moduli and therefore subject to two relations which 
are 

(5) A + iH \-F= 0, A 3 + B 3 - \- f F s = 0. 

Other irrational invariants are the following: 

A + B = 4(51) (42) (36), 

A — B = 4 [(53) (41) (26) — (34) (25) (16)]. 


(6) 
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If A — B = 0, the pairs e 1} e 5 -, e. 2 , e 4 , e 3 . e« are pairs of an 
involution. Moreover (ef. 11 1 p. 168): 

(7) The invariants. ^A 2 , >)J. 4 , ^A a , (Vi 5 )^ anil XI (M — B) 
constitute a complete system of rational integral ini art ants 
of the binary sextic, PL The square of XI is reducible. 
The identification of this complete system with a classic 
system is given in ( 15 p. 817). 

The 15 three term relations among the Gdpel invariants 
(cf. 30(14), 28(H)) are now according to 16) a consequence 
of the one linear relation (5). This invariant theory of Pi is 
based entirely on the 15 discriminant conditions e, — e 2 of Pi . 

36. The figure, Ql, of six points in space and its 
congruent figures. In space S 6 with dual coordinates 
y 0, •••, 2/3; Co, 5t six points q x , •••, q lS are associated 
(cf. 1 6 ) with the Pi of the preceding section. The points Ql 
are on a unique cubic norm curve C A and have on C s 
parameters t which are projective to Pi. With properly 
chosen factors of pi unoitioii.i’Ly for the points q there is 
a bilinear identity in C, t of the form 

(1) (2i C) • (t ei)+ • • • + (<& C) • (f<%) = 0. 

The determinants formed for four points q are then propor- 
tional to those formed for the two complementary points e. 
With e defined as m 29 (5) 

(2) i qi qj qk qi | — Q£, jUmn . (e m e n ) . 

The projective invariants of Ql are composed of such deter- 
minants and are proportional to corresponding invariants 
of Pi. 

We pass then at once to a study of the set Ql under 
regular Cremona transformation. If the cubic transformation 
J.123! has .F-points at q x , •••, g 4 and inverse _F-points at 
q[ , ■ ■ - , ql and ordinary conevp mdh'g pairs, g 3 > q's and q&, ql 
then Ql and Q& are congruent under M i2 si (*5)- A surface 
of order y 0 with multiplicity y t at q, is transformed by J.i 234 
into a surface of order y'o with multiplicity y[ at f where 
(15 (4)) 

s* 
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( 8 ) 


*-1234 • 


Yl — Yl + il234 

r'j = rj 


(Z-1234 = 2 Yo — Yl Yl), 

0 = 0, 1,...,4; j = 5, 6). 


The linear group, g 6 ,s, with integer coefficients is generated 
by this element J. 1S84 , and by permutations of ri, ■ • •• Y<> which 
will be written in cycle form. The group has the invariant 
forms 

(4) X = 4 Y 0 ~Y 1 Y 6 > Q = %y\—y\ Yl- 


By combining generators A v m only three types of regular 
transformation with six or fewer F- points are obtained 
( 17 II p. 368), namely 


(5) 


tj\ 3 . 


— l 
0,-1 
0 


0 

o ; 

1,0 


T 1 ' 


rf5 . 


2 

2 

-2, — 1 

— 1 


4 

— 1 
-1 5 
— 1 . 0 


7 —2 

4 — 2, — 1 


The numbers without an array are the numbers of P-points 
(direct at the top and inverse at the left) of like multiplicities. 
Of the columns within the array the first gives the order 
and nmltipjH itics of the transform of a plane section, and 
the others the same data for the P-surfaces which correspond 
respectively to directions about the F- points. The notation i,j 
within an array represents a square matrix with principal 
diagonal elements t and other elements,?. A precise definition 
of the three types is 

T s = Aissi] T J = A 1234 (56) • A 120e (34) ; 

T 7 = -4 l2S4 (56) • -Aisgg (34) • Astae (12). 

The symmetric type T 7 has the explicit expression: 

(7) T : Yo — yo + SX, Yi — — Yi~\~ X (2 — 1, 6). 
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Corresponding to the ways in which the groups of P-points 
can be selected from Ql there is one type T 1 (a collineation). 
15 types T 3 , 15 types T 5 , and one type T~. The 6! per- 
mutations of the y’s combined with each of these types yields 
the group g 6 , s of order 6! 32. 

The surface of order y 0 and multiplicities Yi may sometimes 
be represented more conveniently by the linear polar of the 
value system y with respect to the invariant quadratic form 
Q in (4). Thus the form 

(8) 2 C 0 Yo — C t y x — C 6 Yg 

represents a surface of order c 0 and multiplicities c 2 . In par- 
ticular the invariance of L indicates that the web of quadrics 
on Ql passes into the web on the congruent set Q't . Also 
the 32 types of Cremona webs noted above are ' i . . 1 • 

by the forms : 

T 1 = 2y 0 ; T s =3 6y 0 — 2^i— 2 y i} 

(9) T 5 s= 10 Yo — 4yl — 4 y 2 — 2 y 3 — ■ • - — 2 y e ; 

T' = 14ro — 4/ x — ... — 4/ 6 . 

The P-surfaces of Ql, read off from the colurns of the arrays (51. 
are 32 in number and are represented by 

PUT = Yi\ PUjk) 1 == 2yg — Yi — Yj — Yh\ 
P(i*jklmnT = 4y n — 2 y x — Yj — ■■■ — Yn- 

These divide into 16 pairs, each pair a quadric on Ql, 

Pi — P ( if • P ( i 2 jkl m n ) ; 

(11) Pyft = Pimn = PUjk ) 1 • PQmn) 1 , 

which are permuted as entities under ^ 5 , 3 . 

The equations (7) show that T 1 , as a collineation on 
the y’s, is a harmonic perspectivity with linear space L of 
fixed points and center at the pole of L as to Q. It is then 
an invariant element of ffe ,3 which with the identity makes 
up an invariant subgroup J12 of ge,s- The same equations (7) 



118 


III FUNCTIONS OF GENUS TWO 


show that the quadrics on Q* are transformed into those on 
Q'e in such wise that each of the 16 quadrics (11) passes 
into the like quadric on Q’ b s . From this it might be inferred 
that the two sets Qt, Q'<f congruent under T 1 are projective. 
The same inference is an immediate result of the defining 
property, noted in I5> of the cubic transformation 
namely that if two ordered sets Q'L Qb are congruent under 
A 13Si , they are nrojeciHe under Ai 2 34 (56). For T 7 is ex- 
pressed in (6) as a product of three elements of this latter 
type. The sets Ql, Qt congruent under T 1 may then be 
taken as superposed and T 7 is then an involution J 7 which 
leaves every quadric on Qb unaltered. Also the net of 
quadrics on y is invariant whence V transforms y into y 
where Qb, y, y are the eight base points of a net. If y 
coincides with y in some direction, one quadric of the net 
on y must have a node at y\ conversely if a quadric has 
a node at y, the eighth base point y of the net on Q, y 
is at y . Hence the locus of fixed points of 1 7 is the Weddle 
quartic surface, TF (y), the jacobian of the web of muiMi--. 
on Q'l, the locus of nodes of quadrics of the web i. e. the 
locus of points y from which Qe projects into a set lit on 
a conic. From the Clebsch transference principle the equation 
of this locus is 


(12) W(y) = 


1 135?/ 1 

1 425 y \ 

1 145 y 1 

| 235 y 1 

1 136 y | 

1 426 y | 

1 146 y | 

| 236 y\ 


0 . 


The equation (12) shows that W(y) contains the line qCq.i 
and by reason of symmetry all 15 lines q^qj. The tangent 
plane of W (y) at q t must vanish since it can not contain 
the five lines qVfj- Hence W (y) has a node at q, with 
tangent cone P(i*jklmn) s . Also, as a nodal locus, 1FQ/) must 
contain the norm cubic C s on Ql and the ten double lines 
of the pairs of planes P (tj h ) l , P(lmny. 

The involution, A 12 st(56) = (56) Ai 234 , shares with I 7 the 
property that erigmon. c of Ql, Qa under it implies pro- 
jectivity in the identical order. When Q% Q ( f coincide, 
•^•1234 (56) is the cubic Cremona involution with superposed 
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-iF-points at which interchanges g 3 and q i; . As 

elements of g 3 ,.\ the 15 involutions of this type satisfy the 
relations, 

-■I-1234 (56) - -4.1235 (46) = A 1 S s 3 (46) • -4i234 (56) = -4 l2 3e (45 i. 

(13) A.1231 (°6) • Ai25C (34) =— -4x256 (64) • -.4x234 (56) 

= I' • -4x456 (12) = -43X50 (12) ■ I\ 

These are checked most readily by noting that any two equal 
products have the same order and the same effect upon the 
six P-loci, P0)°. 

The 32 elements 1. P. A v u (m n). I' A tJ u (m n) constitute 
according to (13) and (6) an abelian subgroup of r/e.s for 
whose elements congruence implies projectiyity. This sub- 
group, h a2 , is therefore an invariant subgroup of g^ s . When 
the congruent sets are brought into coincidence there results 

(14) The six nodes Q0 of the Weddle surface W(y) define an 
abehan Cremona group h S2 in space ichich leaies TT(y) 
unalteiecl. On W{y) the element I" of h 3 * is the identical 
t. -i >,. do, .,"iho„ and the pair of elements. T s ~ -4 12 34 (56) 
and T*' — I" - A 1234 (56), has the same effect. The re- 
sulting h iB on the joints of W{y) is isomorphic icith the 
group G-.pv ( cf . 32) of adclitn-e half periods (p = 2). 

If indeed J.1284 (56) is identified with it = it + P 56 where P 5ti 
is a half period in the basis notation, the multiplicative 
relations (13) are isomorphic with the half period relations. 
Pjeff Pie ==z Pi5; P 56 "H -F34 === P 12 - 

The elements of the invariant subgroup, h 32 . of ge,s account 
for each type of Cremona transformation. The factor group he- 
of h B2 with respect to ge, 3 is therefore isomorphic with, the 
permutation group of y 1} • • Ye or of the points qi.---.qe- 
This factor group can be represented as the Moore 47 cross- 
ratio Cremona group, 6(3,3. in S a - With ordered q l} ---. qe 
the first five points are taken at an ordered basis JS 
in 8 a and the sixth at y. If the points are taken in per- 
muted order nr, say q ti , • • •. q, a , and if the first five are then 
transformed linearly into ordered B , the sixth is transformed 
into the point y — n(y). The 6! points y so obtained will 
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each with B constitute a Q!f which is projective in some 
order n to Qi! = B, y. A simple algebraic apparatus for 
the representation of this group is the coordinate system 
yx,---,y& where 

(15) yx + • • • — 0. 

The base B then has points with coordinates: 

qi = 4, 1 , 1, 1 , 1 ; •••; ?5 :== 1 ; 1? 

If the parameters of Qe on C s are the e x , • • • , e 6 of 35 and 
if this binary sextic be transformed linearly in such wise 
that <? 6 becomes oc and that the sum of the transforms of 
e x . • • • , <? 5 is zero then these five transforms are the coordinates 
y x , - y$ of the point which with B forms a associated 
to Pi (cf. 15 ). The Gopel invariants (35 (2)) then yield G-opel 
covariants of <? 6> 3 which are quadrics on B, namely 

(16) (12) (34) (56) == (e/i — y s ) (y 3 — y 4 ) . 

The six irrational invariants A, • • •, F of Pi yield irrational 
covariants A{y), • ••, F(y) of G 6 ,a where 


(17) A{y) = {y s — y 6 ) (y t — y 3 ) -f f- (y 3 — y a ) (y 6 — ?/ 4 ) ; etc. 

The six quadrics A(y), • . F(y) on B, subject to the relations 

(18) A (y) + f F(y) = 0, A* (y) + f F 3 (y) == 0, 

define the linear system of oc 4 quadrics on B. The linear 
relation is therefore to be expected. An interpretation of 

(19) A*(y)-A{y') + ..-+F*(y)-F{ij) = 0 

is furnished by the cubic identity to get 

A*(y)'A{y,y r ) + ...+F*(y).F(y,y') == 0 . 

This shows that for given y, the quadric (19) in variables y 
has a node at y. Hence (cf. 15 § 2). 
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( 20 ) The equation ( 19 ) for given y and variable y is the quadric 
cone ivith node at y and on B\ for given y' and variable y 
it is the Weddle quartic surface ivith nodes at the Q% — B,y. 
We have thus identified the invariant of the linear 
group, <76,8, as well as its factor group he . with Cremona 
groups in S 3 . There is however no Cremona group in S 3 
which is simply isomorphic with g 6 , 3 because of the pro- 
jectivity of congruent sets Ql. 

The behavior of curves under J.1334 leads to the dual form 
of ye.s. A curve of order c« with multiplicities c t at q t becomes 
under A1234 a eurve of order cq with multiplicities c[ at ql where 

Co — Co f - 2 il/1234 , c[ — Ci “f~ AZl 284 , Cj = Cj 

(i = 1 , • . • , 4 ; j = 5 , 6 , ii/1234 == Co Ci • c 4 ) . 

This substitution is the transposed substitution of the in- 

volution Ai 2 34 in ( 3 ), and therefore its dual, with invariant forms 

(22) 2c„ c, <•„ cl -24 2c|. 

The situation is expressed most simply by observing that 
a curve of order co and multiplicities c t is transformed under 
regular Cremona transformation as the form 


Co Yo — Cl Yi — C 6 y 6 


is transformed under y 6 ,s. The incurves of the second kind 
(cf. 52 p. 198 ) for the transformations T with F-points in Ql 
are sixteen in number and are represented by the forms: 

( 23 ) f = Sro — n Ye, fv = yq—Yi—Yj- 

They are then oner live ly C s and the 15 lines qi qj. They 
are transformed among themselves by the elements of 
with a change of sign if a particular curve is an F-curve 
of the coriV'.pondi'.ig Cremona transformation. For example 
Ai 2 34 transforms f is into — f Si , / J5 into /i 5 , and / 56 into f. 
The occurence of — f Si indicates that f* is an F- curve of 
the second kind of A 1234 . 
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AVe shall have occasion in the next chapter to consider 
the reduction in the order of the transform of a curve due 
to incidence with these F- curves of the second kind. 

37. Schottky’s parametric expression of the Weddle 
quartic surface. An elegant p r.vnudru- expression of W(y) 
in terms of theta functions of genus two has been given by 
Schottky 01 . We reproduce this in part. The eight theta 
products of second order and like characteristic (P 56 in the 
basis notation) are (cf . 30 (5)) : 

ill) &156 00 . 00 ^256 00 , ^ 3 00 "^356 00, 00 ^*456 00 ; 

^125 Oo 1 ^'313(w), ^lSsOO ^145 00 p236 00 , ^3 00 1 A> 0<) 

of which the first four are odd, the last four even. In either 
set of four any three are linearly related (cf. 30 (8)). Hence 
the 20 odd functions, 

(. 1 ) F, Jk = ^ 00 00 ^ 00 &vk(u), 

are such that, in any set of four like 

P 150 ? p23b ? P 306 , P*56, 

any three are linearly related. Thus all 20 can be expressed 
linearly in terms of the four, 

PtOG, Ps36, Put; , Pus ; 

moreover each F tJ k which contains a subscript 6 can be 
expressed linearly in terms of P 45 6, Fsse, Pue • Only four of 
the twenty are linearly independent and these four may be 
equated to independent linear functions of y — y 0 , • • • , y & . 
Each F is then equated to a plane in S 3 (y) . Since the planes 
P 456 , -Psog , Pub meet in a point, say q e , each P with sub- 
script 6 is a plane on q B . Thus from the symmetry of (1) 
there exists a set Qe in such that F iJk is equated to the 
plane on q t} qj, q k . If four independent equations of this 
kind are solved for the coordinates y in terms of the four 
F tJ k then for valuable dr u the point y runs over a surface. 
An equation of this surface is 

Pi 85 P 425 P 146 P 288 Pl36 Pt26 Pi 45 Pg85 — 0. 
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This is identically satisfied by (1) dne to & tJ k(u) — 0- hnll {jn. 
Since F ZJ k is a constant times the determinant jjhy of the 
codrdinates of the four points q l; q 3 . qu, y. this equation may 
be written 

1 135?/! |425?/| 1 146y'. j236?/ 

'''" / — c 1 136?/ 1 1 426 2 / j ]l45y] i 235 y = 0 

It may also have the alternative form 

1 1352/| 1 425 y | |126y| i 43 6y 
— d 1 1 36 y I 1 426 y ) 1 1 25 y [ 1 435 y j = 0 . 

On subtracting these two and using the identity 

1 146?/ 1 1 2362/| — |126?/j |436?/! = J 136//| ; 246 y . 

there results, after factoring out 1 1 36 y ( j 246 y ! , 

]135?/| |425?/| = — c j 145 ?/ j \2hhy\ + c 1 125?/j i435 y\ 

whence c = d = 1 . Thus the surface (2) is the Weddle 
surface T T(y) (cf. 35 (12)). 

Schottky goes on to show that the theta squares are 
proportional to quadratic functions of the F' s. In the second 
set of four functions above ^OO^eOO is linear in i9- 185 0<) 
^245 (?0 ? and ■& 145 00 ^sso 00 . Multiplying all three by 
00 ■ 00 ^3 00 and setting 

(3) 00 • ^2 00 <^6 00 — n 

the linear relation becomes 

n • -c/g 00 == U F 135 Fi 45 4- bFm Ft $j. 

On the right there is a quadric with node at g 3 and simple 
points at q lt • • - , Due to the symmetry on the left this 
quadric must pass through q 6 also. If then we set 

n-u-i 00 = Oo, 


(4) 
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Ga is the quadric cone P( 5 2 12346) 2 • P(5)° (36 (11)). Again 
if we set 

(5) <?12S — $456 — Pl2S P 456 

then 

(6) n • 1^123 ( m ) = $123 

where $ 123 is the pair of planes PC123) 1 • P(456) x . I 11 (4) 

and ( 6 ) the theta squares are expressed as quadrics on the 
nodes Ql of W{y). But the theta squares are themselves 
linear in the coordinates Z (u) of a point on the Kummer 
surface ( 32 ). Hence K is the map of the Weddle surface 
by the web of quadrics on its nodes Q 8 . 

In this rational transformation from space S B (y) to space 
S s (Z) in which planes in S a (Z ) eorvO'Mor.d to quadrics on 
Qb in S a (y), the net of planes on Z corresponds to a net 
of quadrics on Ql which contains Qt and a further pair of 
the involution J 7 . The transformation is then 2 to 1 in 
general but becomes birational on W (y) , K(Z) since on W{y) 
the members of a pair of V coalesce. If in the quartic 
equation K{Z) = 0 the coordinates Z are replaced by their 
values as quadrics on Ql, the square of W (y) must be obtained. 
Hence 

(7) The square of the jacobian, W{y) , of a iveb of quadrics 
on six points is a quartic polynomial in four quadrics 
of the web. This quartic polynomial is the equation of 
a Kummer surface birat tonally equivalent to W(y). 

The /-curve, C 8 , of Q! is on a net of quadrics of the web. 
It corresponds therefore to a point on K. Since the cones 
$i, • • *5 $6 in (4) all contain C 3 , and the . « i'‘ . theta 

squares all vanish for u = 0 , this /-curve is determined on 
W(y) by u = 0 and corresponds to the node u~ 0 on K. 
Similarly the 15 /-curves ~qfqj on W(y) ' to the 

15 nodes u = Py on K. It is clear also from ( 6 ) that the 
conics in the even tropes of K correspond on W(y) to the 
double lines of the pairs of planes on Ql and again from ( 4 ) 
that the conics in the odd tropes correspond to the directions 
on WX?/) at the nodes. 



38 HYP ERELL I P T I C CURVE 


125 


38. Cremona theory of the hyperelliptic curve H$~ 2 . 
The hyperelliptic plane curve, Hf +2 , of order p + 2 and 
genus p with _p-fold point at 0(0, 0, 1) and equation 

(1) -ETp +2 = fp x% 2fp+i x 2 +f P f. 2 = 0, 

has Bp — 1 absolute projective constants. Indeed the (>4-2) 
x (p-\~5)j2 constants in the general (p -j- 2)-ic are reduced 
by the p(p J r l)/2 conditions for the ^-fold point at O and 
the six constants in a collineation C which leaves O fixed. 
The forms f p , f P +i, fp+ 2 contain 3p4-6 coefficients one of 
which is a factor of proportionality and six of which may 
be removed by C. The curve H p ^ 2 is birationally equivalent to 

(2) ** = ( at )W =44 +2 -^ +1 (* 0 -f x -*«:**). 

whose moduli are the 2 p — 1 indepvnltni cross-ratios of the 
binary (2 p 4- 2)-ic. Hence 

(3) There are 00 P carves Up' 1 ' 2 all of tvhich are p< >>,<:> th 
distinct hut ha a t ujvalhj equivalent. 

Before proving that these projectively distinct types are 
equivalent under Cremona transformation we consider the 
Cremona transformations T under which H P ~~ is invariant. 
The curve has a unique g\ cut out by lines t on O and the 
coincidences of g\ occur at the 2p4~ 2 branch points r v r 2p+2 
on Up at which the branch hues, or tangents to H p from O. 
touch. If H p is invariant under T, the g\ is also invariant, 
and therefore the 2 p 4-2 branch lines also. For pH 2 the 
branch lines are in general self projective in their pencil 
only in the identical order whence T leaves every line f on O 
unaltered. Then T effects on a particular line t a projectivity n 
which either (a) interchanges the two points of H p on T or 
(b) leaves each of the two points of H p unaltered. In case (a) 
rc is involutorial with two distinct fixed points whose locus 
for variable t is a curve H q with equation, 


(4) 


-H"| +2 = 9 a A + 2 9q+i x 2 J r9 q ^2 


= 0. 
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Since the pairs cut out on t by H p , H q are harmonic, 

* 5 ) f p Hij-2 p+1 Oq+l^fp+i Hq ^ ' 

As thus defined by H q , T IH q is involutorial. The branch 
points of Hp are fixed points of IH q and therefore are on H q \ 
from the symmetry of (5) the branch points of H q are on H p . 
The 2q-\-2 branch points of H q are the simple P-points oiIH q 
whose P- curves are the lines t on them. The point 0 is an 
P-point of order # -f 1 of IH q whose P-curve, 

( 6 ) L q = !/ q X2 + ffq+l = 0 , 

is of order q-\-l with (/-fold point at 0 and simple points 
at the 22 + 2 branch points. Transformations of this type 
were discovered by de Jonquieres (cf. 52 p. 81 ; 35 p. 98). The 
2j> + 2 + 2 2 + 2 intersections of H p and H q outside 0 are 
determined from the eliminant of (1) and (4) with respect 
to x s , namely 

4 (f p f p +,—, 4 2 +1 ) (ff q g q+2 — Vq+J 

tl g •f 0 ipT ^ ■ 

Hence 

(7) The tuo curves, H v (1) and H q (4), uith common multiple 
point 0, cue each on the branch points of the other if ip) 
is satisfied. Then each curve is invariant unde r the 
Jonquieres involution for which the other is the locus of 
fixed points. The involutions IH P and IH q are permutahle 
and form uith the identity and their product, IH p + q +i 
with fixed curve (8), a four group. 

The equation of Hp+q+i, the locus of the common harmonic 


pair of 

(1) and (4) is 



J p- f-2 



J p 

•f p-L- 1 

(8) 

Thp+g+l = 

On 


ffq +2 



1 




For special relative values of the coefficients of the binary 
forms f g in x 0 , x 1; linear factors in x 0 , x x may separate out 
and the order of the product I Hp^. q -\-\ be i'nT v rc , 'p<>ndiim 1 y 
reduced. 
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For given H p the curves H q which satisfy (5) lie in a linear 
system and cut out on H p a The existence of this 

system for q>(p — 2)/2 furnishes conditions on O and the 
2 -f 2 branch points r. This set, which m general 

has 4 p — 2 absolute projective constants, has in the present 
case only the 3jj — 1 inherent in H p and therefore is subject 
to p — 1 conditions. If p is odd (p — 2A-fl) there is 
a pencil of curves Hk with A-fold point O and simple points r. 
Of these simple base points A aie determined by the others 
and the 2 k = p — 1 conditions thus obtained. If however p 
is even (p = 2 h + 2) there is a unique curve Hu and a net 
Hu~i on Rjp+ 3 . If O and 3 7c + 5 of the points r are given, 
the web of curves Hu+i on O and these points (which 
contains a pencil made up of Hu and an arbitrary line t) 
cuts Hk in a g\ +1 . If then a further point » ' is given on 
Hu the k remaining points r are determined as the inter- 
sections of Hu with a proper Hup i of the web on r'. Thus 
the set is subject to 2fc-f-l = p — 1 conditions. Hence (ef. s ). 
(9) The p — 1 conditions on the planar set of points Rip^z 
■ — ' ii'/ of the 2p-f 2 branch points )\ , •••, r-ip-r-i of 
Hp ] ' 2 and of r 2p +z = 0 are: when p = 2 A + l, that there 
be a pencil of curves Hu on Rlp+a with k-fold point at O; 
and ivhen p = 2 A +2 that an Hu and an Hu-r i nith 

o 

multiple point at O meet in lisp r s • 

There are special V. perelliptic cun r es H p for which curves 
H q (q < (p — 2)/ 2) satisfying (o) will exist. For example 
Hp+q+i in (8) is such a special curve if q f p when p -f q 
is even. 

Returning to the case (b) above in which H p is the locus 
of fixed points of T, the effect of T upon t is determined 
when the com^pi indent of O on t is located. The locus of 
these correspondents for variable t is a rational curve of 
type Lq in (6) and T is a Jonquieres transformation of order 
q-\- 2. Since the q directions at 0 are self corresponding 
they must coincide with, those of H p at 0 and L q has the form 


( 10 ) 


Lq fp Qq—p -j- ffq + 1 0. 
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The 2 ? + 2 simple F-points of T are the intersections of L q 
and Hp outside the qp-fp absorbed at O. For particular 
choices of L q , T is periodic ; e. g. if L q — f p x 3 +/ p -t-i = 0, 
T is the involution I Hp. Hence 

(11) The infinite discontinuous group of Jonquieres trans- 

formations which leaves H P unaltered has an invariant 
abelian subgroup of index two each element of winch has 
Up as a carve of fixed points and is determined by a 
curve L q in (10). The > • elements all are in- 

volutorial of type I H q m (7). 

Let Hp and Hp be two projectively distinct curves which 
are equivalent under a birational transformation B' . Since B' 
followed by a properly chosen collineation will supeipose O' 
and 0 as well as the two sets of 2 p + 2 branch lines, this 
situation will be assumed. Then B' transforms a point of 
H p on a line t into a point of Hp on this same line. Let 
cip be the points on Hp which pass into the p-ad of 
points on Hp at O. Th-ongh the points a pass a curve L q , 
of sufficiently high order, to meet H p outside 0 in 2 q + 2 
further points /S. Let the line t cut H p in y x , Ys', Hp in 
y[, A ; and L q in 3. On t there is a pro jectivity which sends 
y u y 3 , 3 into A, Y-i, 0. For variable t these projectivities 
define a Jonquieres transformation J' q of the plane, which is 
of order 2+2 since L q passes into directions at O. The 
projectivity becomes illusory only for lines t on the 2 2 + 2 
points j3. These points and O are the F-points of J'q. Any 
other choice of rational curve Ly on <x 1} a p would lead 
to a J q ' such that J q • J q ~ r would leave H p invariant point 
by point. Thus J' q is the product of J q and an element of 
the invariant subgroup of (10). Hence 

(12) Two curves, Hp and Hp, which are birationally equivalent 
are equivalent under Jonu" > < - h unfo/omf/oii of the plane. 
The oop projectively distinct citrves Hj uhich are biratio- 
nally equivalent to Hp are determined by the ooi’ p-ads 
«i , • • • , up on Hp . 

Two points which are pawed in g\ will be called “super- 
posed points”; and the superposed points of a ft-ad of points 
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will form the “superposed A- ad." Since under IH q in ( 7 1 
the p-ad at O and its superposed p-ad on H p are inter- 
changed, any two d p-ads on H p determine the 

same projective type H p . 

The planar set Rl p + S made up of the branch points r 2 . • - • . r 2p - 2 
of H v and of O is '"-iV a special set subject to the 

p — 1 conditions implied by its situation with respect to H P . 
It is therefore natural to develop the theory of sets con- 
gruent to it under Cremona transformation with particular 
reference to those transformations which leave the form ot 
these conditions unaltered, i. e. which conveit H p into Hp. 
These are the Jonquieres transformations generated by J.012 
and permutations of n. • • •, r- 2p +». With superposed sets the 
elements 

( 13 ) X12 = A012 • ( 12 ) = ( 12 ) • A. 012 

are involutorial and satisfy the relations 

la T13 = I \ 3 I12 = Isa, 

Iis -Z34 I&i II 2 I\ i Is\ ~ — ■ * • -d-liS-l* etc. 

Including the identity the 



elements . ,-ik constitute an abelian g.^ 1. The element 
Ii 2,. -,2p+2 is I H p under which the set JRlp+z is congruent 
to itself. Hence 

( 15 ) Tinder Jonquieres transformation the planar set JR~ 2p ^-,i 
defined by H p is <•, •<’ to 2 2j) pi oje< fi> rly distinct 
sets. The two sets tony) unit to JRZp+a under If, 2, . ,*>k and 
Iik+i, ..,2334-2 are > >> •. 

Under such transformation the jF-curves of the set, i. e. 
the curves which correspond to directions about the points, 
divide into two conjugate sets. The first set contains 2‘ 2p ~ 1 
members; one, the directions at O, and the others, the curves 
of type Lk in, • ■ •, r 2 fc+ 2 ) (& = 1 , • • -,p). The 2 2 *’ J ~ 1 divide 
into the pairs, Z* (n , • • •, r- 2 k+ 2) and L p -k - 1 (r-m^z, • • • , r 2? >^- 2 ) • 


9 
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s l 6) Ecuh curve of the pair Lk, L P -k-i meets H p in the same 
p-ail of points outside Rip+i. The 2 2p p-ads thus defined 
on H P repieseni as in ( 12 ) the 2- p piojn tnehj distinct 
ciuies Hji whose sets Rzppz are < ■•■n/i o, i,t to Rlp+z under 
Jonqmetes tii-nfioi nation. 

For, Lk, Lp-k-i are interchanged by JH P and the intersections 
ot either with H p outside are on both. A particular pair, 

L— i. L p . is the directions at 0 and the unique curve L v . 

The second '■ set of .F-curves divide into 2p + 2 pairs 
each pair consisting of (a) directions at i t and (b) the line 0 1 1 . 

The arithmetic group, j 2 ^+ 3 , 2 , attached to these Jonquifei os 
transformations has the older (2j> + 2)! 2 2p+1 . The group 
has the invariant involutorial element defined bj* IH V . The 
group also has the invariant abelian Mibgrou*i g a *p+i mentioned 
above. The factor group of order (2p + 2)! appears as the 
permutation group of the conjugate set of 2p + 2 pairs of 
incurves in which A 012 effects the tianspo.vilion (12). 

The discriminant conditions of the set Rtp+z also divide 
into two conjugate sets under Jonquieres transformation. 
In the first conjugate set there are (2p + 2) (2p+l)/2 pairs 
d,j = 0 . < 5 (0 r t rj) 1 = 0, indicating respectively that ?•», r, 
coalesce, and that O, n, rj are on a line. In either case 
Hp acquires a node at r t = ij and the genus p is reduced. 
These are, of course, the discriminant conditions of the 
binary {2p + 2)-ic in (2). 

The second conjugate set arises from the condition that 
n coincides with O, i. e. that one branch of H p at 0 has 
a flexpoint at O. The conjugates of this are of the form 
d(O k n, • • •, r 2 * +3 ) fc + 1 = 0 (k = 0, ■■ -,p — 1) which represents 
the condition that there exists a curve Lk on 2&-J-3 rather 
than 21 + 2 of the branch points. 

1,17) The set Rop-i-z has under , - transformation a con- 

jugate set of 2 2jP 'b 1 discriminant conditions ivhich divide 
into 2 2p pairs 

# (O k ri , • - - , r 2 k+A) k+1 — 0 , 

d(f)P— k ~ 2 r 2 k+i, •*-, r^pA- 2 ) p ~ k ~ x = 0 , 
either of which implies the oth& . 
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In fact under IH j} the one condition passes into the other. 
The extreme case d(Oi j ~ x 1 lf • ■, r ip +. iP* — 0 pairs with the 
coincidence ot r 2j » j- 3 and O. 

39. Transcendental theory of ■ Application 

to the Weddle surface (p = 2). The points a of Hf ~ 2 
are in one-to-one correspondence with the points t ot the 
Riemann surface F defined by 38 ( 2 ). To the branch points 
/ 1 , - -,>> v +2 ot H p there correspond the branch points 
<T , • e-2p+2 of F, and to the p - ad of points ot H p which 

coalesce at O there corresponds p distinct points on F. It 
is convenient to denote the point ,2. t on F by its corres- 
ponding point x on H p . 

Let p points X\ , ■ - , x p be selected on F as well as a path 
of integration to each from the fixed branch point r\. If 
< 1 is one of the p normal integrals of the first kind and 
we set 


(U 




v t 0 ~ 1 , • • . p) 


then for given u — ui, ■ •, u p there is determined in general 
a unique p-ad, xi, ,x p , the solution of the inversion problem 
(ef. 34 ), on F or on the curve H p . The superposed p-ad is 
determined by — u since in each term of (1) the integrands 
and limits change sign on F with s. 

The theorem of Abel ( 34 ) states that if x\, - - Xp+2 are 
the points of intersection of a line with H p then 


(-) 


«\+- 


r. t'i 




0 = 1 . • - ‘ , j)) 


where the m* are constant tor a, variable line section. If 
the line section is on O then xi, - • •. x P is the p-ad at O 
and the other two points are in whence ^’ +l r 1 + = 0. 

Hence 

(3) If in (1) u t ~mi when , x p are at O on H p then 

the p -j- 2 intersections of any line with H p are subject to 
the relations ( 2 ). Also the v — (n — h) p 2 n intersections 

with Up outside of O, xi, • • •, ay, of any curve of order n 
with h-fold point at 0 are subject to the p relations 


9 * 
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oc x 

(4) »•*£', H (n — k)m l (i = 1, • • • , p) . 

If k — n — 1 these are just sufficient to determine as m 
(1) the niuainrng p intersections when 2 n are given to 
determine the carve. 

It is proved by Krazer ( 41 p. 448) that the values of the 
integral" \-i (j = 2, • • •, 2p + 2) are congruent to certain 
half periods which, being mutually azygetic and subject to 
no other relation than that their sum is .g: i.o i! to zero, 
may be denoted by Pij in the basis notation. This transfer 
to the basis notation is, more precisely, the following: 

(5) ( ?1 e * ’ ' ' f Jp\ /-Pas -F2345 ^334567 • • • P‘1, .,‘lp + 1 \ 

\£l e-i • • • £pl 2 I-P 34 P 56 PiS ' ' " P2p-rl,2p+2l 

If xi, • • • , x p are the points of H p on a line through two 
points n, Vj then from (1) and (4) this p-ad is determined by 

(6) u == m-\-Pij. 

And in general 

(7) The p-ad of points cut out on H P by the pair of curves 
Lk, Lp-k-i of 38 (16) is determined as in (1) by 

a — m + Pi, . ,27 c+2 — m + P-i/c+v,, ., 2 ^+ 2 . 

The 2 2p in oh 1 tu (ly distinct types H' v with sets R'ip^s con- 
gruent to Rlp+i under Jonquieres ■#<-, n >, , ■••'i <• have p-ads 
at O' which arise from the p-ad at 0 on Hp by the 
operations of the group of additive half periods. 

The following construction for the p - ad - ■ ~ ’ to that 

at O on H p is a consequence of Abel’s theorem. 

(8) The linear system of curves Hp —2 on ri, • ■ •, r^p+i cuts 
H p m a g-flf • The unique curve L p _ 2 on a set ofg 2 f~ 2 
cuts Hp in the p-ad superposed to the p-ad at 0. 

For, Abel’s sum formed for tbe 2p + 2 points r t is 
Pu -j - Pr> -f- — -f- Pi, 2 p+i — ; 0. Hence according to (3) a set 

«!,•••, x-ip -2 of gf~ 2 is defined by rfl h ?* p ~*v = 2m. 

Also the additional p-ad n on Z p — 2 is defined by 2m fn ~ m; 
or n ~ — m. 
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If H p is hirntionally given, ' * -W ■ properties of it wliich. 
are not also invariant under birational transformation are 
expressed by conditions on the parameters m of the point O. 
If for example m itself is a half period and congruent to 
— m, the p-ad at O coincides with its superposed p-ad and 
Up has a flex on each branch at O. In this case the 
condition is directly on the parameters m. We proceed to 
find others expressed by the vanishing of theta functions of m . 

Let the branch point r, move up to O to produce a flex 
at O. The remaining p — 1 points x-i, • • . x p at O are still 
arbitrary and r [v -\ f- r f == m . Then ( u p. 456 VI , s = 1) 

it(m-\-k) — 0 where ( 41 p. 451 (31)) k — [\ ^ * * ' " ’ with 

ri — 0, 1 according as p is even or odd. By comparison 
with (5), k = P&57- ,2p+i (p even); k — P 1S5 7 . ,-> p +i (p odd). 
There is still a choice for the designation of the original 
even theta function #[0, 0] 2 («) and we set 

(9) [0, 0] 2 (ll) = v ^1357 ,227+1 00 • 

Then it (mf-k) = 0 when in the basis notation itj (m) = 0 
( p even), or it (m) = 0 (p odd). Hence 

(10) If the basis notation is introduced as in (5) and (9), the 
condition on the parameters m of 0 on H p that i\ 
coincide with O is it t (m) — 0 or it (m) — 0 a> > <a ding as 
p is even or odd. 

This condition is one of the conjugate set of discriminant 
conditions described in 38(17). The conjugates are obtained 
by carrying out the parallel transformations, Ij (38 (18)), 
and m! =3 (cf. (6)). The result is 

(11) The conjugate set of 2 2p discriminant conditions 38 (17) 
is given by the imut-liimj of the 2 2p odd and even thetas 
for the parameters m of the p- ad 0 on Up] more precisely, 
if p is even, d (O^ n r 3 rj c • • -) k+1 = 0 when %t V k- (m) = 0; 
if p is odd d (O k r\ r, rj ?•& - • •j k+1 — 0 if it,jjc. ■ - (m) — 0, 
while d (O k n rj ru - • ■) fe ' Kl = 0 if itnjk ■ ■ (m) — 0. 

When p — 2 the set P7 of six branch points n, n 
and node 0 = r 7 of is subject to the single condition 
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(38 ( 9 )) that jt. ■ • •, » 0 are on a conic K. Under I Hi, K is 
projected into itself from O and therefore meets Hi at the 
pair of contacts of tangents to K from 0 . The line joining 
these contacts meets Hi again in the duad ■'ape-. po-iol to the 
node (cf. (8)). 

The planar set R~ determines projectirely its associated 
set Q~ in space. On the norm cubic curve C d through 
Qi, • these six points have parameters projective to 

those of the six lines from r 7 to n, (cf. 16c). Hence 

for all sets P? defined by curves H± birationally • .1; al—r 
to Hi the points q x , q* may be fixed on C 3 . If g e 

are projected from q 7 into a planar set QZ this set is 
associated to r u ■ r a (16b). Since r t , • ••, r 6 are on 
a conic, Qe is likewise on a conic (16c). Hence g 7 is a point y 
on the Weddle surface TF (y) with nodes at q lt • ••, 
Thus the 00- projectively distinct curves H'z which are 
biiationally equivalent and therefore determine the same 
q 7 , • ••, g () are represented by the co 2 points y on W(y). 

If, in R 7 , r„ r J} r k are on a line, i. e. -O-yk (m) = 0 (cf. ( 11 )). 
then, in Q 7 , qi, q m , q, h y are on a plane (16 ( 9 )); if r t and 
0 — r 7 coincide, i. e. hn) — 0, then q t and y — q 7 coincide. 
Hence (cf. 37 ( 4 ), (6)) the parameters u = m of the nodal 
pair on Hi are the parameters u in Schottky’s parametric 
equation of TF(y). The 2 2p =16 sets ll 7 2 congruent to Ji 7 
under Jonquieres transformation (cf. 38 (15)) determine on 
W (y) 16 points y which form a conjugate set under the half 
period group, u' ~ u -j- Py (( 9 ), 36(4)). Indeed the association 
of H and Q 7 is unaltered when the transformations (12) A012 
and (12)^456 are applied to these respective sets (16(8)). 

If four points r x , - ■ r 4 are on a line, r 5 , r 6 are flex 

points at the node and u = m. ~ P 36 ; y is then on the line 

q& q<s. If u = m = 0 the nodal pair is a pair of g\. This 
is the indeterminate case of the inversion problem and can 
oecur only when Hi is a doubly covered conic whose double 
points are the sets of y\. Then Ii 7 is on a conic with O at 

any point of the conic; the associated Qi is on C s with y at 

any point of < 7 3 . 
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The proportionality of the determinants ij 1: and 1 m n u 
(y — q-i) was noted above. It persists tor ,/.?■' (v = <)\ 
and | khnin\. For, it \Jchnn] vanishes, then (/.,) tor the 
sextic (at) 6 also vanishes (cf. 36 (2i); similarly it r t . Vj. 0 are on 
a line, two branch points coalesce to foim an additional noth' 
and (ij) for the sextic of branch lines vanishes. Thev* 
proportionalities are used in 42 for the interpretation of the 
theta relations. An extension of this application to the 
Weddle surface to values p > 2 lias been indicated by the 
author 23 . 

40. The figure, JB%, of six points in a plane. Occasion 
frequently arises to make use of the set RZ, usually as part 
of a larger set, and some of its properties will be developed 
here. The determinants formed from the coordinates of three 
of the points r, or of two points 1 and a variable point »•. 
are denoted by \ijk\ or j ij x \ respectively (i, /, A = 1, — . 67. 
The invariants of the binary set Pa (cf. 35) are expressed 
so simply in terms of the Gdpel invariants that a natural 
point of departure for Re is the system of Go pel covariants 

( 1 ) \ijx\\l'lx\\mnx\. 

According to the Clebsch principle of transference these 
satisfy the same relations as the corresponding binary in- 
variants. If then a set of six covariants a. • • - . / is defined 
as in 35 (3) : 

(2) a= |25ic||l3aj 46a,’H — --j-.BSa' 1 54, r 1 16 ,r , 

with conjugates deiived from the parallel substitutions 35 (41. 
there follows 

(3) a + l = 4 1 51 x ! 42a?| |36.r|, 

and furthermore 

(4) « + &+••• +/ = 0, a 3 -j- 4 +/ 3 - 0. 

The ratios of a, •••,/ subject to (4) define protectively the 
pencil of lines from x to R\. 
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The covariants (1), and therefore a, - • , / as well, are 
cubic curves on jffjj. Only four of these are linearly inde- 
pendent and there must be a second linear relation connecting 
a, By proper combination with the first, the second 

may be taken to be 

(5) ti a -f- b b 4 • • • -f- ff = 0, a -\-b-\- f = 0. 

These values «,-••,/ must be linear invariants of JRe- For 
if is given there can be only oo 2 line pencils from vari- 
able x to Eg. Hence (5) must express the condition on the 
invariants a, of this pencil that it may exist. If on 

the other hand values a,---,f are given and five points 
j'i , • • - , ?"5 of JSe also are given, x is uniquely determined 
and r 6 must lie on the sixth line of the pencil. As linear 
invariants, a, • * • , f must be expressible m terms of the ten 
linear invariants 

(6) | ijk | | Imn j. 

The explicit form of these expressions and some of their 
algebraic consequences may be stated as follows ( 17 I§4): 

(7) If | ij, Jcl, mn\ = |?AZj \jmn\ — \tmn\ \jkl\ is the deter- 
minant of the coordinates of the three lines \ijx\, \klx\, 
[mn x { then 

Qa~ 1 15, 24, 36 1 -f| 14, 35, 26 1 + 1 12, 43, 56 1 
+ [23, 45, 16| + |13, 52, 46|. 

Under parallel odd substitution , 35(4), a, •••,/ do not 
change sign. Fiother typical relations are 


_ a If — 1 15, 24, 36 j, 

K d~\-~e-\-f = — 1 123 [ |456|. 

The condition that Bq be on a conic is an alternating in- 
variant whose sign is fixed by setting 


341 1 

|561 1 

|531 1 

|461 1 

342 1 

1 562 1 

1 532 1 

1462 1 
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The complete system of invariants of JRi is as follows 
(cf. 17 1 § 5): 

(10 ) If cu, fl (J are the elementary syunmti i< functions of 
ft, f, a complete system of rational _ " ' • invanunts 

of j£l6 consists of a iy a A , « 4 , a : , , a 6 ami d-> \' r d where 
di — — 4 «4 and V' d — n (a — 6) . 

The linear system of cc' ! cubic curves on JRi maps the plane 
upon a cubic surface JU-f in Si. If the system is given by 
a. ■ • f the equation of Mi appears in Cremona's hexahedral 
form (4), the sum of six cubes. The 45 tritangent planes 
of M? j as planar cubics, comprise 15 of the type a d — 0 
and 15 pairs whose equations are 

lul (a -M) 2 fVedfeYf 7f(c + /)- = 0, 

( 1} (ad = a 2 + 2a a f2adf2d~). 

This pair can be factored in three ways one of which is 

(1 2) (be =F d 2 ) (b + e) — (7f± d s ) (c +/) = 0. 

The three ways are equivalent due to the relation 

(13) — di — be c /+ cf ad + ad be. 

There are 72 sets Im congruent to i ?6 under Cremona 
transformation. In fact the only types of transformation with 
six or fewer _F-points in JRi are the collineation, , J . 1S8 A lia , 
■4i23 -4 456 , and ^23 J 4 5 e A 128 of orders 1 , 2, 3, 4, 5 respectively 
and iMinberlnar. according to the choice of the P-points in He, 
1 , 20, 30, 20, 1 respectively. The .F- curves of 4he set are 
27 in number: the 6 sets of directions at points n, the 15 
lines r z r Jf and the 6 conics on r z , rj, ric, n, r m . These 27 
curves map into the 27 lines on Mi. For given i ?6 the 
directions at the points r t map into a line-six on Mi, i. e., 
six skew lines. For each of the 72 congruent sets there is 
on Mi such a line-six and a pair of sets congruent under 
the quintic transformation (two associated six-points) deter- 
mine a pair of line-sixes which make up a double six on Mi . 



138 


III. FUNCTIONS OF GENUS TWO 


An analysis of the projective conditions implied by congruence 
is given in ( J7 II § 2). 

The arithmetic group < 70,2 (cf. 7 ). determined by the per- 
mutations of Yx, • • • Ye and the 72 types of congTuenee noted 
above, has the order 6 ! 72 and is isomorphic with the per- 
mutation group of the 27 lines on JI 2 ( 17 II § 3). It has an 
invariant subgroup of index two consisting of elements of 
determinant + 1 • The Cremona group (? b , 2 in space 2 4 , 
isomorphic to . 90 , 2 , is discussed in ( n III) as an essential 
element in the determination of the 27 lines on Mj. 

The complete projective system of E% given in_ (10) is open 
to the objection that one of the invariants. d 2 V" d has factors 
which have different projective meanings. For, cL — 0 implies 
that Re is on a conic, and V' d — 0 implies that Rl is made 
up of two perspective Iri.inglf-. This situation is due to 
the choice of the group under which invariance is required. 
If the group is reduced to the alternating , 901 / 2 , a complete 
system consists of a 2 , • • • , a B , d± and V' d ; if it is enlarged 
to a ffet ‘2 by allowing the passage to the associated set R' b 
of iio, the system consists merely of a?, • ••, a 6 . 

Of greater interest however is the complete system of lit 
under congruent transformation. This is the complete system 
of the cubic surface M*. Its members can be built up out. 
of the 36 discriminant conditions of the set Rl. For they 
are likewise projective invariants and as such expressible in 
terms of the | ij Jc | which are discriminant conditions. The 
36 conditions comprise 15 of type d {) — 0 which implies 

a coincidence of n, ry, 20 of type S lJk = 0 which implies 

that n, rj, ?’* are collinear; and d = d* — 0 which implies 

that lit is on a conic. Each condition is associated with 

a double-six and, when satisfied, requires that Mi have a node 
and that the two line-sixes of the double-six coalesce into the 
six lines of Mi on the node. 

A coincidence of two points is not to be ri-uardcd as the 
identity of the two (two conditions) but rather as the co- 
alescence of the two in some direction (only one condition 
because the direction has one degree of freedom). Thus 
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a coincidence is peculiar in that it can not be expressed by 
a single condition on the coordinates of lit. Other dis- 
criminant conditions when expressed in the coordinates of JRf 
are satisfied when certain coincidences occur; thus i / J. =u 
is satisfied by 6 tJ = 0, S tk = 0, == 0: and rt, = 0 b 

satisfied by 6 V = 0. The proper procedure is illustrated by 
the two types of irrational invariants of E'i 

(14) d a | 123 | |456|, |134| |234j J356| ;456i -512. ,612 . 

Each is of degree three in each point and their ratio A i* 
therefore an absolute pi ojective invariant. Each vanishes 
at least once for any coincidence. But the first vanishes 
twice for the coincidences <3 12 , <? 13 , <J 23 , d 43 , d 36 and the 

second vanishes twice for the coincidences d 12 , <S :U , d 3e . The 
ratio A has then simple zeros when any one of the nine 
discriminant conditions, d 12 , d 13 , <? 23 , d 13 , d 46 , d 5t ,, d, <? 12J . d 43(1 
vanishes; and simple poles when any one of the nine. d 13 . 
d 34 , d 36 , ^i 34 ) ^as 4 ) ^ 356 ? ^ 456 ) ^512 1 d 012 vanishes. The 10 in- 
variants of the first type (14) and the 30 invariants of the 
second type (14) are .■(>■ ■: gat; members in the simplest linear 
system of dimension 10 of irrational invariants of J?« under 
Cremona transformation (cf . 17 III § 3) . The 40 conjugate 
irrational invariants are permuted under Cremona trans- 
formation just as the corresponding 40 product* of nine dis- 
criminant conditions under the permutation group of the lines. 

We return to the case when Eg is on a conic K {ch — 0) . 
The ternary projective invariant theory of El can then be 
reduced to a binary theory. For with 

(15) x 0 = Xi — t, x 2 — 1 

as a parametric equation of K , and with f = e t , e„ as 
the parameters of R% on K the ternary determinants are 
expressed in terms of the binary determinants, Qj) — ei — e jT by 


(16) 


\ijk \ = 0/> (ik) O ' &)■ 
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In this particular case there is an interesting- connection 
between the linear invariants a, ■■■, f of Re, and the linear 
invariants *4, • • ■ , F of the parameters P& (e l} eg). Also 
when x is on K 

(17) A B F = a :b f, 

since \ijx\ \klx\ \mnx\ = (ij) (hi) (run) • (it) ( jt ) ••• (nt). 

For given P 6 \ the value system A, • •• , F subject to 35 (5) 
determines a point A on a cubic spread Ml in Si, the oo 8 
points of Ml representing the c© 3 projectively distinct binary 
sextics. If two roots of the sextic coincide, say e 6 — e 6 , 
the point A covers the plane n 5G whose equations are 
A + D = BfF = C-\-E = 0 (35 (6)). If three roots 
e x , e 5 , e 6 , or the complementary three e 1} e 2 , e 3 , coincide, the 
point A is fixed at 1, 1, 1, — 1, — 1, — 1 which evidently is 
a node, n ls3 = n 4 56> on Ml. Hence 

(18) The Gopel invariants 35 (2) map the system of oo 3 pro- 
jectively distinct binary sextics upon an Ml m Si with, 
ten nodes, w y s = ni mn , the maps of sextics with a triple 
root. Ml contains 15 planes n b6 each a map of sextics 
with a double root. The plane rt l j and node n ZJ j c are 
incident. Ml is also the map of an S 3 (y) by quadrics on 
five points <2i, • • •, q b (cf. 36 (18)). 

In the latter mapping directions at q x map into the plane 
jt i6 ; the plane q r q 2 q 3 maps into the plane n 4b ; and the line 
q x q 2 maps into the node n 3ib . 

For given Rt on a conic, the linear invariants a, • • • f 
subject to (5) behave eontragrediently to a, • • -, f and there- 
fore (cf. (17)) to A, • • •, F also. Hence these invariants map 
such sets _Z?6 on JR upon the S 3 s, a, in S 4 . Since dl = c& — 4 a 4 
(cf. (10)), the locus of a is_a_quartic envelope, E 3 . When 
C5 = e e then (cf. (8)), a = d, b — f ~c —T and the S 3 , a, 
is on the plane 7r 58 . It is easy to verify from the equation 
of Et that a is then a double S A on El. But Ml, having 
10 nodes, is an envelope of class four and an S 3 on one of 
its 15 planes is a double S 3 of this envelope. Hence 
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(19) The linear invariants of Ri on a conic map such set.- 
npon the Sis in Si which he on the quart it cm elope El- tin 
reciprocal of Mi. 

One may verify algebraically that point. A, and S s , W. are point 
of Ml and tangent space at the point. This situation gives 
rise to equations which express the a as quadratic polyno- 
mials__m the A as well as equations which express the 
A V A {y . A — n{fi t — e,)) as cubic polynomials in the a (cf . 13 
(26), (32), (33)). ‘ 

Given point A on il/| and tangent space a at J.; the polar 
quadric of A cuts Mi m a locus of points A' which is the 
map from S 3 of the Weddle quartic surface TH y) (cf. 36(191. 

(20) ), the point y mapping into A'. The tangent space 77' at 
A' passes through A. On the other hand the point section 
at A of the reciprocal Ez, i. e. the Sa’s, a' . of Et which are 
on A and therefore have contacts A\ has a section by an 
arbitrary - 3 not on JL which is a quartic envelope with 
16 tropes, and therefore a Kummer quartic envelope KT 4 . The 
tropes of K i are the sections by — s of the tangent S s . It , 
and the 15 S a ’s which join A to the planes tx v . Thus point y 
on the Weddle which maps into point A! on Mz is birationally 
related to the plane of K* in which cuts the S s , a’, tangent 
to Ml at A’. 

41. Theory of the Weddle and Kummer quartic 
surfaces in binary notation. The special coordinate 
system (cf. 17 ) set up by a cubic norm curve. C 3 , in S 3 leads 
to interesting forms of the Weddle and Kummer surface. 
We recall that the coefficients, — a s , 3 « 2 , — 3«i . a 0 . of the 
binary cubic, 

(aty = (o 0 ?„+ «! ^) s 

= a 0 f o + 3 a i * 1 + 3fl 2 f o % + c h f i ’ 

are taken as the coordinates of a point in space S 3 . If in 
particular fit)* is an actual and not merely a symbolic cube 
the point lies on C s . The reader will observe the double 
use of c? 0 , «i on the one side as binary symbols and on the 
other as actual coefficients. 
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With equivalent symbols. 

/ = (at) 3 == (bf) :i , 

the Hessian is (cib)- (at) (bty = (pt).(qt), and the cubic can 
be expressed as/= /-(pOM-Ms*) 3 ; L e - tlie point represented 
by / is on the chord of G’ 3 which cuts C 3 in points p, q 
whose parameters are the roots of the Hessian. Thus for 
given t in 

(1 ) (rib) 2 (at) (6 1) = 0, 

we have the equation of a quadric (since the coefficients 
of f enter to the second degree) which is the locus of points 
on a bisecant of C 3 through t, i. e. the quadric cone on G' 3 
with vertex at t. For variable t, (1) is the equation of the 
quadratic system of cones on C s . 

Let (/it) 2 = ft 0 fg + 2ft 1 1 0 t x -\- ft. 2 t\ be any quadratic form. 
Then 

(2) (al)- (aft) (bft) — 0 

is again the equation of a quadric, the iocus of bisecants 
of G’ 3 which meet O' 3 in pairs of points with parameters 
apolar to ( ftt ) 2 . For variable ft, (2) is the equation of the 
net of quadrics on G’ 3 . 

The Weddle surface is determined when its six nodes Q 3 
on C 3 are given; let these points have parameters de- 
termined by 

(3) (atf = « 0 f u + 6 f 3 t L ~\ f « 6 t 6 L — 0. 

Then 

(4) (act) 3 (ab) 3 = 0 

is a quadric which cuts C 3 in these six nodes. For if (aty 
is a perfect cube, i. e. (at) 3 = (bt) s = (t' t) s = (to t x — t( to ) 3 
then (a a) 3 (ah) 3 = (at') 3 (at ') 3 = (at!) 3 . Hence the quadric (4) 
does not contain C 3 and therefore the web (cf. Baker 2 p. 56) 

(5) fti (a a) 3 («b) 3 + (aiy (aft) (l ft) = 0 

* It should he noted that the interpretation of the symbol (mn) depends 
upon n. For cogredient symbols, (cep) = cc Q p l — for cogredient 
variables, (st) = s 0 ti — Si£ 0 , for symbols a and variables t ) contragredient 
to each other, (c< t) = cc 0 ^o+ t x . 
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or quadrics with ye. >n, ■Vi', A , A- A . A is the web on Q,\ 
On account of the symmetry of (5) in the • A .! : * symbols 
ot f the polarized form of the web is obtained by assuming 
(it f) 3 ^(i f) 8 . 

If we assume that the polarized quadric 10 ) has a node 
at the point a the coefficients of l 0 - 7q. b, . must vanish 
giving rise to four equations bilinear in the it's and the As. 
It from these the As are eliminated, the equation of the 
AVeddle surface TF detei mined by Q'( is obtained. If however 
the As are eliminated, the equation in planar coordinates 4 
of the Hummer surface K is obtained since plane sections 
of K correspond to adjoint quadrics of ir (cf. 37 ). 

The expanded form of (5) is 

A [rt 0 (lo «ts — 3 7/, « 3 + 3 b> « 4 — b s « 3 ) 

— 3 <q (l 0 u 5 — 3 by or 4 + 3 b> « 3 — h A a. 2 ) 

-f- 3 cu (bo « 4 — 3 hi cc 2 -j- 3 b 2 «« — b s «,) 

— CI 3 do — 3 by a 2 + 3 b- 2 “1 — b s ct Q )} 

+ A l«i h — 2 a, b, + fls 61 } 

-|- A ! — (to bi -j- cq b-2 -j- o 2 hi u& bo j 
4" A { cto b-2 — 2 cq I>i 4 " ci -2 bo } . 

The eliminations mentioned yield the following determinant 
forms of IF and K (Baker 2 p. 65, p. 56) • 

(6) TF = 

«o — 3 rq « 5 4- 3 a 3 « 4 — its 0 — a £ a 3 

3 ( — Uo (( 5 “1“ 3 cq fq — 3 cq -4 (is rq) Os ( i 2 2 rq 

3 (ci 0 a i — 3 cq « 3 + 3 cq « 2 — cq oq) — 2 a 2 a L o 0 

— u 0 «q -J- 3 cq cio — 3 cq tiy 4" 0 3 c< o cq Oo 0 

= 0 , 

(7) K = 

$3 Or 3 O $3 « 5 3 $s OI 4 | As Al " Al 

— 3 A<s «s 9 A<t « 4 — 2 A — 9 As « 3 -4 A 3 /d 3 « 2 -4 Ao 

3 As <*4 “I - yd 2 — 9 A 3 "4 Ai 9 A of® 2 A 3 A cq 

— A « s — yd, 3A «s4 A — 3 A rq A «0 


0 . 
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From the mode of derivation IF is a simultaneous invariant 
of the cubic (at) 3 and the sextic ( at ) e , of degrees four and 
one respectively. It must therefore be the bilinear invariant 
of (a tf and that sextic which is the product of / = (a tf 
and its cubic covariant f = (da") 2 (a a'") ( a" t ) (d" t)~, i. e. 

(8) ir = (a a) 3 {a" a) («'"«) 2 (d a" ) 2 {da'"). 

Since the relation of / and f is mutual, the cor.*esnon< i: i !f > 
points in S 3 are partners in a Cremona involution of the 
third order (whose pairs are on chords of (7 s and harmonic 
to the crossings) under which W is invariant. 

Similarly if K is arranged according to powers of /S 3 , say 

(9) K = Kq fit -f- 6 K 2 ftz 4" 4IT 3 /d 3 -j- 

the coefficients of the various powers are simultaneous in- 
variants of the quadratic (/S t)- and the sextic (at) 6 . From 
the degrees in the coefficients as well as, to some extent, 
their form, we may conclude at once that, to within numerical 
multiples, K 0 is the catalecticant of (at) 6 -, K , is the bilinear 
invariant of (/ St ) 2 and the quadratic covariant (aa'y (a a ") 2 
x(a'a ") 3 is a linear combination of the bilinear in- 

variant of [(/St ) 2 ] 3 and (a a ') 4 (a t ) 2 (a' t) 2 , and of the product 
(/S/S') 2 . (««') s ; K s is the bilinear invariant of [(/St ) 3 ] 3 and («t) 6 , 
and Ki is [(/S/S') 2 ] 2 . From the form of it is clear that 
= 0 is the planar equation of the node 0 , 0, 0, 1 of K. This 
is the node u = 0 in 37 which corresponds on W to the 
cubic curve C s since the quadric (5) contains C s when J3 S = 0 . 

A section of the Weddle by a quadric on the nodes is 
determined when /S s and the coefficients, /S 0 , j3 u /S 2 , of (/St) 2 
are given. The corresponding section of the Kumrner is by 
a plane with coefficients /S 0 , & , /S 2 , /? 3 . In particular, if 

( 10 ) (a t)* = ( t x t) • (t s t) (t e t) [(t % t) = tio t x — Ux to] , 

the tropes of the Kumrner corresponding to the six cones on 
C 3 with respective nodes at Qe are given by 
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(11) (&t)\ <8 S = (f. tf, 0 (( = 1. • ■ 6). 

We seek then the further values (/3 tf, /? 3 which define the 
ten remaining tropes of K associated with the ten pairs of 
planes on Ql. If then 

(«0 6 = (cty.(rt)*, 

( ; (ay = (o t) a, t) o 3 1), ( 3 ny = iuMuniuf). 

the equation of such a pair of planes is 

(13) Ass = Ase = (acffa'yf = 0. 

In order to express this in the standard form (5) the product 
(c t) 3 • 00 3 is written in a Clebsch-G-ordan oxr.an>i <a ( 3l II 
p. 86) ; i. e. 

(af-(yvf = {(ctf(ytf} r > + 3{( C y)( C tf(ytf} Tl .(tT);2 
4-9 {(cy) 3 ( ct ) (yt)}~- (fr) 2 ,/ 10 + {(cy) 3 } • Or) s /4. 

If in this t, v are replaced by contr m'-die:.: symbols a. a' 
respectively there results 

Ass = (c df (y a' f — (a a) 3 (« a'f 
4- 3 [(cy) (c tf (y tf, (a a') ( a tf (a! tf\ x i'2 
4- 9 [(cy) 2 (ct) (y t ), (a a') 2 (a f) (a' f)] 2 /10 
4" (cy) s • (a a') 3 / 4, 

where [/, is the k-th transveetant of f and y, Since 
(a a') ( a tf ( a ' tf = 0 and (a a'f = 0, 

As 3 = (c a) 3 (y a') 3 

= (« a) 3 (a a') 3 4~ 9 [(a a'Y (a f) (a t), (cy) 2 (cf) (y f)]/10. 
By comparison with (5) we find that 

(14) The ten even tropes Ass = As6 °J the Kummer surface 
are given by 

(fitf, jt, = 9 (Ass tf, 10 

ivhere 

(Ass ff = 0»4M tf = [(k f) (t, t ) Os t), (0 f) (0 0 (0 01 s • 


10 
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The ten quadratics (/3 , 23 tf are linear irrational covariants 
of (atf. It may be proved that only nine such covariants 
are linearly independent with respect to numerical coefficients 
and that all may be expressed in terms of the ten given 
in (14) which themselves are related as in 

(15) i'ioO V0 3 sO. 

In order to find the nodes of the Kummer surface it is 
convenient to use as point coordinates b 0 , b 1} b 2 (the coeffic- 
ients of the quadratic ( b tf), and b s with an incidence condition 
with respect to the above planar coordinates of the form 

(16) (6 A 9 + 6. A = 0. 

In terms of the usual coordinates y, >i this is equivalent to 

>10 • r h '■ *?2 : 7 /3 == A '• '• A : A 5 

yo : yi ■ y* ■ ys ~ b 2 : — 2 &! : b 0 : b 3 . 

The node P v is on the three tropes D t = (t t tf, 0 ; Dj = ( t, t) 2 , 0 
(cf. (11)); and JDgjc = 9 (Ajfc t) 2 , 10. It is easily verified that 
Pij = 10 (U t) (tj f), — 9 [(fj t) (tj t), (fiijk t) 2 ] s . The result 

should be symmetric in Jc, l, m, n and by a direct cal- 

culation of the transvectants one verifies that 

( 1 7 ) = [& if (tj tf, (t k 0 • • • (*» t)Y = 3 [(it t) ( tj t), (A Jk iff. 

Thus 

(18) The fifteen nodes P v other than u === 0 (0, 0, 0, 1) of 
the Kummer surface are given by 

(btfi, b 3 = 10 (tit) (tjt), — 3 Cij. 

Since (fi V k tf can be determined from its bilinear invariants 
with respect to the three independent quadritics (tif)(tjt), 
(Ut) ( tkt ), (tjt) (t k t), there follows from (17) that 

3 (ftijh t)~ — — 3 (filmn tf 

(19) “ {^ fe )cjfc(U)H- ^ Of) Cyitktf}/ (ijh) 

} = {(mn) c mn (ti tf + (n l) c n i (t m tf 

+ (Ini) cim (t n tf}l(lmn) 
wheie (Inin * * ■) — - (ii tm) (titf) (tm,tn) • • •■ 
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Parametric equations of the Kummer and Weddle surface 
are easily obtained in the representations used here. If (a t) s 
is a point on IP such that the bisecant to C s meets C 3 in 
t — r, t = s then (a t) 3 — /(rt) 3 +,« (sty. The cubic covariant 
of ( at) 3 is then /.( rt) s — /i(st) 3 . The product of the two is 
apolar to (cctf as in (8) if X 2 (ccr) 6 — g 3 (ccs) e — 0. i. e.. if 
l- [i — T/(«s) e ■1f(<xr) 6 . If then we take the v: V.’;' _ 
relation of genus two in the form 

(20) S: £ s = (at) e , z, = I '(oTF, 

(at) 3 represents a point on IT if (at) 3 = tf S (rf) i{ + z r (st) a . It 
arises from the pair of points r, z r \ s, z s (or the 
pair r, — z r \ s, — z s ) on S. The second way of pairing these 
four points on 8 into r, z r \ s, — and r. — s, z s fields 
the second point on IF on the bisecant to C 3 through the 
first point. 

If in the equation (5) of the quadric on Ql we set 
(at) 3 = (bt) 3 — z s (rt) 3 -\- z,(st) 3 it becomes the equation in 
planar coordinates fi 0 , fi l} fi», fi a of the corresponding point 
on the Kummer surface. The result is 

fia [z, z s -\- (cn) s (as) 3 ] + (rs)~ (fir) (fis) = 0 . 

By comparison with the incidence relation (16) we find that 

(21) The parametric equation of IF referred to C 3 in terms 
of two points, r, z r and s, z s , of 8 in (20) is given by 
(at) 3 =■ Zs(rt) 3 -\-z r (st) 3 \ that of K is 

(bt) s , b 3 = (rsf (rt) (st), z r z s -\- (ar) 3 (as) 3 . 

If r — $, the point of K is the node it = 0 with coordin- 
ates 0, 0, 0, 1; if (rt) (st) — (ti t) (f 2 f). the point of K is the 

node given in (18) since (afj) 3 (af 2 ) s = — 3c y - (^ tyfjlO. 
This parametric equation of K differs from that given by 
Hudson ( 86 p. 19) in that the coordinate plane opposite the 
node u — 0 is not a particular even trope but rather the 

sum of the ten even tropes for which, according to (15), 

(fit) 2 = 0 in (fit) 3 , fi s . This particular plane section of K 


10 * 
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corresponds to that quadric on Qt, {aa) 3 {ab) 3 = 0, which 
has the pi oj active definition that it is apolar to the net of 
quadric envelopes on the planes of C s . 

The planar parametric equation of K in terms of (r t) , 
{st) is derived as follows. For {at) 3 in (5) a point of W, 
{ftt) 2 , ft 3 are to be determined so that (5) is satisfied by all 
values of b. Thus on replacing symbols b by variables t to 
obtain ft s {a a) 3 {cct) s — {aft) {at) 3 {ftt) = 0, and then - 

{at) 3 by z s (r t) 3 ~\-z r {st) 3 , the ft's are to be determined so 
that 

fts [z s (« r) 3 4- s r {cc s) d ] (a t'f 

+ {ft t) I >s {r t) 3 {ftr) 4- Zr {s t) 3 {fts)] EH 0. 

If {ftt) 3 is expressed as 

(22) {ft t) 3 = A'o {r t) s 4- 2 k ± (r t) {s t) + h 2 { st ) 2 ; 

and if {at) is exploded in terms of {rt), {st) from {rs){at) 
= {st) (ar) — (r t) {a s) , the identity is satisfied when 

7fo = — Szs[zs-{‘zr) 5 {cts)-\~Zr-{<xry{ccsy], 

(23) ft z — z r z s (rs) 4 ; hi = z r z s [z r z s 4- (« 0 s (« s) s ] , 

Jc -2 — — 3 Zrfzs- (ary{as) a -j-Zr- («r)(ces) 5 ]. 

Hence 

(24) In terms of the binary parameters r, s and the irra- 
tionality z r , z s the parametric expression of the envelope 
K is given by the {ftt) 2 , fts defined m (22), (23). 

In order to connect the algebraic parameters r, a of a point 
on IF or K with the hyperolliptic parameters u L , u 2 we pursue 
the article of Schottky 61 begun in 37. We first observe that, 
as a consequence of i8B the function 

ft ty , h’] («) ■ d/du L ft[g, h]{u) — S-[g, h\ {u) d/du t & [g r , h'] {a) 

is a theta function of the second order and characteristic 
[g g' , h-\-h!]. The theta relation, 

(25) ci± xtl -&23i 4- fti ftsii 4" fts ftl 2 i HE 0 , 
has the derivative 

Jgiatlftid/Bti! ftjki + ftmd/diii&i] — 0 {i,j, k — I, 2, 3). 
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Setting ]£ t [# t 3/0 n x &ju — #ju a / 8 u t #,] = 2 i? a we observe 

that i?i is an even function of the second order and character- 
istic P 6e . It is therefore a linear combination of # 5 # 6 and 
#128 #126 • Since P x and # 5 # b vanish for u = 0 while 
#125 #126 does not, B x must be a x # 3 # 6 . With a similar 
argument for derivatives with respect to u s we find that 


(26) 


#1 d #234 “1“ C £ g # o cl # 3 ii ~ j - Ctg #3 ^7 #124 

— («! <Z«i -f- «2 dll2) #5 #0? 
#234 d #1 O' <*, # 314 (7 #2 "l" Ctg #134 (7 #3 

= — (u i <7 ?<i + u 2 d « 2 ) #5 # 6 . 


If (25), (26) are multiplied by n # 2 < 9- 3 # 4 and the planes 

F,jk and quadric cones G t introduced as in 37 (1)? (3), (4) then 


«1 G x P 034 “f" «2 G-l PlS4 "4~ <*3 Z7s P 124 = 0 , 

(20 CC x F 2 g4,dG X -\~CC 2 Pi 3 4 <z Z?3-)~ «3 F X2X (Z(x3 

= — 2/7 2 (a 1 iZ?f 1 -j-rt 2 fZu>)- 

Let 

( 28 ) p = G x -G<f...-G« = n». 

Then 77 2 = P 1 ' 4 and 77 4 = = Gi q 2 Gs f^JF x . 23 . Hence 

on W there is a linear function, v = — (a x «i + aa«s)> °f 
the arguments u x , n* whose differential can be expressed in 
the form 

cl V = («1 P 2 34 d G x + «S -Pl34 <7 <r 2 + «3 Pi 2 4 <7 G 3 ) / P l!i 

(29) = — («t (7! fZP 2S4 + « s G, dFxsi + «3 Gs clF 1Si )/P ^ 

where 

«1 (?! P 234 4" #2 G 2 Pi 34 -f- «8 Cr 3 Pi24 = 0 . 


Because of the unsymmetric character of this expression 
with respect to the nodes 1 , 2 , 3 , 4 of W there must be 
a second differential of the same sort and hence du x and du 3 
admit of such expression. Schottky then closes with the 
remark that if y 0 , y x , y 2 , y 3 are planes in S s and Q 0 , Qi, Qs , Q3 
quadrics on Q®, the 16 cubic surfaces y% Qj on Ql must be 
connected by two linear relations F t {y 0 , •••, y 3 \ Qo, <3s) = 0 
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(i = l, 2) (ef. Baker 2 p. 78). Thus on W — 0, for proper 
choice of the numerical factors in Ft, 

(30) dih = Fiidya, • dys’i Qo, • • Q*)i O' =1,2). 

If now the point y in S 3 is determined by the coefficients 
of the binary cubic (a if) 3 with hessian (Ji t) 2 , the two relations, 
Fi — 0, just mentioned are a consequence of the fact that 
the cubic has no linear covariant, and therefore the polar 
(ha) 2 (ad) vanishes identically with respect to cr 0 , a 1 . For 
here the coefficients of (lit) 2 are quadrics not merely on Ql 
but on C 3 . Hence 

(31) dv — (} i d a y (dad)/ {h t x ) 2 • (li 4) 2 (h h) 3 

since (h t t y is a constant multiple of G t in P and the constant 
can be incorporated with ff 0 , «i . Taking 

(a t) 3 — ( r ty/zr + (s t) 3 /zs, (h t) s = 2 (rs) 2 (r t ) (s t)/z r Zs 

in order to ensure that W — 0 and also that the coefficients 
are of degree zero in the parameters r 0 : r t and s 0 : s t , and 
recalling that 

zf = (ary, 2 s r dz r — 6 (« r) 5 (a dr), 

we find that 

(dat) 3 — — 3 (ar) 5 ( a t) ■ ( rt) s ( rdr)fz r ■ («r) 6 

— 3(«s) 5 (at) - ( st) 2 ( sds)/z s • (as) 6 , 
(hda,y (dad) = 2 (rs) 3 [ — (rd) ( rdr)/z r J r(sa ) (sds)/ z s ~\/ z, z s , 
(ht x y (ht 6 ) 2 = 2 e (rs) ta /z£ z*. 

On substituting these values in (31) and incorporating the 
factor 1/2 1/2 with <r 0 , a x there results 

(32) dv = — (rd) (rdr)/z r -\-(sd) (sds)jz s . 

The general integral of the first kind with parameters er 0; <r, , 
for z 2 — (a t) 6 is ^ ( — rx 0 a x t) d t / zt, or, in homogeneous form 
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with t — 
where 


is §(?t) ( tdt)/st . Hence, dv — ad.Uf\- du* 

J r, — z, fs,z, 

I dv 2 , 


Vi and iu being the normal integrals of the first kind. 

42. Theta relations as projective relations. In the 
"•'iLV'- 1 -- sections the theta functions of genus two have 
been connected with the projective figures: Pe (cf. 35)- six 
points on a line; Q%, y (cf. 36), six points in S 3 , and y 
a point on the Weddle surface: and Ra, O (cf. 39 - 4°) six 
points in the plane on a conic with a seventh point O in 
general position. The coordinates of the points in such sets 
are related by a variety of determinant identities. The ratio 
of two terms in such an identity can be expressed in terms 
of double ratios determined by the projective figures. On 
the other hand (cf. 30) the theta functions are subject to 
a variety of relations which essentially are identical with 
the projective relations which are consequences of the deter- 
minant identities. We give here the formulae by which the 
transition from one type of relation to the other can be 
effected. 

' 1 ‘ with the modular relations (30 V, VI) let 
Pf = Z>t , ■ ■ *, p« he a planar six-point with determinants 
\ijk | = \pi, Pj, Pk I; and let 

(I) &ijk === U'lmn == £ tjk e lmn ^ j ^ j 


The relations V then show that these zero values of the even 
thetas define JP& protectively (cf. 40 (6)) since the determinant 
products satisfy the same .linear relations as the &tjk namely 

( — 1 Y e ijk e lmn I ijk\ 1 1 m n | + (— l) fc 1 e kmn f ijl | | kmn\ 

_j_ ( — 1 y Sm s Jmn \ i~ki \ |y mn\ 4* ( — l) 1 ' e jkl f lMn \jk 1 1 I im n [ = 0. 
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Since the modular functions depend on three moduli and 
p| depends on four absolute constants the six points are 
subject to some relation. On substituting from (1) in 30 VI 
and comparing the result with 16 (5) it is clear that the 
set Pi is self-associated and therefore on a conic. Thus 
of the 15 relations V only five are independent, and of the 15 
additional relations VI one is sufficient to imply to others. 
If the conic on Pf is taken in the normal form 

x 0 : Xi : = t s : t : 1, 

and if the point has the parameter t = e*, then | ijk \ = (ijk) 
(cf. 30 (9), ( 10 ) (14)). The relations VI then reduce to the 
binary identities 30 VI 0 and the relations V to the determinant 
identities 30 V°. It should be emphasized however that the 
P| thus defined on a conic is not projective to the set P| 
mentioned above. The distinction between the two is brought 
out later (cf. p. 155). 

In the discussion of the set Q% y it is more convenient to 
use the theta relations 30 1°, * * •, IX 0 as revised by Schottky. 
Since is associated with Pi determined by t — e% (i == 1 , • • * , 6) 
the quaternary determinants are proportional to the binary 
differences and we set 

(2) | ij Jc 1 1 = Sjjklmn (mi 71). 

The quaternary identities then are satisfied by virtue of the 
binary identities. In harmony with Schottky’s definition 
(37 (1)) of Pyfc, the section of the Weddle surface by the 
plane on q{, qj, q k , we set 

(3) 1 ijJcy\ — (l m n ) o* (it) aj (it) <r fc (it) <r, Jk (it) 

where as before 

(Imn) — ( lm ) ( l n) ( mn ) = (ei — e m ) (ei — e n ) (e m — e n ) . 

The relations 1°, VII s , VIII° are then consequences respect- 
ively of the determinant identities: 
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|234 2 /i 1 156 */| — |134y| \2b6y\ 

+ |1242/| [3562/1 — |123y|j456 y\ = 0, 
|2356||156?/i — ] 1356 1! 2562/! + |l266|l856yt = 0, 
|1262/||3462/1 — ]136 2/) 12462/1 + 12362/1 1 1462/) = 0. 

The other relations involve the odd functions whose squares 
are to be identified with the cones Gi with vertex at qi and 
on C s . Expressions for these cones are obtained from IX ° . 
Taking IX ° in the form 

0m (u) o 184 («) — tr 135 (u) ff 124 (it) = ± (23) (45) oi (a) <r 6 (u) 


and multiplying by oj 2 a 2 <x 8 tr 4 <r g to introduce the determinants, 
the cone G x is obtained, and in conformity with this result 
we set in general 

G % — \ikmn\ \ijln\ \iTcly\ \tjmy\ 

(4) — \ij mn\\ihln\ \ikmi/\\ijly\ 

= (Jkl mn) ■ II ■ a~(u). 


The apolary invariant, gijk, of the pair of points qj, qk with 
respect to the cone Gi is 

(a) == e jklmn 0 ^0 Q m w)* 


The relation connecting four of these cones is therefore 


(b) 


ejklmn (i m n) Gi + e mmn (j m n) Gj 

+ tijimn (k mn)Gk-\- eijkmn {l m n) Gi — 0. 


This is a projective quaternary relation if (imn) — • • . 
are modified by using (2). If in the project i\o relation (b) 
the Gi are replaced by <r| (u) from (4), the theta relation II 0 
is obtained in the form 

(c) (j k l) <r? (u) — (iTeQcf («) + (ijl) a* (ii) — (ijk) of («) = 0. 

Projective relations connecting the pairs of planes on Qs and 
the cones may be similarly established and similarly trans- 
lated to obtain the theta relations 111° and IV°. Thus the 
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transference formulae (2), (30, (4) suffice to establish the 
identity of the' projective relations with the theta relations. 

"We consider now the set which -consists of the six 
branch points Bl and the node 0 = r 7 of the hyperelliptic 
curve H%. It was noted in 39 that this set jR? is associated 
with the set Q? — Ql, y determined by a point y on W 
whence 

(d) ] ij Tc I j = fijklmnl j m n1\ , \ijky\ = E ijkl Imn \ l m n \ . 

Comparing this with (2) we can set 

(e) | m n 7 j = (run) 

which states merely that the lines from r 7 to r lf • • • , r e are 
projective to the fundamental binary sextic. Then according 
to (1) 

(5) = _ e m e lmn \ij 7| \ikl\ \jkl\ \lml\ \lnl\\mnl\. 

From (3) and (d) there follows 

| ijk | | Imn | — (Imn) ( ijk ) -12 • a ijk * 

If IT be deleted from the squares of the cr(?<)’s as a factor 
of proportionality and if the <r’s be replaced by the TPs 
[cf. 30 (10), (1 1) and (5) above] then 

( 6 ) *bc (*0 = £ ijk £ tmn \ijTt\\lmn\. 

Again if (d) be applied to G { in (4) the factors e cancel 
and Gi becomes after deleting n and passing to •#! (u) 
(cf. 30 ( 10 ), (11)) 

Si — [^77 1 \km'l\ \ jmn\ |A7«j — \kll\ \ jml\ \ jln\ \kmn\ 
— ( jklmn ) 1/2 • &i (u) . 

In this (jklmn) — ( jk ) • • * (mn) is to be evaluated for the 
plane from (e). Hence by virtue of (5), (6), (7) the theta 
relations 30 I, — , IX are satisfied by the planar set jS?. 
The coordinates of the six branch points 7$ can be rationally 
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obtained in terms of the irrational invariants [ i j 7c ! Imn 
(cf. 17 I p. 197). When these are located the double ratios 
of the six lines r 7 — r x ,--- ? r 6 can be rationally obtained 
from (5) (cf. 15 ) and r 7 = O thereby is rationally determined. 
Thus the branch points and node of Hi are expressed ration- 
ally in terms of the theta and modular functions. For vari- 
ation of u the projectively distinct but birationally equivalent 
types of Hi are obtained. The oc 2 sets of six branch points 
are those sets on a conic for which there exists a point r 7 
with given fundamental sextic (cf. the interpretation of 40 (5)). 

It is possible also to satisfy the theta relations b}" equating 
the theta squares to binary quadratics since in 4 1 the co- 
ordinates of the nodes and tropes of the Kumnier surface 
are given in terms of the coefficients of such quadratics. 



CHAPTER IV 


GEOMETRIC APPLICATIONS 
OF THE FUNCTIONS OF GENUS THREE 

The theta functions of genus three are defined by a period 
scheme -which is determined by the normal integrals of the 
first kind attached to an algebraic curve of genus three. 
The canonical curve of genus three is a planar quartic curve 
whose 28 double tangents are associated with the 28 odd 
theta functions of first order. This double tangent configuration 
is determined by an Aronhold set of seven double tangents 
or dually by an Aronhold set of seven points, JP 7 . The 36 even 
theta functions of the first order are associated with systems 
of contact cubics (cf. 14 )- By proper mapping the contacts 
become the plane sections of a space sextic, the locus of nodes 
of the net of quadrics on a self-associated set of points, Ql . 
The purpose of this chapter is to obtain parametric expressions 
for the coordinates of the sets of points, JP 7 and Ql, in terms 
of theta modular functions and to show that the transition 
to congruent sets under Cremona transformation is due to 
period transformation of the functions. With respect to such 
transformation the irrational Gopel invariants of the quartic 
curve play a fundamental part. For later geometric study 
of the functions of genus four Cayley’s dianodal surface is 
important. Schottky has given an interesting parametric 
equation of this surface which may be utilized to study the 
nature of the section of the generalized Hummer surface 
~ 3) by one of its 64 contact sections, 1 . e., the extension 
of the conic on a trope of the Kummer surface. 

43. Tfie figure, of seven coplanar points. The types 
of Cremona transformations under which a set JP? = jpi, • • -,p 7 
may be congruent to a set Q? = q 1} • - q 7 are listed in 6 (10). 
These types divide into pairs C 0 , -D s ; A s , JD 7 ; B z , D e ; C±, D 5 
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and C 6 , D±. In any pair either type is the product of the 
other and the symmetrical type D s . With respect to D s we 
prove that 

(1) If two sets P 7 , Qr are cony) unit under D 8 with directions 
at pi (or)cspondiny to the principal curve P(g? q. — q 0 ) s 
and vice versa then Pi, Qr are ptojective in the natural 

order. 

Let K(p) be an elliptic cubic on P 7 with canonical elliptic 
parameter u (i. e., u t + u s + u 3 = 0 is the collinear condition) 
and with parameters ?n, • • - , u 7 for Pf. Then K(p) is trans- 
formed by D s into a cubic K{q) on Qr and x{u) on K(p) is 
transformed into x' (u) on K(q). Since the direction at q, on 
X(q) arises from the intersection with K(p) outside P 7 of 
the P-curve of qt, the parameter of qt on K{q) is — u t — a 
(o’ = «!+••• +«?)• Three points u, v, w of K( q) are on 
a line if u. v,w on K(p) are on an octavic with triple points 
at P 7 , i. e., if u -f- v + iv + 3 a = 0 . To restore the canonical 
parameter on K{q) let u' — u-\-<r and then Q? has canonical 
parameters — u'i, •••. — w 7 . Since K(p) and K(q) are bi- 
rationally equivalent there is a collineation which transforms 
K(p) into X(q) with x(ii) passing into x' («') . Also there is 
a collineation which leaves K(q) unaltered and sends the 
point u! into — u r . Hence Qr on K{q) is projective to P 7 on K(p). 
The argument used here is essentially the same as that by 
which the generator of the group e»i,fc(cf. 15 (5)) was obtained. 

The number of sets Qr congruent '*n some order to Pr is 
the number of ways in which Cremona transformations of the 
above types can be selected with P-points in P 7 , i. e., 2 for 

sQ for A„, A; and 8 (J) (®), 2 ({) Q, sQ for 

the remaining pairs, or 2. 288 in all. Since congruence under 
D s implies projectivity only 288 are protectively distinct. 
Hence 

(2) There are 7! 288 protectively distinct ordered sets congvumt 

to a given set Pr. These ordered sets map as in 7(1) 
into 7! 288 points in conjugate unde r the Cremona 
group C? 7,2 in -2 6 . The linear group gr ,2 (cf. 6 (2)) is in 
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2 to 1 isomorphism, with 6r7,2 with the invariant element 
of gi ,2 arising from Ds corresponding to the identity in <?7,2. 

The set P 7 2 has 56 P-curves: 7 sets of directions P(i)°; 
21 lines P {if ) 1 ; 21 conics P (tj k l mf-, and 7 cubics 

P{i 3 jklmno) s . They divide into 28 pairs each pair making up 
a cubic of the net K on P7 2 . We set D t & — Piif -P{f jklmno'f 
and Dtj = P(Jf) l -P (Jclmnof. Since these comprise all the 
degenerate cubics of the net on P7 2 , this division into pairs 
is invariant under transformation to congruent sets. 

The set P7 2 has 63 discriminant conditions: 21 of type 
dtj — didmnos = 0 which express the coincidence of pi,pj in 
some direction; 35 of type — di mno = 0 which express 
that Pi,pj,Pk are collinear; and 7 of type dm — d jklmno = 0 
which express that the six points other than pi are on a conic. 
We proceed to identify the 28 pairs D,j (i, j — 1 , ■ • ■ , 8) of 
P-curves with the double points of a general quartic envelope 
P 4 and the 63 discriminant conditions d = 0 with the ir- 
rational factors of the discriminant of P 4 . 

Since Q 7 , congruent to P7 2 under D s , is projective to P? 
the sets and P7 2 may be taken as superposed and Ds then 
becomes a transformation I . The square of I is the identity 
since, under J 2 , P(i)° is invariant. The involutorial trans- 
formation I carries the net K of cubics on P 7 2 into itself 
and interchanges the parts of a degenerate cubic Dy. Within 
this net K, either every cubic is invariant or else there is 
a pencil of invariant rubies and one invariant cubic not in 
the pencil. Sinee 27 of the invariant cubics can not lie 
in a pencil, every cubic in K is invariant. The pencil of 
invariant cubics on x must pass through the - partner x ’ of x 
under I. Thus I is the Greiser involution (cf. 62 p. 122) of 
pairs which with P 7 a make up the base points of a pencil 
of cubics. 

If x' coincides with x along some direction, the pencil on x 
has contact at x and some member of the pencil has a node 
at x. The converse is true also, and the locus of fixed points 
of I is the jaeobian, J 6 , of the net K, the locus of nodes 
of the net, -a sextic of genus three with nodes at P 7 . The 
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directions at p t on the P-curve P (rjklmnoY are self-corres- 
ponding and are the directions at pi on J 6 which passes 
also through the intersections of Pdj ) 1 and PQdmnof . 
A line £ is transformed by I into an octavic which meets 3F 
in the six points common to £ and J 6 and in the one further 
pair of corresponding points x, x' on As ? revolves about 
a point y the pair of J on ? runs over a curve which passes 
once through y for ? = yy' and once through pi for '§ — ypi. 
The curve is therefore a cubic of the net K, say Kip), 
which has an equation of the form (ax)- \uxy\ — 0. Thus 
the pairs of I form the principal coincidence of a connex 
(1,2), ( ccxY (a?) = 0, (x?) = 0 (cf. 50 II 1 p.411). The four 
tangents from y to K(y) are the lines £ on y on which the 
pair x, x' coincide at x on J 6 whence the locus of lines £ 
on which the involutorial pair is coincident is a quartie 
envelope E 4 of class four and genus three birationally equi- 
valent to J 6 . Two of these four tangents from y coincide 
only when K(y) has a node and the four coincide into two 
pairs only when K(y) is binodal and 'therefore degenerate. 
Thus the 28 double points of E i arise from the points y 
attached to the 28 cubics D,j. On Dm the lines £ joining 
pairs of I are on y =pt, i. e., E 4 has nodes at P7 2 . On As 
the node y of E 4 is constructed as follows. If x is the meet 
of P(12) x and PC84) 1 , its partner x' is the meet of the conics 
P(S4567) 2 , P(12567) 2 outside p 5 , p e , p- which is rationally 
known. The line £ on x, x' meets P(34567) 2 in y = di 3 , 
a node of E 4 . Hence the 21 remaining nodes of E 4 are 
each rationally known and linearly constructible when the 
seven nodes P? 2 are given. Since P 2 has 6 absolute pro- 
jective constants, E 4 must also have 6 absolute constants 
and be a projectively general envelope. Otherwise E 4 would 
arise from infinitely many sets P? and have infinitely many 
nodes. It will appear in the next section that any three of 
the nodes in P? are azygetie (cf. 14 ) and thus that P7 2 is 
an Aronhold set of 7 nodes. 

If Q 7 is congruent to P7 2 under Cremona transformation T 
other than J, the net of cubics K on P 2 is transformed into 
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the net K' on Q~ and the nodal locus J G of K into the 
nodal locus J ' 6 of K\ Since J 6 and J' & are thus biration- 
ally equivalent, the envelopes E i , P ' 4 defined by P 7 2 , Q 7 are 
also birationally equivalent and therefore (as canonical curves 
of genus three) are projective. The collineation which carries 
p ' 4 into P 4 carries the Aronhold set of nodes Q 2 of P ' 4 into 
an Aronhold set of P 4 which is different from P 7 2 since 
P 7 2 , Q 7 are not projective. Hence 

( 8 ) The 288 sets P 7 2 congruent in some order to a given set 
are projective to the 288 Aronhold sets of seven nodes of 
the guartic envelope P 4 . The Cremona group G 7,2 in -S 6 
(cf. (2)) is the Galois group in the problem of the deter- 
mination of the 28 double tangents of a planar guartic 
curve (the dual of E 4 ). 

In particular under the quadratic transformation A t j k the 
nodes di$, d m 8 , d nS , d 0 s of P ' 4 arise from the like named 
nodes of P 4 but the nodes di&, djs, dm of P ' 4 arise from 
the nodes djk, ck k , d t j respectively of E 4 . The collineation 
mentioned carries the points q z , • q 0 of Q 7 into the nodes 
djk, dtk, dij, dig, •*•, d 0 8 of E 4 . Since the three inverse 
P-points of a quadratic transformation are each rationally 
known when the three direct P-points and four corresponding 
pairs are given there follows: 

(4) The geometric relations among the 28 nodes of a general 
guartic envelope are consequences of the theorem that (with 
given nodes dis, • • d 0 s) the quadratic hanfon, a with 
fixed points die, • • *, d 0 & and F-points di&, dj$, dm has 
inverse F-points djk, ckk, dtj. 

Some of the congruence properties of the nodes (cf. 17 II 
pp. 357-9) are derived by Conner 26 by projection from one 
of the 8 base points of a net of quadrics. 

If the discriminant condition d 78 = 0 is satisfied the conic, 
P (12 . ■ • 6 ) a , factors twice from the octavies which corre- 
spond to line sections under J, and once from J 6 . The 
involution I is tlien of the fourth order with a curve Hi of 
fixed points with node at p 7 and branch points at p x , — , p e . 
The envelope E 4 is the doubly covered pencil of lines on jp 7 
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with branch lines on jh, • • • . (cf . 35 pp. 125-6). If d 5l „ = 0. 
the line P(567) 1 factors once from the octavics and once 
from J 6 . Then E* has Pipe ?) 1 as a double line. If d 67 = 0, 
i. e. if z >7 coincides Avith p e> along the line ?, J 6 has a triple 
point at p & with £ as one tangent and E* has $ as a double 
tangent. Thus the discriminant factors of Pf are the con- 
ditions that the genus of E 4, shall be reduced and they there- 
fore are factors of the discriminant of E 4 . These special 
cases are perhaps more conveniently studied by mapping the 
pairs of I upon the points of a plane S (y) by means of the 
netiT (cf. so p. 412 (16)). J 6 maps upon a quartic curve C* pro- 
jective to E A and the eubics D v - upon the double tangents of C*. 

In order to identify the group Grp with the group of period 
transformations, reduced mod. 2 , let the discriminant factors 
S v - k i be identified Avith the half periods P y -, P V ki respect- 
ively (23(5)); and the pairs of P-curves Dy with the odd 
functions &ij (cf. 25 ( 1 )). The group G(2) is generated by 
a conjugate set of involutions Pj, pjki (22 ( 10 )) and the effect 
of I,j is merely to interchange subscript.- i and .7 (25 (4)). We 
identify hj (i, j — 1, •••, 7) with the transposition of pj 
and Ifjks with the quadratic transformation Apk- The planar 
permutations thus effected on 3 iJk i and on Z> y - are precisely 
those effected by the corresponding involutions of G (2) upon 
P y , P,jm and upon y v - whence G 7 , 2 and G ( 2 ) are simply 
isomorphic. 

44. The figure, Q|, of eight self-associated points 
in space. If eight points in space, Ql, are self-associated, 
the bilinear identity (16 ( 2 )) connecting the set with its 
associated set becomes an identity connecting the squares of 
• the eight jfoints whence quadrics on seven of the points pass 
also through the eighth and the eight are the base points of 
a net of quadrics. This net and its relation to the planar 
quartic curve has been discussed in 14 • We consider here 
more particularly the congruence properties of <?!. 

According to 16 (b) for r— 1 , s = 0 , the projection of 
q u • - - , q 7 from q 8 is a planar set P 7 whose associated set in 
space is Q 7 = q v • • q 7 . If Q 3 7 is congruent to Q ' 3 under the 
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regular cubic transformation A v h ( i,j , k, l — 1, 7) the net 

of quadrics on Q® is transformed into the net on Qi, whence 
the eighth base point q s determined by Q? is transformed into 
the eighth base point qs determined by Q'\ Under regular 
transformation in space Q~ is congruent to 288 protectively 
distinct sets For according to 16 (8) the association of 
the planar set P7 2 and the spatial set Q® is unaltered when 
the two sets are replaced by their congruent sets under re- 
spectively Ajjk and Ai mn0 . Thus to each type of Cremona trans- 
formation in the plane with 7 or less F-points there corre- 
sponds in space a type of regular Cremona transformation 
with 7 or less F-points. To the types with 6 or less F-points 
given in 36(5) we add those with 7 F-points: 
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As for the planar case P? there are here 288.2 possible types 
of congruence. Since in the plane congruence under Ds implies 
projectivity (cf. 43 (1)) then in space congruence under some T 
must imply projectivity. From symmetry this T must be F ls . 
A direct verification follows from the product formulae: 

Fg = A$Qf - A.284 ■ Aigg • A \ 27 • A$47 • (127) (34) (56); 

T lb — Ansi • Ai567 * A % 847 • A^q * Aigsg • (127) (84) (56). 
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These formulae are cheeked by observing that, for example, 
under the product £> s the P-curve P(l)° passes successively 
into P(l)°, P(l)°, P(56)\ P( 12567) 2 , P(1234567 2 ) 8 , P(l s 23456 7)1 
This check for each P(if is sufficient. Hence 

(3) If tico sets Qa are congruent under T lb icith directions 

at qi f <n I “ponding to the principal surface P (qf qj • ■ • qf ) 4 
and vice versa then ($, Q 7 3 are projective in the natural order. 
The 7! 288 /nojitintly distinct ordered sets Q 7 i augment to 
a given set Q 7 map, as m 7(1) into 7! 288 points in ^ 
< oii/ngafe under the Cremona group G-^z — The linear 

group gifi, simply <■' • •< icith <77 o, is in 2 to 1 isomorphism 

icith & 7 , 3 . 

If Qi, 'Qa, congruent under T 15 and therefore projective, 
are superposed, the square of T lb is the identity and T lb is 
an involutorial transformation I 15 . The set Q 7 has 2-63 
P-surfaces which pair off under I 1 ' 0 into the 63 pairs: 

4* — A Jjanwo = P(t)° • P(pf ••• o 2 )*; 

(4) A lJk s = A lmu0 = PQjhf • P(y kl s ... 0 s ) 3 ; 

Ay = A klmnoS = P(P7c ... o) 3 - P(j s k ■ ■ ■ of. 

These pairs comprise all degenerate quartic surfaces with 
nodes at Q] and the pairing is invariant under transformation 
to Q?. The set Q 7 defines also 28 rational curves which 
play the part of P-curves of the second kind for the trans- 
formations (1) and 36 (5). They comprise the 21 lines and 
7 cubic curves: 

(5) Fg = Fa = F(jk • - • of. 

The involution P 5 carries the net of quadrics on into 
itself whence q a is a fixed point of J 16 . The linear trans- 
formation effected by P 5 within this net is the identity. For 
it is easily verified from the product expression ( 2 ) that each 
of the curves Fq is invariant under J 15 whence the pencil 
of quadrics on each curve F,j is invariant. The common 
member of any two of these pencils must be invariant and 
therefore every quadric of the net is invariant. Each of 
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the so 2 elliptic quartic curves C* on Qi, and. therefore on 
Ql = Ql q S} as the base curve of a pencil in the net, is 
invariant under I 15 . If A. 0) A u A 2 are three quadrics which 
define the net, then 

( 6 ) J£Ja?jAiAj = 0 (hJ — 0 , 1 , 2 ) 

is a system (oo 5 ) of syzygetic 8-nodal quartic surfaces with 
nodes at Q%. Each surface of this system is invariant. More- 
over Aij in (4) is a quartic surface invariant under J 15 with 
nodes at Q? but not on q s . Hence the linear system (oo 6 ) 
of all quartic surfaces with nodes at Q? is 

(7) a B -f- a tJ Ai Aj = 0 

where B is any surface of the system not on q s . Each sur- 
face of the system (7) is invariant under I n . If then C 4 
is an elliptic quartic curve on Qt with canonical elliptic 
parameter u and with iq, •• ., m 8 (<r — itj-f- • • • -f- u s = 0) 
as parameters of Qs, the involution on C 4 cut out by the 
system (7), and therefore by I v % is u- f ?/= 2u s . The fixed 
points, for which 2 u = 2 u s , are n s — q 8 , or u 8 a>j2, 
Ms+« a /2, ?< 8 4- (®i ■+ w 2 )/2. If r g is one of the last three, 
we define the eight points i?| = Q?, r 8 to be a half-period 
set of eight points. The sum of the canonical elliptic para- 
meters of such a half period set on the unique (7 4 through 
it is a proper elliptic half period. All surfaces (7) on r 8 
touch <7 4 at r$ whence there is a system ( oo s ) of surfaces (7) 
with a node at r 8 . If Ao, A x are two quadries of the net 
on r s , this system has the form 

(8) aB -f- Oqq Aq -f- 2 ccoi Ao A\ -f- an. At = 0 . 

The members of this system fox which, k ^ 0 are azygetic 
8-nodal quartic surfaces. We observe that quartic surfaces 
with eight given nodes apparently lie in a system ( oo a ). But 
the G i on the eight nodes must contain the eight points, either 
as a half period set (one condition on Bl), or as a self-asso- 
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ciated set (three conditions on Q|). Thus the conditions on 
the nodes relieve the conditions on the surface and the system 
is either ( oo 3 ) as in ( 8 ) or ( oo 3 ) as in ( 6 ). If 2? has nodes 
at the system (oo 3 ), AB-\-X 0 A 2 2 Al, has at 
least one member in common with ( 8 ) whence r s is on the 
Jacobian J(B, A 0 , A x , A s ). This sextic surface is Cayley's 
•‘dianode” (cf . 11 p. 35). As the locus of the eighth node 
of azygetic quartic surfaces with nodes at Qr it must be 
transformed by Ayki into the dianode determined by the 
congruent set and hence must have triple points at Q~. As 
the locus of fixed points of J 13 other than q 8 it must have 
the same tangent cone at q, (i = 1 , • • 7) as the P-surface 
P(i s j s k* ■■■ o 2 ) 4 . Since the matrix of J determined by A«, 
A x , A-2 vanishes on the nodal locus C G (y) of the net (cf. 14 ), 
the dianode contains C 6 (y). An elliptic quartic C 4 on Qr 
is on four nodal quadrics with nodes on C & (y) . The three 
reflections in the pairs of opposite edges of the tetrahedron 
of these nodes carries q 8 into the three points in which C 4 
cuts the dianode outside Qr. If C 4 is nodal with node on 
C 0 (y) it cuts the dianode in one further point, and if binodal 
is contained in part at least on the dianome. Thus the 
dianode contains the 28 P- curves (5). A parametric ex- 
pression for the dianode is given in 48 . 

The relation of the set Qr to the double tangent problem 
is precisely similar to that of its associated set P 7 (cf . 30 
§ 7). This becomes evident under projection from q 8 . The 
oo 2 curves C 4 project into the net of cubic curves on P 7 
and the nodal locus C e (y) projects into J®. The 28 degenerate 
curves C 4 project into the 28 degenerate cubics on P? each 
associated with a double point of the quartic envelope P 4 . 
From this point of view a full discussion has been given 
by Conner 28 . 

The eight sets of seven points found in the self-associated Ql 
are congruent Qr' s. For, under the transformation T 1 in 
36 (5), in its involutorial form V, the set q x , • - • , q&, qr is 
congruent to q x , • • • , q 6 , q & . The 288 projeetively distinct 
sets Qr congruent to a given set are then presumably found 
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in 36 congruent self-associated sets Qt. This is a consequence 
of the theorem: 

(9) The sets Q& and Q,s* congruent to the self- associated set 
Q% unde)' Aijia and A mno p • ■ ■ ■ ; • > are projective to each 
other. 

For, according to 15 (5) the self- associated set Qt on an 
elliptic C 4 with canonical parameters u 1} • ••, us is congruent 
under J.13S4 to a set Qs on the same curve with parameters 

u[ — m — C1234/2, iij uj - f <rim/2 

(i = 1, — •, 4; j = 5, • • *. 8; <r 12S4 = + ■ • • + «4)- 

Under Aers the set Qg 3 is projective to 

Hi == JO -|- 0"5678 / 2 , ~ W/ °5678 / 2. 

Since oi 2S4 4- ossts = 0, g 18Z J2 == — a 6678 /2 + co/2. Hence 
Qs 8 and Q& 3 on C i are projective under the eollineation on 
<7* whose parametric equation is u'~u~ f o>/2. 

Thus in transforming Ql into projectively distinct congruent 
sets Qs it is sufficient to replace Atjus hy Aim.no . Only such 
sets Qs will be obtained as arise from congruent Q?’s and 
the 288 cnnzrnoTit Q?’s are distributed, as noted earlier, into 
36 congruent Qg’s. Hence 

(10) The Cremona group Gs,z in 2 9 determined hy a general set Qs 
is infinite and discontinuous. In 2 9 there is a manifold M e , 
the map of lf-n..i, hit, >7 Q$s, which is invariant under 
Gk,s and upon which the infinite G$,z appears as a finite 
group f& i86. This fs ise is the factor group of an infinite 
invariant subgroup of G %, 3 which leaves each point of Mr 

unaltered. 

The constitution of this infinite invariant subgroup of Gs, 3 
is determined in ( 17 II (44) p. 377). The factor group /g.se is 
evidently the double tangent group. The manifold M G is 
rational. For, if Q? is represented by a point in 2 e , the eighth 
base point g 8 is rationally known from the involution J 7 
determined by Ql and thus Q|, and the point on M & which 
corresponds to the point on 2 e , is determined. 
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The transformation from Ql to congruent Q'i carries the 
net of quadrics on Ql into the net on Qs and the nodal 
locus C 6 (y) of the one net into the nodal locus C ,h (y) 
of the other. Plane sections of each nodal locus corre- 
spond to contacts of azygetic systems of contact cubics of 
the birationally • equivalent planar quartie. The 36 azygetic 
systems of contacts are therefore represented on C 6 (y) itself 
by first the plane sections, and second the sections by the 
homaloidal web (Jr j % A 2 Z 2 ) s which coincide with those of the 
web (m s n~ o a Hence though the number of regular 

homaloidal webs determined by Ql is infinite they cut out 
on C*(y) only 36 ,^’s. The section of C 6 (y) by the plane 
P(234) 1 corresponds to the section of the quartie by the 
azygetic triad of double tangents, d Si , d Si , d a3 . Under J. la34 
this triad corresponds to d 12 , d x3 , d i4c which therefore is also 
azygetic. Thus the seven nodes d ls . • • • , d 78 of the quartie 
envelope E 4 attached to Pi are an azygetic set. 

The special character of the self-associated Ql is reflected 
in the fact that it possesses only a finite number of dis- 
criminant conditions. These are first the 28 of type = 0 
which expresses coincidence of q t , qy, and second the 35 of 
type djjici = 6 mnop — 0 which express that four points are 
coplanar. For, if q-i, •••, qi are coplanar, one quadric on 
Ql must contain this plane as a factor and q m , q P are 
on the plane determined by the other factor. Also d 12S4 is 
transformed by into the condition that the quadric with 
node at g 4 is on q l} q a , q a , q a , q Q , q 7 , while d 5e78 = d lsSi 
is transformed into <5 48 ; etc. Thus further discriminant con- 
ditions coalesce with the 63 mentioned. 

45 . Theta relations (p = 3). In the case p — 3 with 
28 odd functions — &ij (u) and 36 even functions ■d-ijki 
= Amnop — Atjki («), we set (cf. 28 (1), ( 6 )) &ij!d (0) = Cyki and 
also attach to each odd function -5-y a constant cy. Later the c’s 
are replaced by the 63 constants ey, e y -ia — e mn op • This transi- 
tion to constants e leads to simpler results for such products 
of constants c as have a greater number of distinct factors. 
A few relations of this type will suffice for the applications in 46 . 
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We begin therefore with products of like characteristic 
P 7S rather than with the theta squares of characteristic zero. 
Of the 32 products of this sort only 16 have factors of like 
parity namely 

(1) pi = &i7 &181 Pijk == Plmn == ^y'feS (.hji * ■ * == 1, • * •? 6). 

These products behave like the 16 theta squares for p — 2 
in the following respects: they are even; only four are line- 
arly independent (cf. 20 (9)) ; the first six vanish for u — 0 
and the last ten do not. Moreover under addition of the 
half periods formed with indices 1, • • 6 their behavior is 
the same as that of the theta squares (p = 2). But these 
properties just mentioned were sufficient to establish the 
relations 30 I, • • - , VI. From VI there is then obtained 

(A) -s± Ck 457 C«458 C tt 467 C«468 ~ 0 (« = 1, 2, 3). 

Let n,j denote the initial term (linear in the variables 
?<i , Ms , ?< s ) of the development of -& v (u ) ; and let 

(2) Ujj = C/j v,j . 

In the relation similar to that of 30 II namely 

(3) —a i C«567 c«568 al v^«8 — 0 (a = !,•••, 4) 
let u he increased by the half period P 5S . Then 

± Ca567 C«568 v*a578 &a5 — 0 . 

The initial terms then yield 

(B) zb (-cc567 Ca56S C«578 C«5 v a~o = 0 (ft = 1, • • •, 4). 

We prove also the further relation connecting these initial 
terms, 

(C) zb (c«467 Cams Ccc5S7 c n:568 C«457 c«458 Cca C‘a8 Van Vas) 1 ^ = 0 

(ft = 1, 2, 3). 

An algebraie lemma is necessary (cf . es p. 256) : 

(4) If 2 n linear homogeneous functions x 1} ■ ■ x 2n of n vari- 
ables satisfy an identical relation ... -fg 2 n x\ n = 0, 
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and if A x x x -\- -\-A n +ix n + 1 = 0 I?i at -j- 

• • ‘ -j- Bn Xn ~1~ n-i-2 Xii-f-2 == 0 then J.1 (J\ -j- - - • -f* An--1. (j,i — i 

— 0 and Ax B x f • • * ~i“ A, L B n ! g n = 0. 

For, the given identity states that the quadric 

Q = 9x sc x~ i r ~^~9n+l x n+l =z ^9 n-\-% X ~n~‘l "4 ^ 3* »* 7 2») = ® 

in the underlying space 8 n - x has a node at x n + 2 = • ■ • = x 2n — 0. 
But Q in S n -i has a node if Q, as a quadric in S n with 

variables or, • • • , x n ±\, touches the S n —i, Aix x -\ \- A n + x x n -i = 0. 

The dual form of Q in S n is ?!/ gx -j- ¥i-ri/ffn~i = 0 

and it touches ? = A if At/ffif ••• + = 0. 

Secondly the quadric 

Q' =g x xl-\ f ff n xl == — (g n +iocl +1 -{- 

in S,i — i has x n +i, - • •, x 2n as a self-polar w-edron. The pair 
of &j- 2 ’s, x n +i — 0, x,i+s = 0, is then apolar to Q\ The 
dual form of Q' is %Vgi + • • • + t%/g n = 0 and the apolarity 
condition of the pair, — A n +ix n +i, — B n + 2 x n + 2 , or 
A t X x ~\~ • • • + An X n , B x X x -\- ~ f- Bn Xn, is J-i B x /gi -j- 

• • * "4~ An Bn/g n == 0. 

On the transcendental side let the theta functions be of 
the abelian type derived from an algebraic curve F ( x , y) 
with contact canonical adjoin ts g ( x , y) or, for p = 3, gy (x, y) 
(i,j — 1, •• •, 8). Then (cf. °‘ s pp. 254-6; 67 pp. 271-2) for 
proper choice of the constant factors in the gy the initial 
terms uy of the odd functions Ay satisfy the same linear 
relations as the gy. Moreover for the restricted range of 
values ui, u% which arise from the normal integrals of 
the first kind taken between limits x, y\ x' , y' the odd theta 
functions can be represented by 

(5) A ap = M gap (x, y ) • g a p (x, y') j 1 ' 2 . 

If then 

f 6) Wa Ua 7 UaS 

there follows from (3) and (5) that 

(7) ± p a 56 (0) (Wa ICa) 11 ' 2 =0 (« = !,- • , 4). 
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If x' , yi is chosen, 
x, y then 

( 8 ) 


first so that wi — 0, and second equal to 

K a = 0 (« = 1 , 2, 3) ; 

± p tt56 (0) K 2 ) 2 = o (« = 1, 4). 


Thus only two of the four functions w)f are linearly in- 
dependent and according to (4) 

(9) -^a rfc K^l Pass (0) =0 (ct = 1, 2, 3). 

The same constants K a appear in (8) when the indices 56 
are replaced by 45 or 46 whence by virtue of the relations (A) 
the Ka s have values 

(10) Q Ka — pai5 (0) - Pa46 (0) ■ p<x 56 (0). 

On setting these values in (8) and applying (1), (2) the desired 
relation C is obtained. Evidently the relation C expresses 
the linear relation connecting three members of a contact 
g\ (ef. 67 pp. 244-5). 

We now replace the constants c in relations (A), (B), (C) 
by constants e from the equations 28 (1). For this a lemma 
from the finite geometry is useful. If 6? is a linear system 
of half periods P x , or their squared null spaces, and if (? is 
enlarged by adding a quadric Q a ( a and x properly chosen 
sets of subscripts) then the quadrics in the enlarged linear 
system are all of the form Q ax as x varies in Q, including 
also x = 0. 

(1 1) If Px is syzygetic with O (i. e. on all the null-spaces of 
points of (?) then Px is on all or none of the quadrics 
Qax; if Px is not syzygetic with G then Px is on just 
half of the quadrics Q a x . 

For if, in Q a -+■ Qax + P Z s 0, a is fixed and x varies 
over (? and if Px is on every null space P x then it is on 
both of Qa, Qax or on neither. Hence Px is on all or none 
of the Qax according as it is on or not on Q a . In the second 
case let P x be one of the points of G whose null space is 
not on Px. Then Pi is on just one of the pair Qa, Q ax 
and for variable « all the quadrics divide into such pairs. 
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The space G for each of the three terms in (A) is P i6 . 
P-,s, Psbts- The points P;. syzygetic with G are those in G. 
the six points P v (i.j = 1, • • 4), and the six further points 
on the line joining these to P 56 . Any other point Pi is on 
only half of the quadrics attached to the four factors and 
the (e;.) x/ - factors out of each product in the sum and divides 
out of the relation. The 15 points noted are to be tested 
out on one factor of each product. Thus c ti5: corresponds 
to Q 1457 which is not on P li} P ss , Pane, Pss »«• Hence the 
first term yields e 14 , e ss , e l45 «, e i3g6 and the relation reads: 

(A / ) 6x4 e«s 6x456 62356 it l 6x3 62453 6x356 it 634 612 63453 6x256 — - 0. 

For (B) the space G is P 7S , Pus, Per; and the syzygetic 
space, an S 3 , contains the 15 points P 67Si , P,j G,j = 1, 5). 

These 15 points tested on the factor cx 5 of the first term, 
i. e. on Qxs, yield ex 5 exexs ewts e 23 e a4 6 34 and, after factoring 
out e 56 7 8, the relation becomes 

(B ) S, it 6x5 623 e a4 634 ei37s I'xs = 0. 

In (C) the space G is the plane of P 7S . P45, P56; its syzy- 
getic space is the plane with points Px2, Pis, Pss, Pi 453. 
Ps45e , P3456, Pis • Testing these on Q iS we find that 

(O') 2 l ± e 3 3 6x456 (UX7 Vis ) 1/2 = 0 . 

From these relations others are obtained by transformation 
of the periods. Such transformations are generated by the 
involutions attached to the particular half periods, lij and 
Iijki, the first of which amounts merely to a transposition 
of the indices. The validity of the transformed relation is 
due to the fact that its proof will exactly parallel that of 
the original relation. Thus relation (A r ) is defined by the 
G-Opel line, P 68 , P 78 , Pms- There is however a Gopel line 
of type Pi278, Ps478, Psots which arises from the other by 
the transformation P- . With reference to symmetry 
in 8 indices there are then two types of relations (A') which 
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we denote by (A - 1) and (A • 2). Furthermore with reference 
to eventual application to P f and isolated index 8 there is 
a second type included in (A - 1 ) whose Gdpel line is 
Pq 7 , P ue7 . These two are indicated by (A - 1 * 1) and (A- 1*2) 
respectively. The three subtypes are: 

( A. L 1 ) €14 & 2 S #1456 ^2356 === Oj 

(A* 1,2) ^1 ^is €33 ClG7S Cl4oS === Oj 

(A. 2.1) ex 2 €34 €53 €78 it €2468 €2358 0145s €i36S === 0* 


For, the factors e and factors v peiunute under transformation 
like the points P and quadrics 0 respectively. 

The relation (B') involves the initial terms of four azygetic 
odd thetas. That involving v X s, ^28 ? v B $, v*8 is transformed 
into three new types by .Ziass? -F 1235 ? -Zi 258 « The respective 
sets of four are: 

(1) Vl$? V 2 S 3 Vss 3 ^48? (2) V 23 ? Vqx ? V 12 , ^48 5 

(3) ^18? ^28: ^38 3 ^67 i (4) V 2 $ , ^15? ^38? ^48* 

The corresponding relations are 
(B.l) -^rb^is ^2s C 24 €34 e 2 34 s Vxs — 0; 

(B. 2 ) zb Cig €14 €23 €1348 Ci 248 ^28 i Cl2 €13 €23 C;L 234 €1333 V48 := Oj 
(B.3) 2*1 zfc €23 €2348 €2358 €1345 €1245 ^18 i C23 €31 €12 €48 €58 ^67 === 0 ; 
/>¥S . «. ± C 2 8 €34 € 235 $ ^2458 Ci 34 S VxS 

(B.4) . ^4 

T A 8 ± €12 €45 €i2S5 C 0458 €1453 V 3 # ^ 0 . 

The isolation of index 8 yields 13 subtypes as follows: 


(B.1.1) Vjs , V 2 8 j V> 3 8 ? V 4 S 1 

(B.l. 2) l?! 5 ? V 25 ? i ? 35? ^45 3 

(B.l. 3) l?! 5 ? Vxs? V 17 , Vxs'j 

(B.2,1) v 2B , v B i, v 12; r 48 ; 

(B.2.2) a 2 s* ^ 12 ? ^45 5 

(B.2.3) % 8? #88 > ^7, V 12 ; 


(B.3.1) ^ 1 8? V 2 8 j V$s 7 Vq 7 ; 
(B.3.2) Vu, v 2i ? v M ? v 78 ; 

(B.3,3) v 7 s? Vii? v 7 %, Vs 4 i 

(B.3.4) Vis, Vis ? V 14 , Vss\ 

(B.4.1) V l5 , Vss, Vss, ^48 5 

(B.4.2) t?i 5 , Vss, v& 7 , v 87 m , 

(B.4.3) Vis , Vss, Vqq, 
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The relations (B.i.j) are derived by obvious permutations from 
the relations (B.i) above. The thirteen projective 1'elations 
derived from them in the next section are all distinct. 

Similarly the relation (C) on the three pairs of odd functions 
drawn from a Steiner complex yields three types of relations : 

(C.l) ^±e s s erne (t*T Vis ) 112 = 0; 

(0.2) Sf zb 0®S 014 (**14 *W) 1/2 = 0 ; 

(C.3) Si zb 0*2356 0237 S (Vl8 V al ) 112 zb ei 2 034 (i *56 I’ts ) 1 2 — 0. 

From these the following subtypes arise by the permutations 
indicated: 

(0.1.1) Vll **18, ?/*7 ^28 ? 2-37 Css 5 (C.2.1) t*io <.* 34 , 1*18 £' 24 . 1*1 4 

(C.l. 2) Vie V11 , Vae v a i , Vse v a i’i (C.2.2) 1*55 t*;s, 7*57 Vee- 1*53 l'e 7 : 

(0.1.3) Vex ^62> *71 ^*72 1 t’si Vs 2 ; (C.3.1) l*i ;i i*24j ** 2 S 2 * 14 . V gg 1*7 s : 

(C.3. 2) 1*12*34, 1*56 **78 ? **57 ** 6 S • 

46. Theta relations as projective and Cremonian 
relations on P? and Q|. In translating the theta relations 
of the preceding section into projective relations certain 
types of products of the e# and the Vij recur for which the 
following abbreviations are employed: 


(ij h l ) = etj e%k en ejk eji hi — . 

(ij •••:&?••*) = e z jc eu ejjc fyi 

Vijjcl = Vy Vik Vil Vjk Vjl Vkl — , 

Vy . ;kl ■■ — Vik Vil Vjk Vjl 


For applications to P 7 2 the following notation is employed: 

Dijk — (ijh) eijk&\ Di — 0i8 (Jklmno); 

& = *> 48 0 t 8 ( 12345 67) 2 ; = %* m Qelmno). 

If then the relations (A.1.1), (A. 1.2), (A.2.1) of 45 are 
multiplied respectively by (7; 1234), (123; 4567) (4567) e 4 a 0« 7 • 
(12; 3456) (34; 56), they become 
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(A. 1.1) D 33 - A 47 rb-D 247 As7 dr Ai7 A 27 — 0, 

(A. 1.2) A A 4 5 A 67 rb -Da Ai 5 Ae 7 dr -A A 4 5 -A67 = 0, 
(A.2.1) A db D^e -A 35 A .45 A 86 dr A.*e Ass .A 45 -As6 = 0 . 

The relation (A.1.1) then shows that the JD vk are propor- 
tional to the determinants formed from the coordinates of 
seven points, Pf, in the plane. The ratio of any two terms 
in the relation as written is a double ratio of the four 
lines from p 7 to p lt • • p 4 . The terms of this relation arise 

from the terms in 45 (A) merely by inclusion or exclusion 
of certain factors so that the double ratios of four-lines 
determined by P f are expressed in terms of the zero values 
of the even thetas in the form 

(3) dr Ci 45 S Cl 468 C2S58 Co 868 / C 245 S C246S (: 185S Cl 868 . 

The relation (A.2.1) shows that Di is the expression of de- 
gree two in the six points pj, • - p 0 whose vanishing requires 
that the six be on a conic. With the invariants Dijk and 
Di of Pi thus defined the relation (A.1.2) is a syzygy which 
can be verified protectively. 

The relations (B.i.j) now become 


(B.1.1) 

2} 

dr A 34 

Si = 

= o. 




(B.1.2) 


dr A 67 

£l5 = 

= 0, 




(B.1.3) 


dr A«7 

A A ± A$4 Si = 0 , 



(B.2.1) 

2f 

d: Disi 

^134 

D\ D± S 23 

± -Z?567 -D 123 ^4 

= 0, 


(B.2.2) 

^-1 

dr i?267 

-Z?867 

£23 dr Dm 7 -0&67 £45 — 0, 



(B.2.3) 


dr A 27 

•^345 

?e dr A 27 

-Dl20 D 2 ?07 




<v3 

•*-1 




± -^167 -£^267 -Z?i 

6 D'l = 

0, 

(B.3.1) 

dr As4 


Ae7 Ab7 

D 2 D Z ?! 




2 ? 




dt -©i D% D z D 

4 Dt ?07 = 

o. 

(B.3.2) 

dr Din 

■Dl67 D 2 47 -D 347 

D? dr ?7 =ss 

0, 


(B.3.3) 

2i 

dr -Z?ss7 

As7 

-Dl56 J?347 

A D'l ?i7 dr 

-^2 -D 7 ^34 







dr D%4& -D 345 -D 256 -Oise ?7 = 

0, 

(B.S.4) 

2$ 

dr d>256 T>237 

D% 47 J?]B4 

£12 dr A £gfl = 

0, 
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(B.4.1) 

r i £*234 £*135 £*145 £* 1 ft £*4 ±2 5 








■+■ -^3 =t £*467 £*145 £*245 £*4 

£3 

= 0. 

(B.4.2) 

4±a* 

r £*267 

' £*234 

£*u £*7 £25 





± A 57 

A 57 

D 347 

£*5 £*7 £<37 zt £*134 

ftsi £^ 12 ; 

i §7 

= 0, 

(B.4.3) 

4±A5< 

' £*247 

-£*237 

£25 4” zb £*147 

£*247 £*307 

*46 

= 0. 


These are verified most easily by replacing the As and 
S’s from (2) and removing the common factor to obtain 
45 (B.l), • - (B.4). 

The are proportional to ih& which in turn, are proportional 
to the initial terms in u 1} u s , u B in the expansion of the odd 
thetas. We have seen that these initial terms are them- 
selves proportional to the 28 contact canonical adjoints of 
the curve of genus three, i. e., to the double points of a quartic 
envelope E 4 . If then u x , Us, u- A are interpreted as line co- 
ordinates in a plane the g t — 0 are the equations of seven 
azygetic double points of E 4 . According to (B.1.1) these 
seven points are P 2 and the E 4 is that attached to P f as 
in 43. Tor the envelope is rationally and uniquely known 
when seven azygetic nodes are given. The 21 — 0 ax*e 

then the remaining nodes of E*. They are related protectively 
to the seven given nodes and to each other as in (B.i.j). 

A similar procedure applied to the relations (C) yields: 

(C.1.1) 4± A 8T (A A JSt ?u) 1/2 = 0, 

(C.1.2) A« ($ x6 ^xt ) 1/2 = 0, 

(C.1.3) 4 dt A A 2 7 (£>1 A ?I6 he) 112 ± A« ($1 ? 2 ) 1/2 = 0 , 
(C.2.1) 4±(£ 28 !i4) 1/2 = 0, 

(C.2.2) 4±( A £5 £6t) 1/2 = 0, 

(C.3.1) 4 ± A 47 A37 (A hs hi) 112 ± &) 112 = 0, 

(C.3.2) 4 =t Am Am (A & ?5s) 1/2 ± A (A A £11 h,) 1>2 = 0. 

From these by rationalization many forms of the equation 
of E 4 are obtained but none which involve only the arbitrarily 
given points of P 2 . We observe that the double point 
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plays the role of a contravariant of P? of degree — 4 in 
pi, Pj and of degree — 3 in the coordinates of the remaining 
points. All of the theta relations (A), (B), (C) have now been 
translated into relations which are purely projective. 

The important theorem that the various Aronhold sets of 
seven nodes are congruent under Cremona transformation may 
be observed in these relations. It is sufficient to see that 
the quadratic transformation Q defined by the two P-triangles. 
h, h, and '§- 23 , hi, ’Sis, and by the fixed point will also 
have the fixed point h- Under Q the pencil of lines on h 
becomes the pencil on £ 2S in such wise that a = h h, 
b — £* h, c = £i '?4 correspond respectively to a' = hs hs, 
1/ — £ 2S ? S1 , d = S 2 3 If in this projectivity the line d = h h 
corresponds to the line d' = hn ?s, i. e., if the double ratios 
(a 6 ; cd) and d d') are equal, and if similar equal double 
ratios exist for another pair of P-points. then h is a fixed 
point. But (a &; cd) = ( a!b'-,dd ' ) is expressed in terms of 
the coordinates by 

Pt24 Pl35/Pl25 Pl34 = P2S,S1,5 P23,12,4/P23,31,4 P23,12,5 r 

and from (B. 2 . 1 ) it appears that 

Pi 1,12,4 : Pi 2, 23, 4 : P23,31,4 

= dr P124 P314 Pi • Pss4 P124 Pa * dr P314 P234 Ps • 

Prom the similar proportion with like signs in which h 
replaces h the equality of the double ratios is apparent. 

Schottky ( ss p. 279; 68 ) effects a similar translation for the 
sextic of genus three, J 6 , the locus of nodes of cubics on P|. 
Por this the canonical contact adjoints hj are to be replaced 
by the 28 degenerate cubic adjoints of J 6 . He sets 

F L2 = 6is (Vxsd) 1 ^ 2 , 

(4) &12 — (34567 j (V12 V&; S4567) 1 ' 2 , 

Pi = (1234567) ( 1 ; 234567) y 18 (u 8 ; la^ei) 1 ' 2 . 

Then (C.1.1),(C.2.1), (C.3.1), (C.3.1) of 45 multiplied respectively 
by (7; 123) (^s) 1 ' 2 , (v 8;m d) 112 , (12; 34) (1234; 7) (v 8; i 234 ) 1/2 , 
(567) s (1234; 567) (12; 34) (1234; 7) v 8;587 (v 8 , i 23 4) 1/2 yield: 
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(o) -2? zfc Dl?>1 Fyj — 0 , 

(6) -2* rb Fu Fsa 0 . 

(7) {?56 i -FlS -F24 D-2%1 Z>147 ± FlS Fu JO>\sr, D‘l¥> — 0, 

(8) Hi * Fsq dr G\% G-li J?147 Z)‘J87 dr G\i t?23 jDl87 -Z?247 = 0. 

From (5) one may infer that the jF\/ behaves like the line 
joining #*, j?/ and this is confirmed by (6). From (7) G- s q 
appears as the conic on p x , • • •• p±, j> 7 . In (8) H^-F^ appears 
as a quartic with nodes at p 5 , pe, p- and simple points at 
pi, Pi which has the line on p- a , pe as a factor whence H-,, 
the residual factor, is the cubic with node at p 7 and on 
pi, • ■ ■ , P&- The various relations, coupled with the defini- 
tions (4), give rise to a great variety of projective relations 
among these various curves. From (4) alone there is derived 
the identity in v: 

( 9 ) Fjj Fki Giu Gji — Fik Fp Gy Gja — 0 . 

This is one of a number of analogous forms into which the 
equation of the sextic J 6 can be thrown. It has however 
the extraneous factor D mno . 

The projective relations embodied in (B.i.j) can be trans- 
ferred at once from their expression above in hj into 
identities involving the degenerate cubics on P 7 by setting 

(10) — J DfJIt, p £y == F/j-Gij [? — 0>8, J234567) 1 ' 2 ] • 

This birational transformation from E* to J 6 is obtained 
from the definitions (2) and (4) of the loci involved. 

Turning to the self-associated Q| in space, with the same 
conventions as in (1), we set 

Dtjki = (ijkl) eyki; Dij — ( iklmnop ) ( i;jklmnop ); 
D — ( ijlclmnop ) (i,j, ■ - • = 1, * * 8). 

If the two types of modular relations 45 (A.l), (A.2) are 
multiplied, the first by (1234; 56) efg and then by (1234; 78)e^ g , 
the second by (12; 3456) (8 ;1 23456)® (34; 56) and then by 
(12; 3456) (7;123456) s (34; 56), they are converted into 


12 
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( A . l ) X >1456 ^2336 ± A >2456 - C ^1856 ± j ?3456 1^1256 ~ 0 , 

(A. 1) ' .£>1478 - D .2878 i -£*2478 -£*1378 ± -£*3478 -£*1278 — 0 , 

(A. 2) -Z)s, 7 i -£* 2468 -£* 2358 -£* 1458 -£*1868 i -£*1468 -£* 1868 -£* 2458 -£*2868 = 0, 
(A.2)' .£> 7, 8 ± -£*1357 -£*1467 -£*2367 -©2457 zfc £*2867 -£*2467 -£*1367 -£*1457 = 0 , 

the duplication being due to @ijkl — @7)m op* 

The relation (A.l) shows that the Diju behave like the 
determinants formed from the coordinates of eight points 
q u q 8 in space. The set Q& is protectively defined by 
the double ratios formed from the ratio of two terms in 
a relation of this type. Since (A.l) and (A.l)' arise from 
the same theta relation, the ratio of two terms in one is 
the same as that of the corresponding terms in the other 
whence 

£* 1456 £*2356 / -£>2456 £*1356 = £>1478 -£> 2378 ££*2478 £*1878 • 

This states that there is a quadric on qi, ■ ■ • , q* with 
generators q& q 8 and q 7 q s . Similarly there is a quadric on Ql 
with generators q 5 q& and q s and therefore a pencil of 
quadrics on Qs with generator q 6 q 6 . Since there must also 
be a pencil on Ql with generator q & q 7 , there must be a net 
on Ql, i. e., Ql is a self-associated set. From the form of £> S)7 
in (A.2) we infer that £* 8 , T is that invariant of degree 4 in g R 
and 2 in qi, •• •, q» whose vanishing expresses that there 
exists a quadric cone with vertex at q$ and on q lf •••, q 6 . 

Evidently the factors etj, e^ni are the discriminant factors 
of the set Qf. Thus Dijki — iijhl) e^u vanishes and q%, • • qi 
are coplanar if eyki — 0; then e mn0 p — 0 and the remaining 
four points are also coplanar. Furthermore Dijn vanishes 
if <?y == 0, i. e., if the points q % , qj coincide in some direction. 
If the quadric cone implied by the vanishing of £* 8l7 exists 
for a self-associated Ql, q 7 must coincide with q 8 and — 0. 
But the function £> 7 , s of the coordinates of Ql will also vanish 
simply if dny two of q x , • • • , ge coincide and doubly if any 
one coincides with q 8 . Thus the occurence and multiplicity 
of the factors e in (11) is accounted for. A useful relation is 

( 12 ) = £**. 



If we set 
(13) 
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E % = (i; jklmjiop), tlien 
DJD = D/Dj^ = EJEj. 

Thus the ratios of the eight E's can be expressed in terms 
of the Di,j and JD and Dij , £> 2 can in turn be expressed in 
terms of the Diju . But also the 56 £),j can be expressed 
rationally in terms of the E x , — , and JD which are con- 
nected by the relation 

(14) £> s = Ei-Et E*. 

To one deduction we shall recur, namely 

( 15 ) -Di,2 -D 2j 3 £*3,1 — £>2,1 £>3,2 = 0 . 

This is in no sense an identity. Bor given q t , • • ■ , q-, it is 
a sextic equation satisfied by the eighth base point q s . 

In order to obtain projective relations from the identities 
among the linear terms of the odd thetas, let 

P(128) = (128) (« 128 ) 1/2 , 

P( I s 23456) = (1; 23456)* (23456) (vn vwunY*, 

(16) p(1 , . . . 4 s 567 ) = (1234) 4 (1234; 567) 2 (567) (v V2&i v-^D 1 -, 
P(l 3 2 2 - - . 7 s ) = (1 ; 234567) 6 (234567)H’i;234567. 

The theta relations identify these with the P-surfaces deter- 
mined by cfr, • • •, g 7 . For if 45 (C.l), (C.2), (C.3) are multi- 
plied respectively by e 2 g (123; 78) (y 78 ) 1/2 , (1234; 5) (vim^b) 1,2 , 
(2356) (1456) (136) (246) (i\ izm) 1 ' 2 , they become 

(C.l) P 237 8 P(178) ± Pi37s P(278) db Z> 12 78 P(378) = 0, 

(C.2) P(145)P(235)±P(245)P(135)±P(345)P(125) = 0, 
± £>2856 £>1456 P(136) P(246) 

(C.3) ± Bis56 Ds4s6 p( 236) P(146) — P(6 a 12345) == 0. 

Then (C.l) shows that P(ij k) behaves like the plate on 
q it qje and this is confirmed by (C.2) while (C.3) shows 


12 * 
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that P(i s jJdmn) behaves like the quadric cone with vertex 
at $r t and on gj,----.gn- This is to he expected since the 
functions v,j as defined in (2) are the canonical contact ad- 
joints of the quartie envelope P 4 . Then the combination 
( I'ijk . ) 1/2 has simple zeros at the contacts of a contact cubic 
of E 4 of the system which maps P 4 into the nodal locus 
C G (y) (cf. 44), and these are the zeros on C 6 (y) of the plane 
section containing the bisecants qi qj, q% qt, qjqk of C 6 {y). 
Similarly the cone P(i a jklmn ) contains the five bisecants 
qiQ n as well as the cubic curve on these six points 
which cuts C 6 ( y ) at the two points on the bisecant q 0 q P . If 

Cis 6X256 (.V58 k'es) 1 ' 2 zb e»s 61347 (#51 6(il) 1/2 rfc 61s 60347 (y 52 Vez) 1 ^ = 0 

i- multiplied by (1234) s (1234567)(1234; 567)(12 ; 56)e 5 6(#i 23 4#78) 1/2 
it becomes 

, J>i256P(l 2 2 2 3 2 4 a 567)= ±I> 2 ,8 Asxt P(1 2 23456) P(234) 
(C ' 1) ±P li8 P a 347 P(2 2 13456) P(134). 

This expresses the cubic P-surface with nodes at q x , •••, q± 
and on q&, qo, qi in terms of simpler P-surfaces. Transfor- 
mation by Ai 234 shows that the relation is an identity through- 
out the entire space and not merely on C 6 (y) as its derivation 
might imply. The transform of this last relation by 
would furnish an expression for the remaining P-surface, 
P(l 3 2 2 • • • 7 s ). By setting y = q 8 in (C.l)' the discriminant 
condition which expresses that a cubic surface with nodes 
at is on q s , • • -, q 8 turns out to be El El El El 

and thus coincides with a coplanar condition. 

If the relation 45 (B') is multiplied by (12345) (5; 1234) 
(wi2845) 1/2 it becomes 

IW P(125) P(135) P(145) P(234) 
m n ± A«« P(125) P(235) P(245) P(134) 

1 ' ±P X 2«P(135)P(235)P(345)P(124) 

iPiass P(145)P(245)P(345)P(123) = 0. 

It may be proved that this projective relation is an identity 
thi’oughout the space. Thus the various relations (B) yield 
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a variety of projective relations which may be developed by 
similar methods. 

We have seen that P 7 2 and Q? are associated and there- 
fore satisfy a bilinear identity. We prove that 
(17) The identical bilinear relation between the associated 
P 7 2 and Q? is 

2i£i‘(iiqt)/(i-,jklmno) == 0 . 


Let t] be the plane q 6 y and £ the line p 4 p 7 in the 
assumed relation, £ h £,.(?? q t ) = 0. The relation then reduces 
to 2? h D 141 P(156) = 0. But from (C.l) Z? AasePU 56) = 0. 
Hence X 1 D li7 : X s D 2i7 = D28S6 : Piss6 which according to (2) 
and (11) is satisfied by the values X given in (17). 

It thus appears that the theta relations contain implicitly 
the geometric properties of the figures Pf and Ql and their 
related loci of genus three. When properly manipulated they 
furnish valuable material supplementary to the usual analytic 
geometry. 

47. Schottky’s parametric equation of Cayley’s 
dianode surface. For those values of the variables 
?tx, uo, uz of the theta functions of genus three for which 
one of the odd or even functions of the first order, say the 
even function it, vanishes, certain of the four term identities 
reduce to three term identities subject to the underlying 
relation -it(u) = 0. These simpler identities are used by 
Sell 01 thy* 2 to establish a parametric representation for Cayley's 
dianode sextie surface (cf. 44)- He writes apparently in 
ignorance of the previous work of Cayley and Rohn. The 
major results are reproduced here. 

According to the same argument by which 45 (A) was 
.deduced from 30 VI there follows from 30 H the theorem 
that the products of the two odd thetas in each of four 
pairs of a Steiner complex are linearly related. If -tty is 
one of the eight odd thetas in this relation and u is increased 
by the half period Py then is converted into & and, for u 
such that ■& (it) = 0, this term disappears. In this way it 
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appears that when # = 0 the following three triads are 
linearly related: 

(a) #38 #3678, #48 #4678 > #68 #6678) 

(1) (b) #1268 #3458) #1358 #2468) #56 #78') 

(e) #35 #1248) #45 #1238) #58 #5678. 

The index 8 remains isolated so that there are six more 
typical triads. These give rise however to relations which 
later are obvious deductions from the three given. 

Let now 

Pijk — #V*C8 #«8 #/8 #fc8 ; Pl,J — 77- #?/ #?'8 / djg , ; 

(2) Ptjkl— n 2 ■ &lmn& 1 #Z8 #»i8 #ra8 -Pi = 27 ". #« 8 

(77 = #13 #28 - ♦ • #78 ) 3 ) * ‘ * — 1 ) * * * ) 7) . 

Then according to (la) the 85 functions P V k are such that 
any three of the type P im n, Pjmn, Pumn are linearly related. 
All 35 can therefore be linearly expressed in terms of a properly 
chosen set of four, e. g. P 234 , Pm, Pm, P 128 . If such a set 
of four, or any four linearly independent combinations of them, 
be taken as homogeneous coordinates y of a point y in 8%, 
then Pijk represents a plane. Since all the P y # with fixed 
index i can be expressed linearly in terms of three of them, 
say Pijk, Ptji, Pad, they all pass through a point 3* in S s , 
Hence P y & = 0 represents a plane on the points qi, qj, qk 
of a Qt. Since the coordinates y are functions of two para- 
meters (ui, U 2 , us subject to # = 0) the point y runs over 
a surface T. 

If the relation (1 b) is multiplied by #is • • • #48 # 58 , it takes 
the form aPs,s — bPm P 245 + CP 125 P 345 . Hence P 6|6 is 
a quadric with node at 35 and on q l} g 4 . Due to the 
similar relation in which the index 7 replaces 4, P 6j6 is also 
on $ 7 , i. e. Pb ,6 is the quadric cone with node at 35 and 
on ffi, - * *, 34 , SV. If the relation (lc) is mulliplu-d by 
#i 8 • * ■ #48 #68 #78, it becomes ct P 1234 = &P 123 P^e-hcP^ Ps, 5 - 
Hence Pm* = 0 is a cubic surface with nodes at 31 , - • •, q i} 
on 3 s and 37 , and, by virtue of the symmetry in its definition 
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(cf. (2)), on q s also. Finally from the four term relation 
connecting # 6 s #78, #ei#7i, # 62 #72, # 0 s #73 hy multiplication 
with #!s • • • #fs #68 #78 there arises aPi = fc<?i,eG !! 7,i+ c &•>, e f?v. 2 
+ d Gz, 6 s . Hence Pr is a quartie surface with triple 
point at q-; , double points at q L , • • • , g 5 and by symmetry 
at q<o as well. Thus the functions defined in (2) represent 
the P-surfaces determined by Q 7 (cf. 44 (4)). 

Certain identical relations of the sixth order follow im- 
mediately from (2). These are of four types: 

(a) Pi, 2 P2, 8 Ps, 1 — P 2 ,i Ps,2 Pi, a = 0; 

. (b) Pa, 4 P L24 PiS67 P4, 8 Pl23 Pi5b7 — 0; 

(c) P 123 P456 P7 P4367 Pus7 = 0 ; 

(d) Pi, 2 P 2 — P 2 ,1 Pi = 0. 

These are not identities in y. They must therefore be equa- 
tions of the surface T with triple points at Q~. One may 
see from one or another of the equations (3) that T contains 
the 21 lines qt qj and the seven eubic curves on six points 
of Q?, and hence must coincide with Cayley’s dianode surface 
(cf. 44). It will be observed that (3a) is the same equation 
as 46 (15) if in the latter qs is replaced by y whereas T does 
not contain q&. The individual term Pi, 2 P>,s Pa,i represents 
a sextic surface with triple points at Q? of the form 

cc T -f- (a<) Ao a i -Ii -j- ccn A. 9 ) P -f- ^ , a ijk A-i Aj -1a.- = 0. 

Under J 15 , Pi, 2 P 2 ,s Ps,i interchanges with P 2 ,i Ps, 2 Pt,s while 
T changes sign if B, Ao, A 1} A 2 are unaltered (after removal 
of the factor which contains the P-surfaees of J 16 ). Hence 
for proper choice of signs in the quadric cones P,j, 

Pi, 2 Pa, s Ps,i — P 2 ,i Ps , 2 Pi, 9 — 2 aT, 

Pt,2 P 2 ,8 P3, 1 + P 2 ,l Pb,2 Pl,8 = 2B («0 -do H- “l^l + «2 A2) 

+ 2 ^ CCijfe Ai Aj Aic, 

and the latter surface is on q s . Thus the ambiguity is due 
to the indetermination of sign in the quadric cone D t j. 
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Sehottky defines an Z-surface to be a quartic surface 
with nodes at ($. He observes the degenerate Z-surfaces 
(cf. 44 (4)) 

^ Lis — Pi — B" * &%■> L,j — Pi,j • Pj,i = B . -&ij\ 

Li jkS === Pijk ’ Pimiop — B • ■&ijk 8; 

and remarks that the linear system (qo 6 ) of Z-surfaces cuts 
out on T the curves defined by the linear aggregate of theta 
squares of which seven are linearly independent when ^ — 0. 
He notes that the 21 products Z& and the 35 products Zy-** 
will have as double curves respectively the elliptic quartic 
curve Ujj of intersection of P t j and 1 \i, and the elliptic 
cubic curve JStjjcs of intersection of P,jk and Pmnop* To these 
we should add the 7 elliptic loci E& which consist of the 
directions at q t on the surface Pi. The 63 curves then play 
the role of a conjugate set under regular Cremona trans- 
formation of <3?. Schottky also remarks that the 28 Z-curves 
of ($ (cf. 44 (5)), Fy and F t g, are exceptional curves on T 
since each is defined by u = Py, Pis, a half period for which 
■& (u) — 0. For, it is clear from (4) that if a theta square 
vanishes for one of these half periods, the corr^pondino - 
degenerate Z-surface contains the corresponding Z- curve. 

The memoir contains, along with the conventional way 
(cf. 44 (8)) of setting up the system of Z-surfaces, a definition 
of the involution I 16 from the proof that Z-surfaces on y pass 
through y' and the following construction of J 15 : planes on 
y, y cut out on the elliptic quartic curve C 4 through them 
and <$ the same involution as is cut out on C* by planes 
on the tangent to Z 4 at the eighth base point q 8 . Though 
the fixed points, q 8 and T, of J 16 are determined the trans- 
formation is not discussed in the light of the Cremona theory. 
It appears first as a Cremona transformation in an article 
of S. Kantor® 8 . "We give finally a brief proof of Schottky’s 
theorem: 

(5) If JB is a pro)Mi) Jy t.hosun L-surface and A 0 , A 1} A s are quadrics 
of the net on Q* then T 2 = 4Z 8 — g% P — g s where , g 8 
are polynomials of degrees 4, 6 in A 0 , A t , A*. 
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In JL 0 : A t : A s = X : p : 1 a particular elliptic curve 0 4 on Ql 
is determined by X, p. On C 4 change the original parameter 
u to v = u — u s . The parameter of u& is then v — 0 and 
the pairs of I 15 on C 4 are v ~f v ~ 0. Since these pairs 
are cut out on C 4 by a pencil B — q j| = 0 then q — JB/Jii is 
an elliptic function on C 4 with zeros ± v and double pole at 
v = 0, i. e., q = ay (v) -(- b . If we set B' — (B — bAtVa then 
y{v) = B' I Ai. Also T 2 /Al has double zeros at the half period 
points and six-fold pole at the origin and is therefore A-( v /(r)) s . 
Incorporating this constant with T 2 then T 2 = 4Z? S — g 3 B — g 3 . 
This expression for I 72 is valid along the general curve C 4, 
and therefore throughout the space. The g*. g s are the loci 
of equianharmonic and harmonic curves C 4 respectively. If 
the curves C 4 are projected from q s into a net of cubies on P~ 
with parameters A : p 1 then the invariants 8, T of the net, 
which are the g* , g 3 of a particular curve, are of degrees 4, 6 
in 1 ^ i 1 — 4o i Ai i Ag . 

With reference to the mapping given in the next section 
we add some theorems: 

(6) j Each of the 63 degenerate L-surfaces, L m in (4), meets T 
in a curve of order 24 made up of the double elliptic curve E m 
of Lm. and of the 12 curves F (cf. 44(5)) which meet E m . 
The 12 points thus cut out on E m are six pairs of a hessian 
correspondence (it' = « + <»/ 2) on Em.. 

For, we observe first that two curves are understood to 
meet at qi — 1 , • ■ ■ , 7) only when they have the same 
direction at q t . Then E 1S , the oo 1 directions at q t on the triple 
point of Lis at q lt has a direction in common with Fjs and 
Fji (j — 2, • • • , 7). The six pairs of directions on Fj&, Fji 
are in a hessian correspondence ( 26 pp. 170-2). The situation 
thus existing with respect to L x passes over under regular 
transformation to a congruent set into a similar situation 
with respect to L' m . Hence L m and <3? are similarly related. 

(7) The points of T are in (2,1) correspondence with the pairs 
of points on a planar quartic curve f 4 ; and the two pairs 
on f 4 which correspond to one point of T are complementary 
pairs on a line section of f 4 . 
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If a*, a- 2 are two arbitrary points of / 4 then (c'f. 67 p. 231) 
+ »k 2 + A-) = 0, and conversely, if #(?<) = 0, the two 
points o-i, a? 2 are determined for which u == m* 1 + «** + *. 
Since #(— «) then vanishes also, there is a pair of points x 3 , x 4 
such that — u = + u ** -j- 7c. Then 

< 1 + < $ + < s +< 4 + 27 £ = 0. 

In the linear series defined by this congruence (cf. 34) two 
points are arbitrary and the series must be the canonical^. 
Thus complementary pairs x x , x z and x s , x 4 on a line define 
values ± u for which &(u) — 0 and therefore a point on T 
and conversely. 

The geometric construction of this correspondence is obvious 
on the nodal locus C 6 (y). A <7 4 on a point Pof T is con- 
tained on four nodal quadrics with nodes on C 6 (y) which 
correspond to the four points on a line section of / 4 . The 
generators of these four cones with nodes Njj cut out on C i 
involutions u + u' = o) v - [wp = (iw 1 -\-j « s )/2; i,j — 0,1]. 
The product of two of these is also the product of the other 
two and is a hessian correspondence u r = w/2 which sends 

q$ into P. This hessian correspondence is effected by the 
harmonic perspectivity with the opposite edges of the tetra- 
hedron N,j as lines of fixed points. Thus 
(8) On any C 4 on Qi the tetrahedron of nodes of nodal quadrics on 
(? 4 , and the tetrahedron of fixed points of 1 16 on <7 4 , are deswdc. 

48. The generalized Kummer surface {p — 3). The 
theta manifold Ms 4 in 87 (cf. 32 ), the map of pairs of points 
±tt in a parallelotop by the theta squares, as a generalized 
Kummer surface, has a set of 64 four-fold points, determined 
by the half periods, u = 0, u — P tJ , u = P m . There is 
also a set of 64 S&s which touch Ms 4 along an M 2 2 , these 
being the 8fs obtained by equating to zero a particular one 
of the 64 (u)’s. We denote them by M 2 2 ( 8 m ) . The 64 

points and 64 Mi~’s are transitively permuted by the half 
period group O &4 of Mi 4 so that each has the same projective 
relation to Ms 4 as any other in its set. 
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Since the values ± u for which a particular S m , say it(u). 
is zero can be spread over the points of Cayley's dianode 
sextic surface T with triple points at Q? and then the linear 
system defined by the remaining theta squares (cf. 47 (4)) is 
represented on T by the linear system of Z-surfaces, there 
follows that 

O') The M%~ (it) along which is tangent to the S% defined 
by it* (it) = 0 is the map of Cayley s dianode sextic sur- 
face T with triple points at Q* by its 'linear system of 
adjoint quarttc L-surfaces. 

Thus two .L-surfaces meet in a 16-ic curve with four- 
fold points at Qr, and such curves meet T in 16-6 — 1-4-3 or 
12 valuable points which correspond to the intersections of 
Mo 2 by a variable S b . The transcendental definition of AI? 2 (it) 
is replaced in this way by a purely algebraic definition. 

To the 28 half periods for which it(u) vanishes there 
.i i - ■! i«l on T the 28 rational curves F }J (44 (5)). An 
Z-surface which contains a point of Fg outside Q~ contains 
the whole curve whence Fg maps into one of the four-fold 
points, u = P t j, of A/| 4 on (it) and the individual points 
of F v map into directions about Pg. AVe prove that 
(2) The 28 four-fold points of Afj 4 , u — Pg, on Af] 2 (i>) are 
double points of Al-j 2 . 

The multiplicity of u = P 1S on M 2 2 is 12 — t if an S 4 
on P determined by two S 5 ’s in the St of Afi 2 (it) meets Ali 2 
in t points outside P 12 - Two Z-surfaces on P 12 meet again 
in a curve r(l s 2 8 3 4 - -- 7 4 ) 15 . A plane n on P 12 meets 
each Z-surface agaiii in a curve A (12) s and the two curves A 
meet in 7 points outside P X2 . Hence r meets n in 15 points 
of which 6 are at p± or p 2 , 7 are not on P 12 , and two are 
on P 12 . Then T which contains F 13 meets r in 6-15 
— 2-3-3 — 5-3-4 — 2 == 10 = t points outside P, 2 and 
Qt, and P 12 is a double point of Mi 2 (it). 

There is on T, in addition to the 28 rational curves P, 
a set of 63 elliptic curves E&, Eg, Egks which are simple 
curves on T and double on the respective degenerate Z-sur- 
faces. Thus Pim is the intersection of the plane P (123) 1 
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and the cubic surface P(1234 2 - - • 7 2 ) 8 . It is mapped by Z-sur- 
faces into a normal elliptic sextic curve in the S 5 common to 
the S&& determined by ■& 2 (u) and («). Hence (cf. 47 ( 6 )) 

(3) The 8 6 (oitl'iihiiitj M? O) is cut by the Sfs determined 

by the. / theta squares in a set of 63 S58 each 

of which is tangent to Mi 2 (if) along a normal elliptic 
sextic curve E 6 which contains 12 of the 28 points P# on 
Mi 2 , the 12 being lom/jf.'- >1 of six pairs in a hessian 
< orrespomlence on E 6 . 

The Veronese surface V 2 4 is the map of the plane by the 
linear system ( =0 5 ) of all conics ( 70 > n ), the quadratic system 
built from the lines of a net. The existence among the 
Z-surfaces of the quadratic system built from the quadrics 
J-o, Ai, -4 2 of the net on Q* shows that 

(4) The map of the space <S 3 of Q? by the system of L-sur- 
faces is a quartic cone Ms ( 0 ) in 8 q with vertex at O, the 
map of q s , whose section by an 85 not on O is a Vero- 
nese V%. To the 00 2 triads of points of T on elliptic 
quartics C* there correspond on Mf (f) triads of points on 
generators of Ms ( O ) . The Ml 2 (•£) is the complete inter- 
section of Mi ip) and the cubic spread in 8e, 

T 2 = 4 P s — g 2 B — qs = 0 

(cf 47 (5)). 

The Mt(0) itself is, like Vi, the complete intersection of 
six quadrics. 

The M 2 2 (■#■) contains a system of 00 2 space sextics of genus 
four of the special type cut out on a quadric cone by a cubic 
surface. For any quadric, say A 2 , of the net on Q7 cuts T 
in a curve (I s , 7 s ) 12 which is mapped by P-surfaces into 
a sextic curve on Ml 2 (f). The 12 -ie is on the Z-surfaces, 
Aa A 2 , Ai'A 2 , A 2 whence its map in 8e is a space curve which 
is cut out in its space by the quadric At- A\~ {Ao J *) 2 = 0, 
acone with vertex at 0 and the cubic surface 4P 8 — g 2 B — gs— 0. 
Space sextics of this type are discussed in 51 . 

49. Irrational and rational invariants of the planar 
quartic. It is well known that a plane section of the 
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enveloping cone of a cubic surface, (hx) s — 0, from a point y 
on it is a general quartic curve. The equation of this cone is 

(1) (Axf == 3 [(Ay) (hxYf~A[(hyf-(hx)] • pa/] = 0. 

Let the quartic cone, (A/) 4 = 0, be cut by the plane, 
(fix) — 0, in a quartic curve, (qxf = 0. An invariant of 
degree A of (qxf — 0 is a symbolic product and 

the ■ ■ - V- invariant of the section by fix) of (A./-) 4 
is a symbolic product ["] (A A' A" ft) of degree k in the co- 
efficients A and of degree 4 A-/ 3 in ft and thus of degrees 2k, 
2k, 4 A/3 in the coefficients h, in y, and in ft respectively. 
Since the section by a particular plane ft not on y is not 
material, the symbolic product must have an extraneous factor 
fiy) im and an essential invariantive factor of degree 2 k in 
the coefficients h and of order 2 A/ 3 in y, i. e. 

(2) The invariants of degree k of a ternary quartic are equal 
to covariants of a cubic surface of degree 2 k and order 
2k/ 3 multiplied by k k where k is an undetermined constant 
independent of k. 

Such a covariant of (h a?) 3 has the symbolic form. 
YlQih 1 h" U") • • - (h (r) y) ■ - -, with 4 A/ 3 determinant factors. 
In Cremona’s hexahedral form of the cubic surface (cf. 40 
(4), (5)) with six variables «,•••, / and surface a 3 + • • • +/* = 0 
the variables are subject to two linear relations, a + ■ +/= 0 

and ««+■••+// == 0. According to Clebsch’s principle 
of transference the quaternary symbolic determinants are then 
to be replaced by senary determinants (hh r h ,r li" 1 a). On 
expanding the symbolic form and noting that the coefficients h 
are now numerical there results: 

(B) An invariant of degree k of the ternary quartic is equal 
to kft times a covariant of the Cremona hexahedral cubic 
surface of degree 4 A/3 in a, ••*,/ and of degree 2 A/3 
in a, , f 

Sinee the surface is mapped by cubic curves on Pi for 
which the a, • • •,/ are linear in pi, • • •, 3?6, and the a, • - •,/ 
are linear in pi, , px> and of degree 3 in a variable point p 1 , 
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and since a section of the enveloping cone from y, the map of p 7 , 
is projective to the envelope E 4 with nodes at P 2 , there follows: 
(4) An invariant of degree Jc of the quartie envelope E i with 
nodes at Pf is h k times an expression of degree 2 h in each 
of the points of P7 which vanishes 2 hi 3 times for each 
coincidence of two points. 

The essential factors may be determined for certain in- 
variants of the quartie which involve special positions of the 
double ti-c -il'. Thus the discriminant of degree 27 in the 
coefficients of E 4 should be of degree 54 in the' coordinates 
of each point of P 7 2 . The discriminant factor d 18 (ef. 43) is 
of degree two in each of p%, ~ pi and d 12 88 is linear in 

each of pi , p$ , p & . Hence A == ^1238 ^5678 

of degree 54 in each point. Since dss. • • •, <^8 and d 12S8 , • • di 278 
each vanish simply for the coincidence of p>i , Pz , A vanishes 
to the order 20 for this coincidence. Since the normal order 
(cf. (4)) is 18, the discriminant factor <S? 2 is implied in A- 

Again the quartie curve has an undulation when the con- 
tacts of a double tangent coincide, and E 4 has the dual 
singularity. This gives rise to two types of condition onP 7 2 : 
(a) the line pi p% touches the eonic on p$, • • •, pi; (b) a cubic 
of the net has a cusp at pi. In case (a) the conic is an 
f Pb - • • j pf) • Letting x — pfr hp v the discriminant in l 
is an/(j?®, p\, p\, • - • , p 7 ) . The product of the 21 conditions (a) 
is an f (pi 2 , - - - , p™) . In (b) the cusp locus p 7 of cubics on 
2h, • p<s is desired. This is, on the cubic surface, the 
parabolic curve cut out by the hessian. The hessian is an 
/(a 2 , a 4 ) or, in terms of Pf, an f{p\, •• -,p\, p] 2 ). The 
product of the seven conditions (b) is an f ipf, • • 

Hence the undulation condition of the quartie is an invariant 
of degree 60. By a similar argument Morley 48 finds that 
an invariant of degree 54 vanishes if the quartie curve 
contains inscribed five-lines. 

In order to locate the extraneous factor h k in (4) an equation 
of E 4 itself free of extraneous factors is needed. This is 
a form (cf. 48 ) symmetric in P 7 2 of degrees ’4 and 10 in y 
and pi respectively, say 
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(5) E 4 = f(rfp™) = 0. 

It may be characterized more completely by giving its 
behavior for variable p 7 . 

( 6 ) The form E 4 m (5), for given q ancl Pi and i (triable p 7 , 
is a rational curve of order 10 with fonr-fuld points at Pi 
and five-fold tangent i\. The Ime q and rational 10-u.* 
are the ti ansfornif respectively of a rational quintic curve Qy 
with linear parameters q and nodes at Qi associated to Pi, 
and its perspective conic K, by the quintic Cremona trans- 
formation with double F-points at Qi, Pi. 

For, E 4 = 0 in (5) is the locus of the ninth base point, 
p 7 , of pencils of cubics on Pi which touch . On mapping 
the plane by cubic curves on Pi into a cubic surface C' 3 , 
q becomes a twisted cubic N 3 and p 7 becomes the further 
intersection with C 8 of a tangent line of A’ 3 . The locus of 
these tangent lines is a quartic surface which touches C 3 
along N 6 and meets C s in a rational space sextie. The total 
intersection is the map from the plane of a 12 -ic with four- 
fold points at Pi from which q must factor leaving the 
rational 10-ie. The transformation mentioned sends this 
10 -ic into a conic K and q into the rational quintic with 
nodes at Q\. The pencils of cubics on Pi which touch q 
become pencils on Q% which touch Q° v . But W. Stahl 69 has 
proved that the pencil of adjoint cubics on two points of 
a rational quintic is on the point of intersection of the two 
corresponding tangents of the conic perspective to the quintic. 
Hence K is the perspective conic of and touches Q° T/ at 
five points. 

The invariants of the quartic envelope E 4 in (5) are of 
degree 3 1 in the coefficients. Thus the one of lowest degree 3 
is of degree 30 in p L , *••, p 7 . According to (4) its effective 
factor is of degree 6 . If ps, ■ - •, pi are on a conic (a?) 2 , 
then E 4 becomes (aqf . (pi ?) 2 (cf. 48 ) and the first invariant 
has a zero of the second order. When formed for E 4 in (5) 
it must contain the factor die and similarly the factors 
dgs , ■ • -, <378* Hence 
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(7) An invariant of degree 3 1 of the quartic- envelope E* in (5) 
contains an extraneous factor 6% • - • • - d% s of degree 24 1 in 
the coordinates of Pf and an essential factor of degree 61 m 
the coordinates of P 7 . 

The invariants thus far considered have been rational and 
integral. They take the same values to within a factor of 
proportionality Q l when formed for any one of the 288 sets 
congruent to P 7 . Such invariants can be formed by sym- 
metrizing simpler ir rational invariants which are permuted 
under congruent transformation among the members of a con- 
jugate set. An irrational invariant of P 7 under congruent 
transformation should be of the same degree in each point 
in order that the ratio of any two in a conjugate set may 
be independent of factors of proportionality in the coordinates 
of individual points. It should also be a projective invariant 
of the seven points and therefore be made up of deter- 
minants [ ijk\. Its degree, and behavior with respect to P 7 , 
should be such that it is transformed under congruent trans- 
formation, to within a factor depending only on the trans- 
formation, into an invariant of the same degree and behavior 
with respect to the congruent Qr. The simplest polynomial 
in the coordinates of P 7 which satisfies these requirements 
is one of degree 3 in each point which, when any point is 
regarded as variable, becomes a cubic curve on the other 
six, i. e. which vanishes at least once for every coincidence d v -. 
The following are examples of such irrational covariants 
with their values in terms of a, •••,/; a, •■■,f~ and d s 
(cf. 40 (3), (8), (9), (11); also 17 II (60)): 

8 |531| |461j |342| |562| |547| |217| |367| = — (cf+ck) (c+f) 

= [cf+h 

8 |523| (462 1 (341 [ [567( (54l( |217| (367| = (cf— d*) (cf-f) 

s [cf-]; 

8 4 78 (547) |217( [367| = 2 d % (c+ /) 

= icfl 


Each of these has the proper degree in pi and vanishes at 
least once for any coincidence. Kecalling that the 63 dis- 
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criminant conditions on Pf are permuted like the points in 
the finite geometry, we observe that, apart from the 21 coin- 
cidences, each of these contains the seven discriminant con- 
ditions which oorro.-pfiiK; to the points on a Gbpel plane 
(c±. 28), and that the three Gbpel planes so determined have 
in common a null line whereas the three irrational invaria nt> 
are linearly related. Hence 

(9) There are 135 irrational Gopel invariants ichieh sattsjy 
a set of 315 three term relations which correspond in the 
finite geometry to the sets of three Gopel planes on each 
of the 315 null luxes. By virtue of these relations the 
Gopel invariants can be expressed in terms of 15 which 
are linearly independent. The 15 are subject to a set of 
63 cubic relations which correspond to the points in the 
finite geometry or to the discriminant conditions of P~. 

By permutation of the points alone the first two types (8) 
contribute 30 of the Gopel invariants and the last contributes 
15 more. It may be proved (cf. l7 H pp. 382-3) that 

84 as 1 127 j j 245 1 j236] 

' ^ = — (ad — dj) (a -j- d) + (b e + d 2 ) (b -f- e) = [ad. be]. 

From this by the parallel substitutions 35 (4) (with a change 
of sign in a, • ■ *,f, d* under odd permutation) the remaining 
90 GOpel invariants are obtained. The whole set is obviously 
made up of the 6 terms d 3 a, • ■ thf subject to one relation, 
and the terms cf(c -j- f) subject to five relations (cf. loc. cit.). 
If a discriminant condition such as d s — 4rs be isolated, 
fifteen of the GOpel invariants such as [cf] e= 2 d s (c +/) 
contain it as a factor. These are expressible in terms of 
the six, d s a, • • d t f, themselves subject to the one linear 
relation, dU (a -j- ••• -f -f) — 0, but also to the one cubic 
relation c^(a 8 + •*• -j-/ 8 ) = 0. There must be therefore 
one such cubic relation for each discriminant condition. The 
relations may then be denominated 

Tt%j = 0 , Rijkl = Bmnop s== 0 (fJt " * * == ‘ ‘ '! 8 )* 

U 
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In the notation introduced in ( 8 ) and (9) for the Gdpel 
invariants the three term relations read as follows: 

(a) [c f] +[c/+] +[c/-l = 0 , 

(b) [cf] + [be 1 +M == 0 , 

(c) [ad, be] -[-[ad — ] +[&e+] = 0 , 

(d) [ad, be]-\-[be, ad] + [cf] = 0 , 

(e) [ad, be] -[-[be, cf] -f [cf, ad] = 0 , 

(f) [ab, de]-\-[bc, ef]-\-[ca, fd] = 0 . 

In particular the 15 Gbpel invariants which contain a given 
discriminant condition satisfy 15 of these relations; e. g. for 
J TS the fifteen relations are those in (lib). Furthermore 
the cubic relation d& {a + • • • +/ 8 ) may be rewritten as 

( 12 ) d\ [(« -f- b) ( a + c) (b -f- c) + (d + e) ( d -\-f) (e -\-f)~\ — 0 

since a + * • - +/ — 0 . The three Gopel invariants in each 
pi'oduct may be characterized by the fact that two in the 
same product do not, while two from different produets do, 
occur in a relation ( 11 ). 

The bearing of the cubic relations is given by the theorem : 

(13) If a set of 135 constants g can he expressed by means 
of the relations ( 11 ) in terms of 15 constants h that are 
linearly independent, and if the constants h satisfy the 
63 cubic relations (9) then the constants g are the G-opel 
invariants defined by a set of points P? or by any set 
congruent to P 7 . 

If for example the 15 constants y 78 of the form d s (a-f b) 
associated with the discriminant condition fi 7S and subject 
to the 15 relations (lib) are known, and if furthermore they 
satisfy the cubic relation P 7 8 = dt (a 3 -j- • - - -J-/ 8 ) = 0 then 
they are the linear invariants of the sextic line pencil from 
a point p 1 to points p i} • ••, p&, and the double ratios in this 
pencil can be expressed by properly chosen ratios of two of 
these fifteen constants, as in [a b]/[cd], If the four points 
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pi, • • •, pi are selected, at a base, and if the 15 constants g is 
subject to the cubic relation R 1S — 0 are given then the 
position of the sextic line pencil p t p 2 , • - - , p, jj 7 is determined. 
If also the 15 constants g 2S subject to JS 2k — 0 are given, 
the position of the sextic line pencil p 2 pi, ihPs, • • •• Pi Pi 
is determined and the position of the points p- a , p&, p-, is 
also determined. If again the 15 constants g& subject to 
Ra s = 0 are given, the position of the sextic line pencil 
Pa Pi, PzVi, pa Pi, • • • , Pa pi is determined and three condi- 
tions must be satisfied in order that _p 3 p 5 , pzp$, p^pi may 
be on the points p- 0 , pe, pi previously determined. We prove 
that these conditions are respectively i? B7 = 0, i?.j 7 — 0, 
R&q — 0. Thus the cubic relations play the double role of 
first ensuring the existence of the sextic line pencils and 
second ensuring their united position in P 7 2 . It is sufficient 
to prove the case for p 5 . If Pi, p 2 , Pa is the reference tri- 
angle and Pi the unit point, while p*, is x : y : u, the double 
ratios on vertices pi,pi,pz respectively are: 
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The final expressions of these double ratios are obtained 
from a list of formulae conjugate to (10). From the identity 
iylu) iiijx) (x/y) = 1 there follows: 

(15) [ae, 6t*J [Id, ac] [cf, a b\ + [df, ae] [ef, bd] [ de,-cf ] = 0, 

a cubic relation on the constants g which is obviously satisfied 
if these are the Gopel invariants of a P?. The six factors 
in (15) all contain the discriminant condition Sm (doubly, i. e., 
once more than it normally occurs); any one of the first three 
is eotfpled with any one of the second three in a relation (lie) 


is* 
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or (Ilf); and no two in the same product are coupled in 
a relation (11). Hence (15) must be JR 67 — 0 in a form like 
that of JP 7B = 0 in (12). 

The 15 coefficients cc of the quartic spread If in S 7 on 
which the theta manifold Mi 4 is a locus of double points 
satisfy a system of cubic relations of the type (9) (cf. 33(5), ( 6 )) 
whence 

(16) The 15 coefficients cc of the quartic spread If in 33 (5) 
can be expressed Unearly ttith numerical coefficients m 
terms of the G-opel invariants of JP 7 and conversely . The 
leading coefficient cc is itself the Qopel invariant [ad] 
whose value in terms of the eei'o values of the even thetas 
is given in 28 (9). 

For cc is invariant under a G 168 *,0 containing an invariant G 2 * 
generated by the involutions attached to the points {0 00 , zjh} 
of a Gopel plane ( 33 ( 10 )). The transition from the charac- 
teristic to the basis notation is effected (33 ( 8 )) by setting 

(17) {111; 111} = {-Pis -P 4567 -p67 ; JP 12 -P 34 -Pse} . 

The points of the GOpel plane in the basis notation are then 
-Pis? -Ps 4 3 -P 5e , T 7 &, -Fiats? -Ps 478 ? PWs and these correspond to 
the seven discriminant factors of [< ad] . With cc — [ad] the 
correspondence between GOpel invariants and linear forms in 
the coefficients cc is set up by effecting on the linear forms 
the operations of the modular collineation group 33 ( 9 ) and 
on the G Opel invariants the corresponding operations of 6 ^ 7 , 2 . 
It is perhaps unnecessary to note that the 1 , - - - , 7 notation 
in 33 is not related to that in JFf. 

If JPt is taken in the canonical form as above with 
P&? i>? = x:y zu, z it : u, r : siti the Gopel invariants all 
contain the factor u 2 and are of effective degree 7 in the 
coordinates x, y, z, t, r , 5 , u of the point in which is the 
map of -Pf. Hence 

(18) The Cremona group G 7y 2 m is mapped by the linear 
system of order seven determined by the Gopel invariants 
upon a collineation group C in S x4c tvhich is identical tvith 
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the modular group 33(9). The space is mapped upon 
a modular mm a fold J$f& defined by a set of 63 cubic 
relations . 

Every invariant of the collineation group G is a rational 
invariant of the quartic envelope JE 4 unless it vanishes on JLf 6 . 
For example the sum of the squares of the GrOpel invariants 
yields the first invariant of the quartic which in terms of 
the fifteen «’s is, to within a numerical factor, 

( 19 ) 6 « 2 + 2 2 cc\ + «| 34 . 



CHAPTER V 


GEOMETRIC ASPECTS OF THE ABELIAN MODULAR FUNCTIONS 

OF GENUS FOUR. 

In the present chapter a variety of geometric situations 
are presented which have as a common foundation an rljrlw 
curve G± of genus four. As a rule the absolute projective 
invariants of the figures discussed can be expressed either 
rationally or irrationally in terms of the birational moduli 
of and therefore are described as modular functions. They 
also are related in a transcendental way, which in certain 
cases is described, to the moduli of the theta functions defined 
by 6 * 4 . Most of the topics are discussed with reference to 
sets of points and their behavior under regular Cremona 
transformation. A natural departure would therefore be 
a study of the set j P 8 2 in the plane. This brings to light 
a certain special sextic of genus four whose properties are 
more easily apprehended by comparison with those of the 
general <? 4 . For this reason we begin with a discussion of 
a birationally general plane sextic curve of genus four, first 
observed by Caporali ( 8 pp. 358-62), whose significance was 
pointed out by Wirtinger ( 75 ; 7(5 pp. 115-7). 

50. Wirtinger’s plane sextic curve of genus four. 

As a starting point consider the general algebraic forai 

(X) (<*x) s ( hr ) (fit) = 0 

in which a; is a ternary variable and t, v are digredient 
binary variables. The form depends upon 6-2-2 — 1 == 23 
constants or upon 23 — 8 — 3 — 3 = 9 absolute projective 
constants. It is convenient to interi>ret t, t as a point on 
a quadric A in space with generators t , r, and at times to 
replace the bilinear combinations of t 0 , ; v 0 , t 1 by the co- 

ordinates y of a point in Sz (cf. 17 ( 6 )); in which case ( 1 ) 
becomes 

(1-1) {ccxY {ry) = 0. 

198 
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The latter form depends upon 23 — 8 — 15 — 0 absolute 
constants so that the transition from (1.1) to (1) amounts, 
to the choice in S$ of a quadric A with isolated generator's. 

When v in (1) is fixed and t varies the conic (1) in S* 
runs through a pencil with four base points x. For one of 
these points x the equation (1) is satisfied for given r and 
any t whence the form factors into forms linear respectively 
in t and t and 

(2) r = (ax)* (cc'xY (660 GW = 0. 

Thus for fixed r and variable t the pencil of conics (1) has. 
base points p u ■ • - , jj 4 on the quartie curve f i . If for fixed t 
the conic meets f 4 in q 1} — . q 4 then for this t and variable r 
the pencil (1) is on q 1} • ••. /j 4 . Hence 

(3) The form ( 1 ) determines on the quartie carve f* a linear 
series (fi of quadra pels p r {for fixed t) } and a linear series g'^ 
of quadrupels q t {for fixed t), which are residual in the yf 
cat out on f 4 by conics. Conversely tico such residual yj’s 
on f 4 determine a form ( 1 ) (cf. 14 ( 8 )). 

Let t, % be a point on A for which the conic (1) is a pair 
of lines (?*)•(?'«) on x. Then 

(4) {a a' cc") s (br) (b' x) (b" t) (fi t ) fi' t ) (fi" t) = 0 

and t, t is on the section of the quadric A by a cubic 
surface. The point x is then a diagonal point, both of 
a quadrupel p T and of a quadrupel qt, and its locus W, the 
sextic of Caporali and Wirtinger, is birationally equivalent 
to the space sextic curve (4). In order to prove that the 
space sextic is general consider the line equation of the 
conic (1) 

(5) (« a' $)* (It) (V v) (fi t) (fi' t) = 0, 
or the more general form 

(5.1) (cc a' g) (a «' §') (6 r) (V v) (fi t) (fi’ t) = 0 . 

For given §, (5.1) is the equation on A of a quadric 

section which meets (4) in 12 points t, r. For each of 
these points the envelope (5) is q (5a;) a = 0 where x is the 
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point of W which corresponds to t, r on (4). Henee (5.1) 
vanishes at the 12 points x where §, ?' cut W and the points 
on A correspond to these 12 points x. When £ = these 
12 become six coincident pairs and the section (5) of A is 
by a contact quadric of the space sextic (4). Conversely 
given a general space sextie of genus four, G i} on a quadric A. 
one of its 255 contact systems of quadrics cuts A in a 
system of curves (5) which contains a ternary parameter £ 
quadratieally (cf. 14). The reciprocal quadratic ternary form 
breaks up into the product of (4) and (1); and (1) in turn 
determines <S r 4 . Henee 

(6) The Wirtinger sextic W, the locus of the vertices of the 

diagonal triangles of the rjuadnigi'l-* of a g\ {or its resi- 
dual g'x) on a general ternary quartic curve f 4 , is a bi- 
ration ally general #4. It has 9 absolute 'projective constants 
and is differentiated from the 'l ■;/ general plane 

sextic of genus four (13 absolute constants) by the fact 
that its line sections are the contacts of its canonical space 
sextic with one of the 255 systems of contact quadrics ( ia ). 

The two gf$, coresidual to each other in the canonical 
series of W, which on (4) are cut out by the two s3^stems 
of generators of A, are, on W, the vertices of the diagonal 
triangles of g{ and g' 4 respectively. 

The pencil of conics (1) for fixed r and variable t 
determines a planar quadratic involution of pairs x, if such 
that (ax) {ax') (&t) {fit) — 0 for every t whence 

(7) (« x) {a' x) (« x') {a! x') {b V) {fi fi') = 0 . 

If a is at a diagonal point of p T , an .F-point of the invo- 
lution, x' is any point of the opposite diagonal line and the 
conic (7) in variables x' is a pair of lines whence 

(8) The equation of W, of degree 6 in the coefficients of (1), 
is the discriminant of the conic (7) in variables x'. 

This furnishes an equation of W in the form of a symmetric 
three-row determinant whose elements are conics. Such 
a determinant isolates the system of contact quartic adjoin ts 
of W associated with the half period determined by the 
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contact system (6) of G 4 . The planar quartic / 4 is also 
a two-row determinant which isolates the residual gfs. But 
also the space sextic G± in (4) is expressed as a symmetric 
three-row determinant whose elements are bilinear forms in 
t, t and thereby the contact system (5) appears. If in this 
latter determinant the bilinear forms are replaced by linear 
forms in y as in (1.1) the symmetric three-row determinant 
is the equation of a four-nodal cubic surface due to Cayley. 10 
Evidently there is one such Cayley surface on G A for each 
contact system of quadrics. These were noticed by P. Roth 57 , 
the gist of whose article follows in quite different form. 

The form (1.1) determines for every x in Si a plane in S s 
which envelopes a surface S, and for every y in Sz a conic 
in Si which belongs to a web R. The class of S is four 
since the conics of R determined by y, y meet in four points. 
The locus of points y for which the conic of R has a node 
at x is 

( 9 ) (acc'ct'y (yy) (y'y) (y"y) = 0 . 

For any node x there is in general one such nodal conic 
since (ax) (ax') (yy) vanishes identically in x! . If y is a plane 
on y which determines this conic with node at x then 

(10) (a a' a") (yy r y" y) (ax) (<x r x) (a" x) = 0. 

The web R contains 4 line squares, (§* x) s , the four common 
tangents of the pencil of line conics apolar to R. At each 
of their six intersections | v - there is a pencil in R with node 
at whence the point y in (10) is indeterminate and the web of 
cubic curves (10) for variable y is on the six points Hence 
the cubic surface (9) is a Cayley cubic surface, C s , the map 
of the plane by the system (10), with four nodes at which 
the directions correspond to points on and containing the 
edges of the nodal tetrahedron, the points of an edge corre- 
sponding to directions about The three lines of the 

diagonal triangle of the four lines make up a cubic of the 
web (10) -|» to the tritangent plane y of C 9 . 

A point a/ in (1.1) determines a plane y in Ss which cuts C 3 
in the map from the plane of the cubic curve (10), 
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{acta”) (y/y"y'") («#) (a'x) (a'x) (a" r x) 2 — 0, 

which has a node at x' . For, the polar line of x' is 

(a a! a") (y y’ y'W") (ax) (a! x') (a" x') (a'" x') 2 
— (y //'/") ( a x ') (a'x) (a"x') (a'"x') • (a! a" a'") (ax)t 3 = 0. 

Hence the envelope S, the map of the plane by the web R, 
is the quartic surface of Steiner (Roman surface) reciprocal 
to the Cayley cubic surface, C s . 

If y is on C 3 , the conic (ax) 2 (yy) — 0 is a line pair §', 
§" on x and 

( 11 ) (aa'$) 2 (yy)(y'y) — 0 

is a conic proportional to (a;?) 2 . The pair are partners 

in the involutorial quadratic correlation determined by the 
apolar pencil of R. Hence (aa'fi) 2 (yy) (y'y) — 0 is a quadric 
which cuts C s in a rational sextic curve, the map of the 
conic (fix) 2 — 0 in S s . If (fix) 2 is in R and is, say 
(a" x) 2 (y” y') — 0, this quadric is the polar quadric of y' 
as to C®. If (fix) 2 is a line pair, the quadric cuts C s in the 
two cubic curves on C 3 which map the lines of the pair. 
If the lines of the pair coincide at ? as in (11), the quadric (11) 
touches C s along the cubic curve on C 3 which is the map 
of Moreover (11) is a quadric cone whose planes corre- 
spond in (1.1) to points x on £. For, if £ is x-\-hx r the 
quadratic locus of planes (1.1) is 

[(ax) 2 -]- 2 1 (a x) (a x') -f- A 2 (a x') 2 ] (yy) = 0 

and the locus of points y for which the two planes of this 
cone coincide is 

[(ax) 2 (a'x ’) 2 — (ax) (a'x) (ax') (a'x')] (yy) (y'y) 

— (ax) (a'x') (a axx') (yy) (y'y) = (aa'xx') 2 (yy) (y’y )/ 2 
= (a a'g) s (yy) (y'y)/2. 

Hence 

(12) If y is a point ofC 8 the conic (ax) 2 (yy)is a line pair 

The points of either line are mapped by (1. 1) upon the 
planes of a quadric cone with vertex at y which touches C 8 
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along the cubic curve on C 3 which is the map bg (10) of 
the line. The planes of these two cones are the planes 
of 0 s on y. The equations of the cones are given by (11 1 

for ? = r, s = r . 

Into this mapping in 8z of point x in S« upon the point y 
of C 3 by (10) and upon the tangent plane at y by (1. Diet 
the quadric A with generators t, r be inserted so that the 
plane (jy) becomes the plane section (br)(dt) of A and the 
form (1. 1) reverts to (1). Then A cuts C 3 in the space 
sextic whose equation on A is (4) which is the map from 
S 2 of the locus of nodes of conics of H determined by points 
on G±, i. e. of W. Moreover A as an envelope has in common 
with C 3 (or its reciprocal, 8 ) the planes of an octavie 
curve 0 8 of class 8 and genus 3 which is the map from S* 
of points of the quartie curve /*. The pencils of planes on 
generators t or r have four planes in common with C 3 or 0 s 
and thus the two residual #*’s are marked on O 8 . As x runs 
over a line ? in 8 a its corresponding point y runs over 
a cubic curve K 3 (?) on C 3 which cuts A and therefore 0 4 
in the points which coirespond to the points of ? on TT; 
also the corresponding plane (tangent to C 3 at y) runs over 
the planes of a quadric cone Q (?) with vertex y' on C 3 and 
tangent to C 3 along X s (i. e. a contact cone of t? 4 ) with four 
planes in common with A and 0® which correspond to the 
four points where ? meets f i . The cone Q. (?) with vertex 
at y', and the enveloping cone of A from y, will touch along 
two common generators if ? is a double tangent of/*. Then 
Q (|) will have two points of contact with A and the pencil 
determined by Q (?) and A will contain a pair of planes >/, »/. 
Since Q (?) touches on A at 6 points the planes y. >/ 
also touch Gi at 6 points and are a pair of tritangeut planes 
of Since also the six edges of the nodal tetrahedron 
of C 3 cut A each in two points which are the map of the 
same point ?# on the plane, there follows: 

(13) The ' birationally general plane sextic W of genus four 
has the projective peculiarity (four conditions) that its 
six nodes are the six vertices of a four line. The map 
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of the plane by the canonical adjoints of W is one of the 
255 four-nodal Cayley cubic surfaces 0 s on G 4 , the map 
of W. The planes common to C s and the quadric A on 
G 4 determine in the plane the quartic curve f* and its 
residual gfs. The ■ < - V,. cone of C 3 from a point 
on it breaks up into two quadric cones which are contact 
cones of G± determined by lines I of S* in (11)- The 
quadnc cone thus determined by a double tangent '§ off*, 
and the quadric A, determine a pencil which contains one 
of the 28 pairs of tritangent planes in the contact system 
of quadrics. 

W. P. Milne 45 obtains these and other results by synthetic 
methods. We quote one theorem: 

(14) The oo 2 cubic curves determined by the six contacts of 
the quadrics of a contact system of G 4 meet in four points, 
the nodes of a Cayley cubic surface on G 4 . 

For, these curves are the maps K z (?) of lines ? in S 2 
eaeh of which meets the four lines ?*. We observe also 
that the cones Q (?) are on the nodes of C a whence the 
linear system 

(15) (« a' fi) s ( ry ) (/ y) = 0 

is the linear system (co 5 ) of quadrics on the four nodes eaeh 
of whieh meets C & in the map of a conic (fix) 2 . Supple- 
menting further results contained in the memoirs cited, the 
following theorems may be mentioned: 

(16) The nodal tetrahedra of the 255 Cayley cubic surfaces 
on G 4 are the only tetrahedra whose edges are btsecants 

of <h- 

For, if T is such a tetrahedron with planes y 0 , yi , ys, ys 
the linear system (co s ) of Cayley surfaces with nodes at the 
vertices of T cuts G i in a or a g\ if one Cayley surface 
is on G 4 . Since G 4 is on five linearly independent cubic 
surfaces, all cubic surfaces cut it in a complete g^ and the 
complete involution obtained by fixing the 12 points on the 
edges of 27 is a If r were 3 this involution would be 
the canonical involution of plane sections whereas a trihedral 
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of T cuts Gi in the 12 points and the 6 points on the edges- 
of the trihedral which is not a plane section. Hence r — 2 
and there is a Cayley cubic on G± with nodal tetrahedron T. 

(17) A regular cubic Cremona •, with F- points 

at the nodes of C 3 transforms <? 4 into the W-sextic which 
appears as the general plane section of a sextic surface 
with four four-fold points. 

For, if T is chosen as above and A—£ a t if -f £ a y^j — 0, 
the transformation has the form y t y\ — 1 . The transform 
of C 3 is a plane and the transform of A is 

yf Vk yt + y'o y'x yk y'% (2 a v y'k yi) — 0 * 

The latter is the general sextic surface of its type with six 
absolute constants to which the plane contributes three more. 
The section of the surface by the plane has nodes at the 
vertices of a four line and is the TF-sextic birationally equi- 
valent to 6r 4 . 

(18) The 28 pairs of tritangent planes of G± are pairs of an 
■involutorial cubic Cremona transformation for which the 
planes of T are F-planes. These pairs ait the edges of T 
in 28 pairs of an involution defined by the pair of nodes 
on the edge, and the pair of points of G± on the edge. 
The 28 lines on the respective pairs are in a cubic complex. 

With T and A as above, the system of contact quadrics 
is in a linear system of the form 2 % yi yj — 0? and with A 
determines a system (co 6 ) whose apolar net has the form 

«o == 0 f- « 3 « 8 ) == 

The pairs of planes in the system (oo 6 ) are the pairs apolar 
to this net and are pairs of the Cremona involution t}i >j[ — a,- 
for which the lines joining pairs are known to lie in a cubic 
complex. The 28 pairs of tritangent planes are in the system 
(oo 6 ) (cf. (13)). Let rc be any plane which cuts (? 4 in six 
points on the conic tv A. It corresponds in the plane to an 
adjoint eubic c of W which cuts W in the corresponding six 
points. On c the inscribed four-line with vertices at the 
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nodes of W determines six points for which ^u v - — m/2. 
Hence the six points of W on e are on a conic (J3x) s = 0 which, 
maps into the intersection of C* by B = (ua'Pf (yy) (y'y) = 0. 
Then B and A meet n in the same conic nA and there is 
in the pencil of B and A a pair of planes n, n' . Since 
A, utt', B are in a pencil, there follows that, given any ad- 
joint cubic c of W, there exists another c' such that 

09) W = cc'+ (S°x) • • • (£ s x) ■ (fix)* 

where (£ l z) is the four line. Then the tangents to c-c at £ y - 
are in the involution containing the pair of tangents of W 
and the pair of lines <P, 

If Ci and C -2 are two Cayley cubics on G i} a member of 
their pencil on a point of A contains 1 as a factor, i. e. 
Ci-^knCi — nA. Then Cl and Cl cut the plane n in the 
same cubic curve C 12 and the nodal tetrahedra of Ci, Ci cut n 
in two inscribed four-lines of e is . Two eases are possible 
according as these two four-lines in c 12 correspond to the 
same or to different half periods on ci a . Either of these 
cases can occur. For given n, c l2 , and two inscribed four- 
lines of Cia belonging to the same or to different systems 
on e aa , two tetrahedra Ti, T a can be found (each in oo 4 ways) 
which cut n in the inscribed four lines. For each Ti a G\ 3 
is uniquely determined with nodal tetrahedron T% and plane 
section C 12 . The Ci and C% with common curve C 12 meet in 
a further curve G±. 

Two half periods of G± associated with surfaces Cf, Cf deter- 
mine a third, associated with Cf, in either the syzygetic or 
the azygetic way. Two cases are possible: 

C *2 -j- Jc % 8 Cb — TT 28 A, TizCl + kg d — 7T A, 

ci+k sl ci = tt 31 a, h ci + hd = nA, 

Cn-{-kvid = 7r 32 J.; «i Ci -f- m 2 C% — n A. 

In the first case the three surfaces are not in a pencil, whereas 
in the second case they are in a pencil with tc A. If the first 
case occurs the two inscribed four lines must belong to the 
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same half period of c ss on tt 2S . Otherwise on c ss two half 
periods would be isolated but not the third — a lack of symmetry 
not to be expected. Presumably then the second ease occurs 
when the nodal tetrahedra of Ct, C$, Cf meet re in inscribed 
four lines of Ci 23 , one from each of the three systems. With 
respect to the first case we prove 

(20) Given two tetrahedra T t , To in general position there are 
four conics which touch their eight faces. The plane tt of 
any one of these conics is cut by T x , T a in two four-lines 
of the same system inscribed in a cubic curve c 12 . The 
two Cayley cubics, Ct, d, with nodal tetrahedra 2\, To 
respectively and plane section c is meet again in a G 4 . 

For, two four-lines of the same system inscribed in c\ s touch 
a conic and if two four-lines touch a conic, the two are 
inscribed in a cubic c i2 and belong to the same system. Thus 
it is necessary only to find a conic which touches the faces 
of Ti, To, the dual of the problem of finding a quadric cone 
on eight points. 

Certain particular 'cases of the Tl-sextie are important. 
As we have seen the TT-sextic in the plane is determined by 
the space figure of a quadric A and a Cayley cubic surface G’ 3 , 
and on W there is an isolated half period or contact system. 
The half periods are associated with the discriminant factors 
of the curve. When one is isolated the others are either 
syzygetic or azygetic with respect to it. In the present case & 4 
can acquire a node in one of two ways: either A touches <7* 
or passes through a node of C s . If A touches (7 s , has 
a node and the curve of class 8 common to A and (7 s has 
a double plane whence in S 2 both W and f* have nodes. 
If A passes through a node of C s the corresponding line 5* 
factors out of W which then is a quintie with nodes at the 
points The curve /* however has no singularity. 

The particular case which is treated more completely in 
the next section is that for which A is a quadric cone with 
vertex y° and coincident sets t, v of generators. It is charac- 
terized by the vanishing of one of the 136 even thetas for 
the zero argument. Retaining C s as the map of the plane 
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the octavic locus of planes common to A and y° is the map 
from the plane of a conic k — (ax) 2 (yy°) in the system R. 
It £ is a parameter on this conic and % a parameter for the 
generators of A then, for t — x on k, the plane (ax) 2 (yy) — 0 
on y° contains two generators ? whereas each generator t 
is on four planes of C & determined by four points x on k. 
Thus there is a relation 

(21) ( at)* (ar) 8 = 0 

which expresses that generator % of A is on the plane of C 3 
determined by t — x on k. The quadric A no longer divides 
the system R bilinearly but rather into an isolated conic k 
and a system quadratic in r which cuts k in the quadratic 
system (21) of four-points. Originally a generator of A was 
on four planes and three points of C & , the maps respectively 
of a quadrupel on / 4 and its diagonal triangle on W. The 
W-sextic still remains with its six nodes at the vertices of 
a four-line but / 4 is now the doubly covered conic k, i. e., 
a hyperelliptic curve of genus three with 8 branch points, 
(a t)* (a' f)* (a a') 2 = 0. These determine on C s the eight 
common tangent planes of C 8 and A. Hence 

(22) The locus of the diagonal triangles of a “ l i< system 
of four-joints on a conic k is a W-sextic whose canonical 
space curve G± is on a quadric cone. 

As x in runs over the line § two planes of the 
quadric cone Q(?) with vertex at y on C s correspond to 
the two points where 5 meets k. If these two points are 
branch points of (21), the two planes are tangent planes of 
the cone A, and as before there is a pair of tritangent planes 
in the pencil of Q(£) and A, i. e. 

(23) The lines £ which determine as in (13) the 28 tritangent 
plane pairs tn the contact system of G± on a quadric cone 
are the lines joining pairs of the 8 branch points on k 
of the correspondence (21). 

A general form of type (21) in digredient variables t, t 
with 14 constants and 8 absolute constants is just sufficient 
to determine the entire geometric apparatus. For if the 
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normconic k in S s is selected and a parameter t is installed 
upon it, the form determines three linearly independent four 
points on k and thereby, to -within multiples of k, three 
conics which with k define the system R. On mapping S s 
by the system R upon the planes of C 3 , TT" maps upon G A 
and the quadric cone A on G i is determined. 

In the next section we find a birationally equivalent form 
of this — namely, the locus of the ninth node of a plane 
sextic with eight nodes given at Pi, a 9-ic curve with triple 
points at Pi. When the individual points of P| are given, 
this 9-ic curve can be mapped upon G± in such wise that 
all of the 120 tritangent planes are rationally known. 

51. The planar set, Pi, and the space sextic of 
genus four on a quadric cone. If the P-points of the 
35 types of Cremona transformation listed in 6 (10), including 
the projectivity, are selected in all possible ways from a set 
Pi, the transformations give rise to 2 - 8640 sets Ql con- 
gruent to Pi. But, as with Pi, the symmetric type E 17 of 
order 17 with eight 6-fold P-points produces a set Qs which 
is projective to Pi. Tor, the same method as was used 
with Pi (cf. 43) shows that if Q% is congruent to Pi on 
a cubic K with canonical elliptic parameter u for which 
Pi — Mi, •••, us then Qs is projective to the set — u u 
on K and therefore to P| itself. If the projective sets Pi 
and Ql are superposed, P 17 becomes an involution I 17 discovered 
by Bertini. 4 Hence there are only 8640 projectively distinct 
sets Ql congruent in some order to Pi, which are permuted by 
Cremona transformation according to a group of order 8 ! 8640. 

The group y 8 , 2 has the order 818640-2 and in it the 
projectivity and J 17 constitute an invariant g%. The P-curves 
of the set P| are paired under T 17 and this pairing is in- 
variant under the larger group. The 120 pairs are 

P(l)° -P(l®2 2 • • • 8 s ) e ; 

P(12) 1 -P(1 2 3 2 --- 8 2 ) 5 ; 

P(1 ... 5) 2 • P(1 ... 56 8 7 2 8 2 ) 4 ; 

P(l s 3 ... 8) S -P(2 2 3 ... 8) s ; 


(1) 


Oi» 0 

Ql29 
O 678 
0 180 


14 
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these having respectively 8, 28, 56, 28 conjugates under 
Gsi. They constitute the 120 degenerate sextics with nodes 
at Pi. In the notation 1,2, • . •, 8, 9, 0 the indices 9, 0 
are isolated. The 120 discriminant conditions on P| are 
also of four types under G % x , namely: 

^12 5 ^128 j ^128456; ^1*2845678 > ^ 

AlSi Al 280 > ^7890 ) 

these representing respectively 28, 56, 28, 8 conjugates whose 
vanishing implies that two points coincide, three are on 
a line, six on a conic, and seven on the cubic with node at 
the eighth. With each of these (cf. 6 (19)) there is associated 
one of a conjugate set of generators of ys, 2 , say J 12 , imo* 

p890j Pa- 
in the basis notation for jo = 4 with subscripts 1, 2, • • •, 9, 0 
there are 136 even theta functions, 10 of type and 126 
of type ■d-ijid m — -frnopq', 120 odd functions of type S-yk', and 
255 half periods of types Py, Pyki- If the even function #<> 
be isolated, the half periods divide into 120 which satisfy 
#o («) = 0 and 135 which do not. In the finite geometry 
an P-quadric is not on 120 points and the sub-group of the 
modular group which leaves it unaltered is generated by the 
involutions attached as in 32 (10) to these 120 points which 
are of types P 12 , Piaso, P 7890 , P 19 with reference to (?si on 
the indices 1 , - • • , 8 . If then we identify the discriminant 
conditions (2) with the points of the finite space not on Q 0 , 
the pairs of P-curves (1) with the odd quadrics Qgk and the 
Cremona transformations I above with the involutions attached 
to the corresponding points P, it is a simple matter to verify 
that the discriminant conditions and P-curves permute under 
Cremona transformation just as the points and O-quadrics 
permute in the finite geometry. It is indeed sufficient to 
check this for the single transformation I 12 &o since the state- 
ment is obvious for Gn. The modular group has the order 
2 16 - 255 ‘63.15.3 = 8! 8640 • 136 (cf. 22 (7)) and the sub- 
group which leaves Q 0 unaltered has the order 8! 8640 whence 
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the Cremona group in defined by P| is isomorphic with 
the subgroup of the group of period transformations mod. 2 
for p — A, which leaves an even theta function unaltered. 

The curve of genus 4 which defines this group is the locus 
of fixed points of 7 17 . The involution is determined by the 
web of sextic curves with nodes at Pf . 1i K 0 , Ki are two 
cubic curves on P|, «oo Po + 2 « 01 K 0 K x + « ia Pf = 0 is a net 
of sextic curves with nodes at Pg, each sextic consisting of 
two irreducible cubics. Then P(12) 1 - P(123 2 - ■ • 8 2 ) 6 is a 
reducible sextic, not included in the net, which with the net 
determines a web iv on Pg. The web w contains all the 
sextic curves with nodes at Pi. For, a system (oc 4 ) would 
contain at least a pencil with a fixed part P(123 2 - • • 8 2 ) 5 
and a residual pencil P(12) 1 . If 8 is a general curve of ic, 
and K 0 the cubic of the pencil on a point x, then, for proper a, 
S-piKl as well as the entire net /3 (JS -f- 1 Kl) -f- /? 0 Po -f fii Po Pi 
= 0 is on x. The base points of this net outside P§ are 
at the two intersections x,x of S+lK'l and K 0 . Hence 
the net in w which is on x is also on x' and x, o' is a pair 
of a Cremona involution I. Eaeh sextic S of w is invariant 
under I. In particular each (« 0 Po + Pi) 9 and therefore 
each cubic, « Q P 0 -+ «i^i, is invariant. If a: is on the sextic 
P(l 8 2 2 - 8 2 ) 6 , x' is at pi whence I has the same P-points 

and P-curves as J 17 and coincides with it. 

If u is the canonical elliptic parameter on K with u 1} •••,?<» 
as the parameters of Ps and ?/ 9 that of p a , the ninth base 
point of the pencil K, then o — u x -f- ••• + «a + M# = 0. 
The involution cut out on K by sextics with nodes at Pi is 
2 (or — ttej + it + tt' = 0 or n + u' = 2ug. Thus K is pro- 
jected into itself from — 2« 9 , the l.u point of m 9 , 

and p s is a fixed point on each P, i. e., a fixed point such 
that all the directions on it are fixed. The three remaining 
fixed points onZ are + « L /2, « 9 -j-w s /2, ?< 9 + («i + « s )/2. 
The locus of these fixed points has a triple point at p x with 
the same directions at p x as P(l 8 2 2 •• • 8 2 ). Hence must 
be a 9-ic with triple points at Pi, the locus of points p'g 
which with P| make up a “half period set of nine points”. 


14 * 
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Such a half period set is a set of 9 nodes of a sextic curve 
whence (cf. 80 pp. 251-54) 

(3) The Bertini involution J 17 is the projection of each member 
of a pencil of cubics on PS and pa into itself from the 
tangential point of p g . In addition to the isolated fixed 
point pa, J 17 has a locus of fixed points G\ ivith triple 
points at Pf, the locus of the ninth node of sextics with 
given nodes at PS. 

If the pencil K is t 0 (« as) 3 + T i (yf as) 3 = 0, the locus of the 
tangential point of p 9 is 

(4) R = (a a?) 3 - (J3 x) (/Sp 9 ) 2 — (£ xf • (a a?) (a paf = 0. 

This quarti c eurve, necessarily rational, is on P| and has a 
triple point at p & . For, the hessian eurve of the pencil is 
cubic in r 0 : and three cubics of the pencil have a flex 

at p 9 . The set Pf, p 0 is respectively the simple and triple 
P-points of a Jonquieres involution J° whose locus, Hi, of 
fixed points has R as the polar of p&, and has the equation 

(5) Hi = (ccxf - (fixf (ft Pa) — tfixf . (« xf («p 9 ) = 0. 

Evidently Hi is the locus of the contacts of tangents from 
Pa to cubics of the pencil K. The four contacts on a par- 
ticular cubic are — Ua!2-\~P {P — 0, « x /2, oof 2, («i + «s)/2) 
and their diagonal triangle is the three-point of Ol on this 
cubic. The four contacts are also on the polar conic of 
Pa as to the cubie. The pencil of polar conics with the 
pencil of cubics generates Hi, and the base points of the 
pencil of conics are at p Q and at the three further intersections 
with Hi of the tangents at its triple point. Hence 

(6) The locus of the tangential point of p% is the rational 
quartic R. The G\ of fixed points of J 17 is the locus of 
diagonal triangles of the- four-points cut out on Hi by the 
pencil K or by the pencil of polar conics of p 9 as to K. 

The web w is the system of canonical adjoints of G\ which 
maps G% upon its canonical space sextic G\. The plane 
of w is at the same time mapped in (2, 1) fashion upon 
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a quadric cone A with a pair of I 17 corresponding to a point 
of A (cf. 7S ). For, if 

("0 i/o == G, yx =: Xo } y a == ys === X{, 

the cone A is y 1 y s — yl = 0 and the cubics X map into 
generators of the cone. The oo l tangent planes of JL are the 
tritangent planes of G% which arise from the coincidence of 
the two yfs in the canonical involution. The 120 proper 
tritangent planes of G% are those sections of A which corre- 
spond to the 120 degenerate sextics (1) in iv. Thus the 
tritangent planes of the particular canonical G% on a quadric 
cone can be rationally isolated in terms of the eight isolated 
points Pf. The Cremona group in - 8 determined by Ps is 
the Galois group of the tritangent planes of this particular 
space sextic. Weber 72 has proved that the transcendental 
condition satisfied by G± in this ease is (0) == 0. 

Any cubic surface on G% furnishes a cubic polynomial in 
the sextics of w which is the equation of G\ taken twice. 
The general curve of order 3 Jt with ft-fold points at P§ has 
the form 

(8) \z S a kS k$\ +~Zs d X! x{=o 

J (2a + b + c = 7c — 3; 2d + e+f=Jc). 

Its transform under J 17 is obtained by changing the sign 
of Gi 

With the isolation of the individual tritangent planes of 
Gi all contact systems are rationally known. For all such 
systems contain members which break up into groups of 
tritangent planes. Since on the special G& the even theta 
function (w) is of special character, the half periods divide 
into two classes according as they do or do not satisfy 
(w) = 0. These classes are: 


( 9 ) 


P,-0, Pijkl , P ijkXl , P®? 

Py i Pi9, PijkO . P*J90 * • ‘ = 
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They contain respectively 135 and 120 half periods. The pencil 
of lines on p lt say P(l; s) 1 where s is the linear parameter 
of the pencil, is converted by I 17 into an P(l 8 2 4 • • • 8 4 ; s) u . 
The line on pi meets in 6 variable points which also are 
on its transform. The product of the line and its transform 
is a 12-ie with four-fold points at P| which meets 0\ doubly 
at 6 variable points and thus is the map on the plane of 
a contact quadric section of G\. The product contains s 
quadratically and furnishes a quadratic system (co 1 ) of contact 
quadrics. For the seven particular values of s for which 
F (1 ; s) 1 passes through Pi,---,Ps the product degenerates 
further into 0 139 O a90 , • ■ -, 0 1S9 0 89 0 , i. e., the system (co l ) of 
contact quadrics contains 7 of the 28 pairs of tritangent 
planes in the system P 10 . The members of this system P 10 
can be expressed as a quadratic system (oo a ) in terms of the 
parameters £ 0 , of a line in a plane and the quadratic 
systems (co 1 ) contained within it arise from lines t on a point 
of n. It is easily verified that Cremona transformation with F- 
pointsinPg, applied to the (co 1 ) system P(1 ; s) 1 • P(l 8 2 4 • • • 8 4 ; s) u , 
yields 8-135 systems (co 1 ) which lie 8 at a time in the 135 
systems (oc 2 ) determined by the first class (9) of half periods. 

Of the 135 systems (oo) 2 the one associated with P 90 is 
symmetrical with respect to P|. Its eight systems (co 1 ) are 

(10) Si — F(i 8 jJclmnop ; s) 4 • F(ij s Jt s l 8 m 3 n 3 o 8 p 3 ; a) 8 

d — 1 , • - - , 8 ) . 

The system Si determines a point r* in the plane n of 
and the line ~ r% rj determines that pair of tritangent 
planes in the two systems S t , Sj. These pairs arise in S t 
from the seven values of s for which a member of the pencil 
F(?j • - - p; s) 4 contains the factors P (if) 1 , • . P(ip) x . This 
pencil is projective to the complementary pencil in (10) 
which, under the Geiser involution J 7 with P-points at 
PJ> " - >Pp a nd corresponding pair pi,p&, becomes the line 
pencil on p 9 while the seven members mentioned become the 
lines from p 9 to pj, • - -, p P . Similarly in the system Sj the 
pairs of tritangent planes have parameters projective to those 
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of the lines from p 9 to pt, pk, • - •. p p . Hence in n the pencil 
of lines § from r t to , • • • . i p is projective to that from 
t'j to the same points and the eight points in n are on 
a conic, the conic k with parameter t in 50 (21) (cf. also 
50 (23)). 

Following out the geometric developments of the preceding 
section this quadratic system P 09 is supposed to be written 
as a form /Q? 2 , a? 12 ). For given point r on n, the lines £ 
on r determine a system (co 1 ) whose envelope is a curve of 
order 24 which consists of G\ taken twice and a sextic of 
the web ic. This envelope is the point equation in vari- 
ables r of the conic, /(£ 2 , as 12 ) = 0, of lines ?. Eliminating 
(Gif the equation of the envelope is (»•*, a? 6 ) — 0 . For 
variation of r in tp = 0 the sextics of w map upon the plane 
sections of A which envelope the Cayley cubic surface C s 
associated with the quadratic system P 09 . For r a point 
with parameter t on k the sextic breaks up into two cubics x 
of the pencil on P|. In particular for r — n and t—t x . 
the parameter of the line pvp 2 in the pencil on p 9 , the sextie 
is the square of the cubic x which touches the line p*pi at 
p t . For, the pair of projective pencils in (10) generates the 
curve G\ and a residual cubic Ki while the envelope of (10) 
as a system quadratic in s is the square of the locus thus 
generated. The particular member 

P (ij )' • P (i 2 7clmnop ) 8 - P (ijk* • • • p 2 ) 6 * P (pk ■ * • p) s 

contains that point u of K t in which P(i j) 1 meets P(pk • ■ • pf. 

Then m+mi + m/ = 0 and (-« p = 0 while 

Hi -j-Mj-j - Hie ~j~ Mfl == 0, i. e., 2 mj~1*u 9 = 0 and 

touches p^ pi at pt. From this there follows: 

(11) The form (atf (axf = 0 (cf. 50(21)) which defines the 
Cayley cubic surface associated with the system P 90 of 
contact quadrics of G\ on the quadric cone A is that 
which expresses that the cubic x of the pencil on Pi touches 
the line t of the pencil on p$. 

We observe that (atf (axf — 0 is the equation of the 
curve Hi in (5) if the coordinate system is chosen so that 
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t as before is a line on p 9 while r is the polar conic of p 9 
as to the cubic t. 

It was mentioned above that the set p x , p 9 , •••,%>& was 
congruent to pa, Pi, , 2h under a Geiser I\ Thus the 
8640 sets P 8 congruent to a given set are distributed 9 at 
a time in 960 sets Pa and (cf. also 17 II (47)) 

(12) The infinite number of projei lively distinct sets Pa con- 
gruent to a given set reduces to 960 when the given set 
is the base of a pencil of cubics. 

Each of the 8640 sets P| determines in the above fashion (1*1) 
one of the 135 contact systems and each contact system is 
determined in 8640/135 = 64 ways. The 64 sets P| which 
define the contact system P 0 q are obtained from P| by the 
Jonquiferes group Get of 38 (15) attached to m£. 

The 120 systems of contact quadrics of G\ associated with 
the second type of half-period (9) are entirely different in 
character from the 135 systems just discussed. The contacts 
are cut out on G\ in the plane of Pi by nets of elliptic 
curves. The nets of elliptic curves determined by P& which 
cut (?® in six variable points are paired under I 17 into four 
pairs of types which are distinct under permutation of the 
points of Pa, namely: 

P( 1 7; 20 8 .P(1 3 ... 7 s 8 4 ; §) 9 ; 

P(1 - • • • 6 7 2 8 2 ; ?) 4 .P(1 8 • • • 6 s 7 a 8 s ; £) 8 ; 

P(12 3 4 2 ... 8 s ; ?) 5 -P(l 8 2® 3 s 4 a — 8 2 ; £) 7 ; 

P(l® 2 3 s • • * 8?; £)®.P(1 2 s 3 s • • • 8 2 ; £) 6 . 


These are typical of 8, 28, 56 and 28 respectively; and the 
four given in (13) are associated with P 89 , P 7890 , P 12 so, Pis 
respectively. For example in the first type is the ternary 
parameter of the cubic of the net P(1 • • - 7; §) s of cubics 
on pi, ■ • pr which meets G\ ih six variable points. The 
transform of this net by J 17 is P(l® • • • 7 8 ; §) 9 which for 
the same £ cuts G\ in the same six points. The product is 
a 12-ic, quadratic in 2r, with four-fold points at P£ and 
therefore quadratic in sexties to, which touches Gl at six 
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points. Its map in 8 a is a quadric which touches O 4 on the 
cone A in six points. In F (1 • • • 7 ; I) 8 there are 28 degenerate 
curves one of which is P(12) 1 -P(34567) 3 whose transform 
by 1 17 is P (12 3 s ... 8 s ) 6 . P (I s 2 s B... 7 8 s ) 4 . Hence the 
contact system contains the pair of tritangent planes (cf.(l)) 
0m 0 i 28 and is associated with P89 • 

We discuss this type P 89 further as a sample of the 
120 contact systems. Taking again the parameter § as 
a line § in a plane n, the G\ is transformed into the TT-sextic 
whose line sections are the contacts of the system of quadrics, 
P 89 . As £ rotates about the various points r in II, the 
various quadratic systems (oo 1 ) in the system (ac 8 ) are obtained. 
When r is fixed and £ on r has the parameter s, the quadratic 
system (oo 1 ), P(1 • • • 7; s) 3 -P(l s . * • 7 s 8 4 ; s) a , has for envelope 
the square of the 12-ic curve generated by its two component 
pencils. This 12-ic is composed of 04 and the cubic K of 
the pencil P(1 • • • 7; s) s which lies in the pencil P(1 - - * 789') 3 . 
The residual envelope is therefore K s , the section of the 
cone A by one of its own tangent planes rather than as before 
a tangent plane of the Cayley cubic surface 0 s . Hence 
(14) If a space sextic 0® is on a quadric cotie A and, say 
A 0 (0) == 0, the 120 Cayley cubic surfaces on 0®, associ- 
ated with the 120 half periods P for which II 0 (P) = 0, 
collapse as quartic envelopes into the tangent planes of A. 

In spite of this collapse of the Cayley surface many of its 
properties may be observed on the cone A. It is apparent 
first of all that, with reference to the system P 89 of contact 
quadrics of 0®, there must be an isolated tritangent plane, 
0 89O . For, the condition # 0 (0) = 0 separarates one system 
(oc 5 ) of contact cubics from the 135 others. A partial system 
(oc 2 ) contained in this system (oo 5 ), and therefore determining 
it, is that cut out on 0\ by the lines of its plane. For, such 
a line and its transform by J 17 make up a curve of order 18 
which is mapped by the web w upon the section of A by 
a contact cubic surface. The system (oo 2 ) to which the 
system (oc 5 ) reduces when the three contacts of 0 S 9 o are 
fixed is the contact system P 89 . 
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The properties of the system P 80 are brought out by a study 
of three mappings. The first of these, M, is that already 
omplMod in which the pairs of J 17 in the plane JPf are mapped 
on the points of the cone A. The second, N, is that in 
which the pairs of the Geiser involution, J 7 , determined by 
2 >i, •••, #7 are mapped on the points r of a plane n in such 
wise that a line £ of n becomes a cubic - curve of the net, 
F( 1 • • . 7; £) 8 . The third, N', is a mapping of the points r 
of nr upon A which is defined later. We observe first that 
the 12-ic, P(l • • • 7; £) 8 • P(l 8 • • • 7 s 8 4 ; £) 9 is mapped by M 
upon a contact quadric section of J.. If £ is such that 
P(1 . . . 7 ; £) 8 is a cubic K o.f the pencil on p s> p& then 
P(l® ■ • • 7 s 8 4 ; £) 9 = K- P(1 2 • • • 7 a 8 s ) 6 ; and this quadric 
section of A is by the tritangent plane O 890 , and the tangent 
plane of A along the generator which is the map of K. 
Thus the system (oc s ) obtained by adjoining A to the system P 89 
contains, in addition to the 28 pairs of tritangent planes 
mentioned under (13), the oo 1 pairs of tritangent planes com- 
posed of 0 89o and a variable tangent plane of A. The space 
cubic curve on the six contacts of such a contact quadric 
is made up of the conic section of A by the plane O sso , and 
the contact generator. The oo 1 cubic curves of this sort are 
all on the vertex of A and the three contacts of O 890 ; and it 
will appear later that 

(15) The oo 8 space cubic curves on the six contacts of quadrics 
of the system P 89 all pass through the four vertices of 
a tetrahedron T formed by the node of A and the three con- 
tacts of the tritangent plane O 890 (cf. 50 (14)). 

In the mapping, N, the curve G\ becomes a TT-sextic which 
has a triple point at r°, the map of the pair, p 8 , p», of J 7 . 
The three points on W at r° correspond to the three points 
on G\ at ps and therefore to the three contacts of 0 890 with G%. 
The pencil of cubics K becomes the pencil of lines on r°. 
The transform of by J 7 is an P(l 8 • • • 7® 9 4 ) 9 which meets Gl 
in 18 points outside Pf of which 12 are the fixed points of I 1 
where JXl 8 ... 7 8 ) s meets G\. The remaining 6 points are 
made up of 3 pairs of I 1 which map into the remaining three 
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nodes r 1 , r 2 , r 3 of W. Tlie web of canonical adjoints of TT' 
consists of cubics with, a node at r° and simple points at 
r 1 , r s , r 8 . The two g 3 ’s in such a web are cut out by the 
pencil of lines on r° and the pencil of conics on r°, • • r 3 . 
If they coincide, as in this case they must, the nodes r 1 , r s , r s 
of W must lie on a line 1°. Let N' be the mapping of the 
plane by these canonical adjoints of TT. The lines 2? on r° map 
into the generators of A and W maps into &t. The directions 
at r° map into the points of the conic section of A by the tri- 
tangent plane O 890 , and the points of the lines r°r\ r° r s , r°r * 
map into directions on A about the three points of contact. 
The points of §° map into directions at the node of A. Since 
a line ? in general position cuts §°, rV 1 , r°r 8 , r°r a and cuts TT 
in 6 points, it maps into a cubic curve on A on the vertices 
of T (cf. (15)) and the 6 contacts of a quadric of a system P 89 . 
If ? is on r° this cubic curve breaks up into a generator and 
the conic on O 890 , a result already obtained by the mapping M. 
The directions about the points r\ r 3 , r s map respectively into 
the generators of A on the contacts of O s90 . This same figure 
in rt is obtained from the space curve by Cremona trans- 
formation (cf. 50 (17)) whence 

(16) The regular cubic Cremona transformation with JP-points 
at the node of A and the contacts of O S90 transforms A into 
a plane tc, and G\ into the W-seocfic with a triple point 
at r° and three double points r 1 , r 2 , r 3 on a line . The 
cubic curves (15) pass into the linear sections of W. 

The proof that this inversion of the mapping N' can be 
made is easily supplied. 

It is clear that the 0\ in the plane of P| is determined 
in n by the choice of a planar quartic curve f* with an 
isolated Aronhold set of double tangents, and a point r°. 
For then the mapping N can be inverted. The connection 
between f*, r°, and the W-sextic, which we do not pursue, 
involves the twelve tangents from r° to f l , a topic recently 
discussed by Zariski ( 77 pp. 317-8). 

The 0\ in the plane of Pf is also determined from the 
space 12 -ic referred to at the close of 48 , the intersection 



220 V. ABELIAN MODULAR FUNCTIONS OF GENUS FOUR 

of the dianode sextic surface by the quadric A t on its triple 
points, Qt. If this 12-ic curve is projected from its triple 
point at q 7 , the triple points at q 1} ■■■, q 6 and the two 
generatoi's A* on q 7 yield the eight triple points of Q\. 

The individual contact quadric systems of the particular <7® 
on the cone A have each been identified and related to the 
curve (?£ in much the same way as was done in 50 for the 
general curve 0\. A closer study of this particular case 
would doubtless bring to light relations among these contact 
systems which would furnish indications of the relations sought 
in connection with 50 (20). 

Sehottky 60 has obtained the coordinates of if and the 
equation of G\ directly from the modular functions for p — 4 
on the assumption that (0) — 0 (cf. 58). 

52. Special planar sets. The ten nodes of a rational 
sextic. In the plane the number of types of Cremona trans- 
formations with £ P 9 P-points is infinite and a general set 
of points P| is therefore congruent to an infinite number of 
protectively distinct sets ( l7 II (7)). Nevertheless certain 
special sets exist which are self-congruent under infinitely 
many types and as a consequence are congruent to only 
a finite number of protectively distinct sets which are permuted 
among themselves under regular transformation. Such a special 
set defines an infinite Cremona group in the plane. 

In this section three special planar sets of this character 
are discussed: (a) if, the nine base points of a pencil of 
cubic®; (b) if, the nine nodes of an elliptic sextic; and (c) pf 0 , 
the ten nodes of a rational sextic. This account is for the 
most part descriptive. Details of proof may be found in 
memoirs of the author ( 17 II; 20 ; 19 ). 

We have seen (cf- 5 X (12)) that a set, if, of base points 
of a pencil of cubics is congruent to 960 sets, or, in some 
order, to 91960 ordered sets. It is in fact self-congruent 
under the J onquieres involution I 6 with 4-fold P-point at p» 
and simple P-points at p lf •••, p s ; and also under the Bertini 
involution J 17 with fixed point at p 9 and 6-fold P-points at 
pit • • Let J 5 — P 9 and I 17 = P 9 to .indicate the 
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symmetry in jh, • • •, p s - The product D & = F a Eg is of 
infinite period and F g , Eg generate an infinite dihedral group 
within which they are involutions belonging to different 
conjugate sets. This dihedral group contains an exemplar of 
every Cremona transformation with 9 or less P-points of which 
8 are of like order ( 17 II (40)). These dihedral groups, formed 
for each of the points in turn, generate the entire ternary 
Cremona group under which P| is ^elf-congruent, i. e. the 
Cremona group ig, 2 which transforms a pencil of cubics into 
itself. In fact if we set C 2 ,i — E 3 Ei then the transformations 
comprised under 


( 1 ) 


D** X>3 3 


Tfo (jQi fjOs ...(?■ 
^9 °2,1°8.1 S 


9,1 


(ft 


’ 2 ? 


Qa 


0, 1, 2; ? a + • • • +?9 = 0 mod. 3) 


for all integer values of v a , •••. v 9 constitute an invariant 
abelian subgroup of of index two and the remaining 
elements are products of ( 1 ) and a fixed involution such as Eg 
(cf. 17 II (42) in which the limitation + - • * +&> = 0 mod. 3 
is overlooked). If the ordered planar sets P» are mapped 
as in 7 upon points P of a space -2 10 the aggregate of sets 
congruent to Pg is mapped upon an infinite aggregate of 
points in - 2 10 conjugate under the Cremona group G 9.2 in - 10 . 
The special sets P| which are base points of a pencil of 
cubics are mapped upon points of a manifold M s in - 1W . 
The transformations of $ 9,2 which arise from the ternary 
Cremona group 29,2 above constitute the subgroup Jg, 2 of <? 9 , 2 
for which M s is a locus of fixed points. Thus J 9 ,2 is an in- 
variant subgroup of Gg, 2 whose factor group Pa , 2 of order 
9 ! 960 is the finite group of permutations of the points on 
Ms effected by Gg, 2 - This factor group is represented in the 
plane by the 960 ordered sets congruent to the set of base 
points Fg and is the group of the tritangent planes of the 
space sextic G% dicussed in 51 - 

In the case (b) when P 9 is the set of nine nodes of an 
elliptic sextic it is self-congruent under the nine Bertini in- 
volutions E t , Eg and therefore also under the trans- 
formations Ci,i (2 — 2, • • 9) in (1). It is not however self- 
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congruent under Pi, Fq and the number of project i\ el\ 
distinct sets congruent to Pi is enlarged to 2 s . 960 ( 17 EC (47)j. 
The Bertini transfonnation is that of lowest order for which 
the linear transformation S of 4 (1) reduces to the identity 
mod. 2 when the two sets of P’-points are properly ordered. 
Hence as elements of the arithmetic group <79,2 of 6 the 
E 1} •••, J7 fl as well as their transforms by any element of 
(79.2 reduce to the identity mod. 2. Moreover the set Pi must 
be self-congruent under the transform of a Bertini involution. 
The square of the element D a = Pi • in (1) is F s E s Pi • P 2 , 
the product of JE7 2 and its transform by the involution PV 
Thus Pi is self-congruent under all the transformations (1) 
for which jv •••, r 9 are even. Hence 

(2) An elliptic sextic with nodes at Pi is invariant under 
a ternary Cremona group iq’%, generated by Bertini in- 
volutions and their conjugates , which has an invariant 
subgroup of index two comprised of the elements (1) for 
which v i} •••, vq are even . The \ <■•''•' /<v elements are 
obtained by adding a factor E x . This group is isomorphic 
with the invariant subgroup g$,% (2) of ,99,2 whose elements 
are reducible to the identity mod. 2. The factor group 
of g 9 2 (2) under g 9 2 is isomorphic with that subgroup 
of order 9 ! 2 8 . 960 of the modular group (p — 5) which 
leaves two even theta functions unaltered. 

The order and character of the factor group gf \ is derived 
in 19 . With 2p + 2 = 12 subscripts 1, 2, •• •, 9, 0, a, ft, and 
invariant even theta characteristics Qoa, Q 0 / 3 , and therefore 
invariant period characteristic P a p, the group is generated by 
the involutions attached to the points in the finite geometry 
not on either quadric Qoa, Qop- It is sufficient to identify I v - 
with the transposition (pi, pj) ( i,j — 1 , - - - , 9) and I 0 i 28 
with the quadratic transformation J,i 2S . The factor group 
has an invariant subgroup of order 9 ! 960 whieh arises from 
the same transformations as in case (a). The additional 2 8 -960 
congruent sets can be obtained from the 960 of case (a) by 
applying the eight involutions Pi, ■ ■ Pi in any combination. 
The effect of the Cremona transformation on Pf is determined 
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most easily by taking the set on a cubic curve with canonical 
elliptic parameters n x , • • • , « 9 and a = + • • • -f- ?/ 9 . Then, 

in case (a), <s = O; and, in case (b), 2<r = 0. Clearly a 
similar situation is present when Pg is the set of r-fold points 
of an elliptic curve of order 3r. This method is not applicable 
in the next case. 

In ease (c) let Pio with points p l} • * •, p 0 , p a be the ten 
nodes of a rational sextic 8{t) with parameter t. This set 
is subject to three projective conditions and has 9 absolute 
constants. For if Pf is chosen, p& must lie on the curve 6^ 
(5 1 (3)) and, for fixed p g on 0\, p 0 must be one of 12 points 
on <?4 ( 20 pp. 251-54). There is but one rational sextic with 
nodes at Pio and 8 (t) is therefore invariant under any Cremona 
transformation for which Pf 0 is sclf-congruent. If J8q 0 is the 
Bertini involution determined by PS for which p 9 , p 0 ai-e fixed 

points, then Pfo is •ii* 1 . and S(t) is invariant, under 

the Cremona group h generated by the 45 Bertini involu- 
tions Ptj {i,j = 1, • • 9, 0) and by their conjugates under 

Cremona transformation with F-points within Pio. Since 
these generators correspond to elements of yio.a which are 
congruent to the identity mod. 2, the group h corresponds 
to a subgroup g[ 0,2 (2) of that subgroup # 10,2 (2) of # 10,2 which 
reduces to the identity mod. 2. In order to prove that g' 10,2 (2) 
coincides with gw , 2 (2) we introduce a particular set of 527 
P-curves of Pio which in the customary notation, called here- 
after the signature, are of the following types: 

(3) P(l)°, P(12)S P(12345) 2 , P(l*2 ... 7) 3 , P(l s 2--.9|\ 

Two P-curves, P(l rj 2 r * • • - 0 r °) r and P(l s ' 2** ■ • - O s °) s , for 
which n = st and r = s mod. 2 are said to be congruent 
mod. 2. Thus the aggregate (3) comprises 

(TI+ffHM +('?)-« 

incongruent types since in the fourth type ii = i&, and in 
the fifth 2 ? «2 = hi*. 
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Any two P-curves of Pio whose signatures are congruent 
mod. 2 are conjugate or equivalent under an element of the 
group h ( so pp. 246-47). For example the P-curves, P(8)° 
and P(l a .-- 7 s 8®) B , are conjugate under E ao . This pair is 
transformed by the quadratic transformation A & 7 g into the 
pair P(67)\ P(l a - ■ • 5 s 678 2 ) s , and the latter pair is equi- 
valent under that element of h which is the transform of E 90 
by J.6-S- Proceeding in this way all the equivalences men- 
tioned can be proved. Let C be any Cremona transformation 
whose corresponding element in <710,2 is congruent to the 
identity mod. 2. Then C transforms P(0)° into a P-curve, 
Pi, congruent mod. 2 to P(0)°. An element hi exists in h 
which transforms P(0)° into Pi. Hence Chi 1 leaves P(0)°, 
the directions at ji 0 , unaltered and therefore is found in the 
group zgfa of (2) and is a product of Bertini involutions and 
their conjugates. Then C itself is a product of the same 
character. Hence 

(4) The infinite group if ,2 of ternary Cremona transformations 
under which a rational sextic S(t ) with nodes at Pio is 
invariant is generated by the Bertini involutions with 
F-points in Pfo and their conjugates. It is simply iso- 
morphic with that invariant subgroup gx 0,2 (2) of gx 0,2 which 
is eongi uent to the identity mod. 2. 

Since Pio is self-congruent under if^ 2 , the projectively 
distinct sets congruent to it are obtained from transforma- 
tions which correspond to elements in the factor group g ( f> 2 
of #10,2 (2) in ^10,2. This factor group (cf. 37 (8)) has the 
order 10! 2 13 • 31 • 51 and is isomorphic with the subgroup 
of the modular group (p — 5) which leaves one even theta 
characteristic unaltered and permutes the remaining 527 as 
the 527 classes of congruent P-curves (whose exemplars are 
given ' in (3)) are permuted under Cremona transformation. 
The subgroup which leaves one of these P-eurves, say P(0)°, 
unaltered has the order 10! 2 1S • 3 = 9! 2 8 • 960 whieh is the 
number of projectively distinct ordered sets P« congruent to 
the nodal set P9 2 under transformation for which p 0 is an 
ordinary point. Hence the factor group gives rise to 
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10! 2 1S -31-51 project ivoly distinct ordered sets Pit congruent 
to the nodal set or to 2 13 • 31 - 51 unordered sets. Hence 

(5) general rational plane sextic with ten nodes can hi- 
transformed by Cremona transformation into precisely 
2 1S -31 -51 ///'„'"//'■' 1 y distinct sextics. Under such trans- 
formation these distinct project ire types ( with ordered nodes) 
are permuted aciording to that group of the odd and even 
theta characteristics (p = 5) which has an invariant even 

characteristic. 

The number of discriminant conditions on the nodal set Pfu 
is finite. For example there is a transformation in i^ s which 
leaves 8(t) unaltered but converts P(1 ••• 56 2 7 9 8 i ) 4 into 
the congruent P(12345) 2 . If then the discriminant condition, 
<3(1 • • • 59 6 3 7 s 8 2 ) 4 =- 0, were satisfied by Pfu, the same 
set Plo would satisfy the congruent condition, <5 (123459) 3 = 0. 
Hence (ef. 20 pp. 249-50 ; 84 § 4) 

(6) The number of discriminant conditions — infinite in the 
case of a general set Pfo — is finite for the nodal Pio of 
S(t), a set subject to three conditions. Any two discriminant 
conditions whose > iyunfnn are congruent mod. 2 impose 
the same fourth condition on the ten nodes. The members 
of this finite aggregate of 496 conditions are permuted 
unde r Cremona transformation as the odd theta character- 
istics are pen-muted undet' the group of (4). 

This equivalence of discriminant conditions yields an in- 
finite variety of theorems relating to the nodes of 8{t) of 
the following type ( 20 p. 250): 

(7) (a) If the jacobian of the net of cubics on seven nodes of 
8{t ) passes through one, it p> asses through all three of the 
remaining nodes, (b) If an adjoint quartic of 8{t) has 
a triple point at one node of S(t), there will exist an 
adjoint quartic with a triple point at any one node of 
S(t). 

For later specific reference let the basis notation for p — b 
be taken with subscripts 1, 2, •• -, 9, 0, a, ft and let the in- 
variant even characteristic in (4) be that of E a $. The no- 
tation for the group is then symmetric in 1, 2, •••, 9,0. 
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The 527 classes of congruent P- curves are then, named as 
their exemplars occur in '(3), 

(3.1) Eia, E\2, -El 234 5 « ; E‘l- -7, Eojj • 

The 496 discriminant conditions on Pfo are of the fol- 
lowing types: 

*(12) = 0, <5(123)* = 0, <5(1, • • 6) 2 = 0, 

W <5(1 2 2 . . . 8) 3 = 0, <5(l s 2 ... 90) 4 = 0. 

The first three comprise respectively 
conditions. The last two by virtue of (7a) and (7b) comprise 
only and conditions. They (“>m:<|>oii<l respectively 
to the odd theta characteristics: 

(8.1) Oi2cifi, Ov 2 :\d ■ O 7890 , Oi90cc, O. 

Since the even theta characteristic E a p is invariant these odd 
characteristics are permuted just as the 496 points, E a p + O m 
— Papm, in the finite geometry (p — 5) which are not on the 
quadric Q K p. Thus the discriminant conditions are permuted 
respectively as the half periods 

(8.2) P 12 , P 123 a, Pimap, P 190/J , Pap. 

The generating involutions of the factor group are, in the 
finite geometry, the involutions attached to these points 
(cf. 22 (10)). In the plane of S(t) they are respectively the 
transposition (pi,p»), the quadratic transformation 

Au = 37(123)®, jP( 1 2 • • • 6 2 ) 6 , P(l 6 2 s . • - 8 8 ) 10 , 

and P(l 12 2 4 • • . 9 4 0 4 ) 17 (cf. 6 ( 4 ), (8), (9)). 

A transformation t of the group in (4) which leaves 
the rational sextic S(t) unaltered must be represented on the 
sextic by the binary transformation of the parameter 



(9) 


r: 


t' ~ (af~h 
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The transformations thus induced on S(t) by constitute 
an infinite discontinuous group no, 2. It may be that Cremona 
'transformations exist for which S(t) is a locus of fixed points. 
This is not very likely sinee such transformations would no 
doubt have pi^i'Cii-.*: so striking that they would not thus 
far have escaped notice. If however they exist they form an 
invariant subgroup of 2^,2 whose factor group is the group no,2. 
The Bertini involution -Ego with P-points at Pf and fixed points 
at pg, pc, is in 210,2- Since P90 leaves S(t) unaltered, its fixed 
points on 8 (t) are the intersections of its fixed locus out- 
side Pf. But, of these six intersections, four are found at 
the nodes p 9 , p 0 at which the nodal directions and the nodal 
parameters t of 8 (t) interchange. The remaining two points, 
at which S(t) is tangent to a cubic curve on jf, are the 
proper fixed points of the involution r determined on S{t) 
by P 90 . These constitute the jacobian pair of the nodal 
parameters at p 9 , p 0 . 

The P- curve of the set Pio, P(l)°, has two directions at p t 
in common with 8 it). Hence every P-curve has just two 
points in common with 8 it) outside P? 0 . The two P-curves, 
P( 9 )° and P( 0 )°, have no points in common with each other. 
Moreover any two P-eurves, P' , P", which have no common 
points outside Pfo can be transformed simultaneously into 
P( 9 )° and P( 0 )°. For if P" is transformed into P( 0 )°, P' is 
transformed into a P-curve, P"' which has no direction at p 0 . 
Hence P'" can be transformed* by a transformation with an 
ordinary point at p 0 , and therefore with invariant P( 0 ), into 
P( 9 )°. Hence ( 20 § 3 ) 

( 10 ) Any two P-curves of P10 which have no intersections out- 
side Pio determine a generating involution (a Bertini in- 
volution or its conjugate ) of 210,2 and also a generating 
involution's of yio, 2 - The two P-curves meet S(t) outside 
Pio in two pairs of points in the involution r, whose 
jacobian pair is the pair of fixed points of r. 

The binary collineation group /io,2 is thus intimately related 
to the aggregate of pairs of points cut out on 8 {t) by the 
aggregate of P-curves of Pio. A P-curve with signature 

16* 
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p (i r i ... 9 ’" 0 r °y cuts S(t) in a pair of points whose parameters t 
are determined by a binaiy quadratic, say ■ ■■ 9 r * (f°) r . 
With reference to a norm-conic N(t) in a pi i • i ’ i ' quadratic q 
is represented by a point. Hence the P-curves determine 
an infin ite .'gg oc.iio of points in the plane of N(t) which 
divide into 527 sets of conjugate points under the discontinuous 
collineation group T 10 , 2 induced in the plane by the group 
no , 2 on the conic A T (t). We shall find later (ct 55 , 56 ) 
notable properties of this aggregate. 

53. Special sets in space. The ten nodes of 
a symmetroid. The special set, Ql, of eight base points 
of a net of quadrics has been discussed in 44 with particular 
reference to the 36 sets congruent to it. At present the 
group of regular Cremona transformations with invariant net 
under which Ql is ^elf-congruent is more pertinent. This 
group, z's.s, is discussed under case (a) as a basis for the 
further discussion of (b), the half-period set Qs, (c), the nine 
nodes, and (d), the ten nodes, of a Cayley symmetroid. 

Unless otherwise specified all of the Cremona transformations 
employed are regular, i. e. products of collineations and 
yiy'i — 1 (* = 0 , • • •, 3). Three types are particularly use- 
ful: the Kantor involution J 16 (type T 15 in 44 (1)); and the 
dilated Geiser and Bertini planar involutions. If a planar 
transformation is expressed as a product Yl-Ajjk-rc of quadratic 
transformations Aijk with P-points in Pr, and the permutation tc 
of the points of Pr, then the spatial transformation, whose 
expression is the product WA^k-rc of cubic transformations 
Aoijk with Appoints in the set Qr+i= go+Qr and the same 
permutation n of the points of Ql, is called the dilation 
into 8s of the planar transformation (cf . 20 § 4). The dilations 
into S 6 of the Geiser and Bertini transformations are (in the 
notation of 44(1)) respectively: 
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If the eight -F-points of the dilated Geiser transformation 
are a half period set on their elliptic quartie curve the direct 
and inverse jF-points are projective. When they coincide in 
the identical order the space transformation is an involution 
( 20 (28)). The similar fact is true of the dilated Bertini 
transformation when its nine JF-points are a half-period set, 
i. e. any eight are a half period set on their elliptic quartie 
( 20 (29)). The elements of g m ,z determined hy the Kantor 
involution and the dilated Bertini involution reduce mod. 2 
to the identity. This evidently is not true of the dilated 
Geiser involution. 

In the ease (a) when Qg is the set of base points of a net 
of quadrics, let C & be the Kantor involution with ordinary 
point at q 8 , and (? 8 the dilated Geiser involution with JF-point 
of order 14 at q s . Then Z > 8 = C s G 8 is of infinite period 
and C s , G 8 generate an infinite dihedral group which contains 
all transformations for which q 1} • • - , q-, are a symmetrical 
set of JF-points. Under these and like transformations at 
the other points q, the set Qs is self-congruent. Since also 
Qt is congruent to projeetively equivalent sets under diasi 
and -4 3678 (cf. 44(9)), it is >d*-c.uiarrucnt under JL 12S4 4 fl8:8 
and therefore under 

(2) -El, 8 = -d-1567 ' -d85t)7 1 • 


This product Hi t8 is also defined by the fact that -Ei, s (18) 
is T' 9 in 44 (1). In terms of the products 

(3) D» = <7s Gg, C‘2,i = Ci Ci 
there follows ( 17 II pp. 376-7): 

(4) The group i8,z of regular Cremona transformations with 
an invariant net of quadrics and self-congruent base-points 
Qs has an invariant abelian subgroup of index two whose 
elements can be expressed in a single way in the form 


rr,- — e? eft C ft . . . eft .Eft Eft ■ . - Eft 

0?8j •••! ?8, °S> • • ■ , °8 — o, 1) . 


These multiplied by Cx complete the group. 
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This group i s ,a gives rise to an invariant subgroup of G 8 ,s 
in 2 9 whose factor group is the modular group (p = 3) dis- 
cussed in 44- 

In the ease (b) when Ql is a half period set, or the 8 nodes 
of an azygetic 8-nodal quartic surface, each point is on the 
Cayley dianode sextic surface determined by the other seven. 
The theorem corresponding to (4) now reads ( 17 II (46)) : 

(5) The group of regular Cremona transformations with 
an invariant azygetic 8-nodal quartic surface and self- 
congruent nodal Q& has an invariant abelian subgroup of 
index tivo whose elements are 

(<?*,-••, <?s = 0,1). 

These multiplied by C x complete the group. The set Q% is 
congruent to 36 -2 6 protectively distinct sets which are per- 
muted under regular Cremona transformation according 
to a group f$ of order 8 ! 2® • 86 . 

This group /A> is a faetor group in the modular group 
(p = 4) of order 10! 2 8 • 51. The subgroup which leaves one 
of the 255 half periods, or points in the finite geometry S 7 . 
unaltered, has the order 8 ! 2 9 • 9 and is generated by the 
involutions attached to all the points of S? which are syzy- 
getic with the invariant point, say P 90 in the basis notation 
( 19 (16)). Among these is the involution J 90 attached to the 
invariant point P 90 itself which evidently must be invariant 
in the subgroup. The factor group of the subgroup with 
respect to this invariant g 2 is f$ . 

A more explicit identification of f® may be made by means 
of the finite number, 2 • 63, of discriminant conditions of the 
set Q$. If this half period set is taken with canonical 
parameters ti lf - • • , us on its elliptic quartic curve so that 
u*~ f • • • +«8 = ®/2, the three types of discriminant con- 
ditions and their identification with points in S 7 syzygetic 
with P 90 are: 

Pia ; Ui Us = 0; Pi284 ; tti-f- -f -Ui = 0; 

Pi29o: — Us-\-w/2 = 0. 


( 6 ) 
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These represent respectively the coincidence of q, , q 3 ; the 
coplanar condition of q t , . .., and the condition that 
a quadric with node at q t (or at q 3 ) is on q s , q*. That 
all discriminant conditions reduce to these is proved as 
follows. Under the Kantor involution C s for which Qt is 
self-congruent the directions at become the points of the 
P-surface P(l 8 2 2 • . • 7 2 ) 4 , or P(l)° = P(l 8 2 2 • • • 7 2 ) 4 . On 
transforming this equivalence by A isai and J. 1S56 the further 
equivalences, P(234) 4 = P(l 2 2345 s 6 2 7 2 ) 8 and P(12 2 3456) 2 
= P(134567 2 ) 2 , under transforms of C 8 for which also Q» 
is self-congruent, appear. From the last two there follows 
that <5 (2348) 1 = 0 implies <J(23481 2 5 2 6 2 7 2 ) 3 — 0 and that 
d(12 2 34568) 2 = 0 implies d (134567 2 8) = 0. This coincidence 
of later discriminant conditions with the initial ones given 
in (6) is sufficient to show that all are reducible to those 
in (6). If furthermore the involutions attached to Pij in the 
finite geometry are identified with the transpositions (qt qj) 
in Ql, and those attached to Pijki — 1, • • •, 8) with 

the cubic transformation Aya then the discriminant con- 
ditions (6) are permuted under Cremona transformation as 
their corresponding points in the finite geometry are permuted 
under / 8 ( $. 

The transformations of 4?s which, as elements of gs,s, reduce 
to the identity mod. 2 constitute an invariant subgroup i' of 
of index two which is generated by the Kantor involutions 
Ci, • - • , <7 S and their conjugates. The factor group f of i 
in ff8,s has the order 8! 2 s - 36 -2 ( 19 p. 337). The additional 
element in 4?s which reduces the order of this factor group 
to that of arises from the dilated G-eiser involutions 
Q x , . • • , Q g which figure in the products Pi , • • • , Z> 8 • These 
involutions all reduce mod. 2 to the same element in f which 
corresponds in the finite geometry to I ao . 

The eases (c) and (d) of respectively nine nodes, Q§, and 
ten nodes, Qio, of a Cayley symmetroid are related in much 
the same way as the set P| and the set Pg of base points 
of a peneilof cubics on P§ . The principal facts with reference 
to the determination of these nodal sets have been given by 
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Cayley 11 and Holm ( 55 §§ 9, 10, 11; 64 ; 5B ). The symmetroid 
is the quartic surface whose equation can be put in the form 
of a symmetric four-row determinant with linear forms as 
elements. The ten nodes are the points for which the first 
minors vanish. The enveloping cone from any node breaks 
up into two cubic cones on the other nodes, i. e., nine nodes 
are projected from any one into the base points of a pencil 
of cubics. If this happens at one node of a 10-nodal sur- 
face it happens at every node and the surface is a sym- 
metroid. Any eight of the nodes are a half period set. 
Only seven of the nodes can be chosen at random. If 
q 1} ■ • • , q 7 are given nodes the remaining three lie on the 
Cayley dianode surface (cf. 44) determined by Q®. If q& is 
fixed on this surface the dianode of q t , • • •, q 6 , q 1 and of 
2i? * * ■> 3e> 3s meet in a curve of order 36 from which the 
15 lines qi qj («, j — 1 , - - • , 6) factor, as well as the cubic 
curve on q x , - - • , q 6 , leaving as the significant factor the 
“dianodal curve” of Cayley. The dianodal curve thus deter- 
mined by the half period set Ql has the order 18, has triple 
points with coplanar tangents at each point of Ql, and meets 
each of the infinite number of incurves of the second kind 
determined by Ql in two points outside Ql. If q g is chosen 
on this dianodal curve, there are 13 ten-nodal quartic surfaces 
with nodes at Ql, one of which is a symmetroid. Thus the 
pairs of remaining nodes of symmetroids with given nodes 
at Ql are pairs of an involution on the dianodal curve of Ql . 

There is but one symmetroid with given nodes and if nine 
of these are given the tenth is uniquely determined. Also 
( 20 ( 26 )) 

(7) A symmetroid 2 is transformed by regular Cremona trans- 
formation with q < 10 F-points at its nodal Qio into 
a symmetroid 2' with nodal Qio congruent to Qio. 

Por, A issi with P-points at q t , «*, transforms 2 into 
a four-nodal quartic surface 2' with additional nodes q'i corre- 
sponding to the nodes of 2 (i = 5, ■ • 9, 0). Also A 1SSA 

is a quadratic transformation on the net of lines on q x and, 
if the lines from g* to the other nodes of 2 are base lines 
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of a pencil of cubic cones, the net of lines on q[ has the same 
property and 2' is also a symmetroid. Furthermore ( 20 § 5) 

(8) A symmetroid is invariant under a Kantor or a dilated 
Bertini involution irhose F-poin is are in its nodal 
The dilated Geiser involution whose eight F-points are in 
the nodal Qio leaves the symmetroid unaltered hut inter- 
changes the remaining two nodes. 

From this there follows 

(9) The dianodal curve of Ql in (5) is a locus affixed points 
for those elements of the group which correspond to 
elements of gs , a congruent to the identity mod. 2. The other 
elements of iff effect on the dianodal. curve the involution 
of pairs which make up with Qh the nodes of a symmetroid. 

Let now Qg be the set of nine nodes of a symmetroid 
The set is self-congruent and 2 invariant under the Kantor 
and dilated Bertini involutions defined by the set (cf. (8'j). as 
well as the conjugates of the involutions obtained by regular 
transformation with F-points within the set. These conjugates 
generate the group which corresponds to the subgroup 
.(79,3 (2) of ,(/9 ; a which is congruent mod. 2 to the identity 
( 20 pp. 261-2). The factor group g^ n of ga,s(2) with respect 
to <79,3 is isomorphic with the modular group for p — 4 
( 19 p.337). Hence Qy is congruent to only 2 s - 51 • 10 pro- 
jectively distinct unordered sets. Any two P-surfaces whose 
signatures are congruent mod. 2 are equivalent under some 
operation of tyf 8 for which Qy is self-congruent. All P-surfaces 
defined by Q* are then equivalent to one of 255 types ( 2l> p. 262) 
which can be put into one-to-one correspondence with the 
255 half periods (p = 4) as follows: 

Pio : P(l)°; P 1280 : P(123) 1 ; 

(10) Pi789 : P(l 2 23456) 2 ; P29 : P(l 8 2 2 3 . . - 8) 3 . 

From the equivalence of P-surfaces there follows as before 
the identity of discriminant conditions. These also reduce 
to a set of 255 distinct conditions in correspondence with 
half periods as follows: 
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Pu : 5(1 2)° — 0; P 1234 : d(l 234) 1 = 0; 

(11) Pisgo : d(l 2 2 • • • 7) s = 0; P 20 : 6 (1 8 2 2 3 • • . 9) s = 0. 

If now the transposition (g* qj) is identified with the involution 
in the finite geometry attached to P y , and the Cremona 
transformation A v ta (i, l = 1, • • •, 9) with the involution 
attached to P y -w then the points P in the finite geometry 
are permuted under the modular group precisely as the 
corresponding classes of P-surfaces in (10), or the corre- 
sponding discriminant conditions in (11), are permuted under 
regular Cremona transformation. It is sufficient to verify 
this (obviously true of the transpositions) for the generator A^. 

When for case (d) the tenth node of 2 is added to Qg to 
make up the nodal set Qio, the Kantor involution which has 
P-points at q lt •••, q s and interchanges q 9 , q 0 and which 
did not appear in the group i'i\ of Ql, comes into play. 
Under it the set Qg — q u • • •, q&, q 9 is congruent to the set 
Qg — q 'd • • *> 3o* Hence the 2 8 • 51 • 10 protectively distinct 
sets congruent to Ql are distributed 10 at a time in 2 s - 51 
sets Qio, or 

(12) A symmetraid can be transformed by regular Cremona 
transformation into only 2 8 - 51 pi ojecHuelg distinct 
symmetroids. These projectively distinct types permute 
under such transformation » to, ding to the modular group 
{p — 4). The 255 discriminant conditions on the nodal 
Qio are permuted like the half periods. 

It should be noted that there are 2. 255 discriminant con- 
ditions of the types in (11) that may be formed for Qio. But 
the Kantor involutions show that a condition of type 
d (I s 2 s 3 • ■ • 9)® = 0 implies S (20)° — 0 and that one of type 
d (1* 2 * - • 7)® == 0 implies d (1 890) 1 = 0. Thus there are 
now under permutations of the ten indices only two types 
of discriminant conditions 

(13) P 1S : d (1 2)° = 0; P im : d (1 2 34) 1 = 0. 

These identities among discriminant conditions lead to theorems 
such as the following: 
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(14) If tioo nodes of a symmetroid coincide the cubic cone with 
vertex at any one of the remaining nodes and o>i the ten 
nodes has a double generator on the coalescent nodes . If 
four nodes of a symmetroid are coplanar there is a quartic 
cone ivith vertex at any one of the four nodes and on 
the 5"/7 mining six nodes . 

An expression of the figure Qw of ten nodes of a symmetroid 
in terms of modular functions (p — 4) given by Schottky will 
be found in 59- The remaining sections of this chapter are 
devoted to the geometric relations which connect the rational 
sextic and symmetroid with allied figures. 

54. Geometric relations connecting- the rational 
sextic and the symmetroid with the jacobian of 
a web of quadrics. This section contains a study of the 
projective relations which exist among a variety of figures 
in space defined by a planar rational sextic. In addition to 
the birationally related jacobian (of a web of quadrics) and 
symmetroid these figures include the rational sextic curve in 
space and the pair of cubic space curves. A certain pairing 
of planar rational sextics appears which is important for the 
purposes of 56. If the underlying rational sextic is trans- 
formed by Cremona transformation into a projectively different 
type, the related figures also are subject to transformations 
which are discussed in the next section. 

The simplest point of departure is the figure of two cubic 
curves in space with digredient parameters r and t respectively 
(24 § 4), These as point loci will be denoted by Oi(r), C s (t ) ; 
as loci of planes by Ci (r), C 3 (t). The two curves each depend 
on 12 constants and the pair depends upon 24 — 15 = 9 
absolute constants. On each point r of C x (r) are three planes 
of C 2 (t) and vice versa; dually on each planer of Ci (r) are 
three points of C* (0 and vice versa. The incidence conditions 
are therefore 

(1) F = (ary (« ty = 0; F = (a r) s (« t) s = 0. 

By reason of the duality the forms F, F are mutually related. 
Each is the same covariant of the other (** § 3). The general 
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fora F in digredient variables has 9 absolute constants and 
determines _in turn the two curves, CiO), C s (t). For if the 
planes of C 3 (f) are taken in the canonical form, 17 ( 1 ), the 
points of C\ (r) which satisfy the incidence condition (1) are 
perfectly general. 

Let Q 1; Q 3 _be_the two nets of point quadrics on Cx, C 2 
respectively; Q u Q a the two nets of quadric envelopes on Cl, C 2 
respectively. The pencils of the net Q t are the pencils on 
Ci and a bisecant of C%\ the pencils of the net Qi are the 
pencils on C% and an axis of C t . The net Q t will cut 
Cj (i,j = 1,2; i 4i) in an involution, it, of hexads of points. 
An i! on a binary domain may be visualized as the line 
sections of a projectively definite rational plane sextic. The 
nets Q, Q thus determine a tetrad of rational sextics, namely: 
Sx (f) , whose line sections are cut out on Ci (t) by the net_Q. 2 ; 
S a (t) , cut out on <7,(0 by the net Qi\ 81 (t), cut out_on Cl (t) 
by the net Q a ; and S a (<) , cut out C 2 (f) by the net Q t . The 
parameters, U, U, of a node of S 2 (t) are a neutral pair of 
l£ whence the points t x , f 2 of C s (t) lie on a pencil of the net 
Qx and therefore lie on a bisecant of Ci, i. e., a common bisecant 
of Ci , C a . Conversely a common bisecant determines a neutral 
pair of if whence (cf. 44 p. 312 for references to original sources): 

(2) The curves Ci, C 2 have ten common hisecants which deter- 
mine on Ci , C 2 the pairs of nodal parameters of S t (y), S 2 (t) 
respectively-, dually _C lf C 2 have ten common axes which 
determine on Ci, C 2 the pairs of nodal parameters of 
Si(r), 8 a (t) respectively . 

If one planar sextic, 8 s (t), is given its line sections de- 
termine on C 2 (t) co® hexads of points cut out by a net Q x 
each member of which is determined to within members of 
the net Q 2 ._ Thus a system co 5 is defined which is apolar 
to a web Q of quadric envelopes. But Reye 58 has proved 
that in the system apolar to a web Q there are precisely 
two nets Qi, Q 2 which are on cubic curves Ci, C 2 . Hence 

(3) The rational sextics cf the plane can he arranged in tetrads 
Si (y) , S a (t ) ; Sx (t), 8 s (t) in suck wise that given any one 
the other three are projectively determined. 
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In such, a tetrad the two in either pair will be called 
paired sextics] these have digredient parameters. Two with 
like parameters, t or r, will be called counter sextics: these 
in the space figure are of dual character. Any other pair 
will be called a diagonal pah*. 

The line sections of S s (t) in a plane it are in projective 
correspondence with the quadrics Q x . In Q t the cones on 
Ci (r) , in one-to-one correspondence with their vertices i. 
form a quadratic system. There is therefore on it a conic 
K(t) whose lines correspond to these cones. To a pencil 
of lines in jt on a point p there corresponds a pencil in 
which contains two cones corresponding to the two tangents 
of K(r) on p. If in particular p is a node of S s (t), the 
pencil in Q y is the pencil on a common biseeant of C\ . C s 
and the two cones have nodes at the parameters of 

a node of the paired sextic, Si (r) . Hence 
(4) Given a rational plane sextic, S s (t), there exists in its plane 
a covariant conic, K{r), such that the ten pairs of para- 
meters on Kf) of the ten nodes of S s (f) furnish the nodal 
parameters of the sextic Si (r), Conversely if with ref-n n-r 
to a norm-conic, K (r), ice mark the ten points determined 
by the ten pairs of nodal parameters of a rational sextic 
Si if) then these ten points are the nodes of another rational 
sextic S a (t ) which is the sextic paired with Si(j). 

It may be remarked that only six pairs of nodal parameters 
of Si (r) (with 9 absolute constants) can be chosen at random 
and that then five sextics S t (r) are determined ( 44 p. 316 
cf. also 56 ). In the plane however eight nodes may be chosen 
at random and one degree of freedom remains for the choice 
of the ninth. In the first case a choice of K(t) is also 
implied. The relations between the binary conditions on the 
nodal parameters and the ternary conditions on the nodes, 
which for a single sextic would be quite complicated, are 
quite simple for the paired sextics. 

The sextic S s (t) and its covariant conic K (t) are so related 
that a tangent v of K(f) cuts out 6 points t of S s (t) and 
a point t of Si(t) is on two tangents r of K(f). This 
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(6, 2) relation in f, r is obtained from C x (r), C a (t) as follows. 
The condition that plane r of C x is on point t of C % is 
(dr) 3 (at) 3 — 0. The pencil in Q x on t of C s contains the 
two nodal quadrics with vertices at r x , t 2 , the meets of C x 
and the bisecant from t to C\. Then r x , r a are the hessian 
pair of the three planes of C x on t, i. e. the hessian of the 
cubic (ar) 8 (at) 3 in r. Hence 

(5) The parametric equations of the rational sextics of the 
tetrad (3) referred to their covariant conics. £ '(f), F(r), 
as norm-conics respectively are 

(aa'f (at) (a' t) (ar) 3 (n'r) 3 = 0, 

(a a’) 2 (ar) (a'r) (at) 3 («' t) 3 — 0, 

(a a') 2 («0 (a't) (at) 8 (a'r) 8 = 0, 

(a a') 3 (ar) (a'r) (at) 3 (a' t) 3 = 0. 

It may be proved easily (cf. 24 pp. 158-59) that: 

(6) The forms F, F in (1) represent the direct and inverse 
linear transformations of the parametric coordinate system 
in space determined by C x ( r) into that determined by C 2 (t ) . 

i fiddly, the point and plane determined by (cr) s with 
reference to C x (r) are the point (a c) 3 (a t) 3 and the plane 
(dc) 3 (at) 3 with reference to C 2 (t ) ; the point and plane 
determined? by (y t) 3 with reference to C\ (t) are the point 
(a r) 8 (« y) 3 and the plane (ar) 3 (a y) 3 with reference to C x (r) . 

Let ti, ts, U be three points of the sextic, S s (t), on a line* 
Then there is a quadric q x in Q x on the points t x , t 2) t 3 of 
C a (t) which with the net Qz on C a (t) determines a web which 
meets the plane t x , f s , t& in the net on these three points. 
Hence one quadric q x + q% of the web contains the plane 
tx, is, t s . This plane meets C x (r) in three points r x , r 8 , r 3 
which also are points in which the quadric q s of Q s meets- 
C x (r) whence r X) r 2 , r 8 are three points of the paired sextic 
S x (r) on a line. This mutual relation between the two linear 
triads must, according to (6), be as follows: 

(7) There is a one-to-one correspondence between the linear 
triads on two paired rationed sextics ; if(yt) 3 is the linear 
triad on S a (t) {$ 2 00} then (ar) 3 (a y) s {(a r) 3 (a y) 3 } is the 
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linear triad on the paired sextic &\ (r) {^(r)}; if (cr) 3 is 
the linear triad on 8 X (r) (t)} then (c a) 3 (« #) 3 {(cu) 3 («if) 3 } 

is the linear triad on the paired sextic S a (t) \S 3 {t)}. 

A particular plane r 0 of Ci is cut by the x 1 planes of C\ 
in a line conic which is to be identified with K{ r). A point x 
in t 0 is determined by the two tangents of K(j) which arise 
from the two further planes r 1? r 2 of C* on a;. These two 
planes meet in an axis l x (x — r 1; tt 2 ) which cuts r 0 in x. 
Thus the congruence of axes l x of C\ determines a projective 
correspondence among all the planes of C\ . According to (6) 
the plane t of C a ( t ) is the plane (ar) 3 (« t'f referred to 
Cx (z) and the point x — r x , t s , r 0 is on tills plane if 
(av x ) (az a ) (ai 0 ) {at) 3 = 0. Hence the planes t of C* cut 
each plane z of Ci in a rational cubic of lines 

(8) (nx) (at) (a t) s = (ar x ) («r 2 ) (ar) (at) 3 (x = r x , tA. 

Selecting a fixed plane z 0 of C x as a base, the oc 1 (for vari- 
able t) rational cubic envelopes (8) on the oc 1 planes r are 
projected by means of the axes l x to form in r 0 a family 
(with parameter %) of oo l rational line cubics (with para- 
meter t). Since for fixed t there is one axis l x in the plane t 
of C\ which for variable r is met by all the lines (8), it follows 
that the cubic curves (2) in r 0 are all perspective to the 
rational curve (i. e., line t of the envelope is on point t of 
the rational curve) cut out on z„ by the cc 1 axes of Ci which 
lie in planes t of <7 2 . Since for given t these axes are deter- 
mined by the quadratics, (a a r y_(az) (a z) (« t) s (cc't) s — 0, this 
rational curve is the sextic S a (t) referred to its covariant 
eonic K(z). In particular the ten common axes of Ci, Q 
which are on two planes t cut z 0 in the nodes of S 3 (t) . Hence 

(9) Upon a plane z 0 of C x , the axes of Ci which lie in the 
planes of C% it) cut out the rational sextic_ 8% (t) , the ten 
common axes of Ci, C s cut out the nodes of 8 s (f), the planes 
of Ci cut out the covariant conic K(z) of S 3 (t), and the 
planes of C a cut the cc 1 planes of C x in cc 1 rationed cubic 
envelopes which are projected upon z Q by the congruence of 
axes of Ci into the ao 1 perspective cubics of S a (t). 
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The general form (8) in digredient variables x (ternary), 
t, t (binary), has 23 constants and 23 — 8 — 3 — 3 — 9 
absolute constants. In terms of its coefficients the parametric 
equation of S s (t) is 

(10) (jt n' 2?) ( a a') ( ct t) s (&' t) z = 0 . 

One may prove further ( 24 § 9 (1)) that 

(11) The triads v of cusps of the oo 1 perspective cubic envelopes (8) 
of (t) run ov&)' a sextic curve of genus four biro Ho unity 
equivalent to F — 0 in (1), and constitute a g\ in the 
canonical g\ . The residual g\ is a system of triangles on 
the sextic whose sides envelop K(j). 

The form (8) for given x and t Jurnishes the three tangents t 
of the perspective cubic t of S 2 (t) which pass through x. 
If however # is at a point t t of S s ( t ) then one of these 

tangents is t — t x for every r and (tty) is a factor of (8). 

If x is at Xt, one of the ten nodes of S s ( t ) with nodal para- 
meters (qi t) s , then 

(12) (nXi) («r) (a t) B = (h r) t) -(q t t) s (i — 1, • * • , 9, 0). 

On each point of a common axis of C\, C\ there is a third 
plane r of C x and t of C\ . As the point runs over the axis 
the (1, 1) relation between these planes v and t is {hr){ht) — 0. 

Let as before Q_be the web of point quadrics _apolar to 
the two nets Q x , Qs of quadric envelopes on C 1; C s ; Q the 
web of quadric envelopes apolar to the nets Q lt Q 3 . According 
to the usual theory the jacobian J of the web Q is the locus 

of nodes of quadrics of the web or the locus of pairs y, y’ 

of points apolar to the web. These pairsjie in an involutorial 
correspondence I on J. Let the net Q t on C L meet C 2 (t) 
in hexads t x , ■ ■ ■, t B of planes of the involution l£ cut out 
on S 2 (t) by lines of the plane. Then the entire web Q(y) 
will meet C% in sets of 6 points in the_ involution l£ which 
is the conjugate of (or apolar to) the l£ and which may be 
visualized as the plane sections of a rational space sextic 
curve JB(t). For, Q(y) is apolar to and therefore the 
polarized quadrics of Q(p) will be represented on C s by 
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polarized sextics; and Q(y) is apolar to Q x and therefore these 
sextics are apolar to the sexties cut out_on C\ by Q t , i. e.. 
to J 2 6 . Now the linear triad 4> 4 , 4 of S 3 (t) can be supple- 
mented by a triad 4 , 4 , 4 to form a hexad apolar to T£ 
whence the polars of the triad 4 , 4 , 4 as to four independent 
members of I& will be linearly related, or the triad will be 
apolar to a unique hexad of l£ cut out say’ by Q'(y). Then 
Q’(y ) can be represented as a sum of squares of the three 
planes 4, 4? 4 of C s and has a node at the point y(h, 4, 4 ) 
on these three planes. Conversely if Q'{y) has a node y it 
cuts C s in a hexad whose catalecticant (the discriminant of 
Q' (?/)) vanishes whence Q'(y) can be expressed as a sum ot 
three_ squares of planes t. Moreover the quadric of the 
net Qijwhich touches two of these planes must touch the third 
since Qi is apolar to Q'(y) whence the planes 4 , 4, 4 are 
a triad of a hexad of I->. Thus J is the locus of points y on 
planes 4> 4, 4 { r i • , r 3 } of C* (t) {C\ (r)[ where 4 . 4, 4 and 

Tj, r 2 , t 8 satisfy the symmetric conditions, 

(13) f s (ft, it, i) — o, f (vt, 4, 4) = 0 , 

which express that_4, 4,_4 {r l5 r 3 , r 3 } are a linear triad on 
the rational sextic S 2 (f) {Si (t)}. Moreover the two trihedrals 
4 , 4 , 4 and r l} t 2 , t s on y, being self polar as to Q'(y), are 
six planes of a quadric cone q'(y) with vertex at y. Con- 
versely if y is a point for which the two trihedrals have this 
property then, of the cc a quadrics Qi on t 1} t 2 , t s , one is 
on 4 , 4 and therefore contains all the planes of q (y) in- 
cluding 4 • Hence 

(14) The Jacobian quartic surface J is the locus of points y 
for which the two sets of three planes of 6 \ . C± on y 
are planes of a quadric cone q r (y ) . The two trihedrals 
on Ci, C 2 correspond to linear triads , paired as in (7), 
on Si (r), S s (if)- Referred to C % ( t ), or to C t (r), J is an 
involution surface with equations (13). 

By the term involution surface is meant a surface whose 
parametric equation when referred to a norm-curve is the 
equation of a binary involution. 

IB 
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As noted above there is one quadric q± of the net Qi on 
the planes t 1} t 2 , r 3 ; t u U, h which contains the planes 
the cone q' («/). Similarly there is a quadric q 3 of the net Q s 
on the same 6 planes and cone. Each of the quadrics gi, q 2 also 
contains the planes t 4 , r 5 , r 6 ; t i; t 5 , t 6 and the cone q' iy') 
on this second set of 6 planes. But if two quadric envelopes 
have two quadric eones in common a member of their pencil 
factors into the product y, y' of the vertices of the cones. 
Hence y, y r are corresponding points of I on J and the 
corresponding linear triads on either rational sextic make 
up a linear hexad on that sextic. Thus if, on 3» (t), t x , t% 
are nodal parameters on a line with t 3 , t i} t 6 , t 6 then as the 
line revolves about the node thejpoint y (t,, t%, if) runs along 
a common axis Ai of C* if), 6\ if) on J and the point 
y’ (U, U, t e ) runs over a cubic curve Nt on J. The curve N 
is the involution curve determined by triads referred to C s 
which are contained in the it cut out on & (t) by lines on 
the node. If t 3 , h are the parameters of another node, Ni meets 
the axis Aj (t 3 , U) of C% in the points y ( t 3 , t x , t 6 ), y (J 3 , 4, f 6 ) 
and Aj is a bisecant of Ni. Hence 

(15) There are two systems ofcc s 6-planes , one on each of the 
curves C u C s , inscribed in J. Each point y of J deter- 
mines one 6-plane of either system and these two 6-planes 
also have in common the opposite point y' of the 6-planes 
which ^corresponds to y under I. The ten common axes 
Ai of C x Ca on J correspond under I to ten cubic curves Ni 
such that Ai is a bisecant of Nj(i,j = 1, — , 9,0/ i £ j). 

Let the web of quadrics Q in the S s iy) of J with dual 
coordinates y, rj be given by the double quaternary form 

(16) ( ay) 2 (fz) — 0 

with z, £ dual coordinates in another S 3 (z). The form has 40 
coefficients and depends upon 39 constants or 39 — 15 — 15 — 9 
absolute projective constants. Eor every point z in S(z), (16) 
determines a quadric in S (y) and the locus of points z for 
which this quadric has a node y is the symmetroid 
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(17) 2 = (fig) (fi' Z ) (p's) 0 a"'g) (a «' a" a'") 9 - = 0, 

a symmetric four-row determinant whose elements are linear 
forms in z. Any such determinant may be regarded as the 
discriminant of a quadric (16). For point s of 2 and node y 
of quadric (16) the equations, 

(18) «* (ccy) (fiz) = 0 (/ = 0, 1, 2. 3), 

are simultaneously satisfied. On eliminating z we have 

(19) J= (fifi'p'p ' 0 (« «'«"«"') (ay) ( a'y ) (a" y) («"' y) = 0. 

the jacobian of the web (16). For corresponding points y. y' 
of J under 2 the equations, 

(20) fi t (ay)(cty') = 0 (/ — 0, 1,2,31. 

hold simultaneously. For g, y corresponding points on 2, J 
the equation of the point y is 

(21) (fig) (fi'z) (fi" z) (« «' «" ? ) 2 = (y rj) s = 0. 

A point y determines in (16) a plane £ but £ on points 
2 ’ 1 , z 2 , z s is determined by any one of the 8 base points y 
of the net of quadrics (cey) 2 (fiz 1 ) — 0 (i = 1, 2, 3) on y. 
Thus (16) defines an (8,1) correspondence between points y 
and planes t of the spaces of J, 2. If y is on J one of 
the three quadrics of the web on y has a node at y and 
two of the 8 points corresponding to £ coincide at y. If 
g° is the point of 2 which furnishes this nodal quadric then 
the square of y is furnished by (21) and this substituted 
in (16) yields the plane £ which corresponds to y in the 
form (fiz 0 ) (fi f z°) (fi" z°) (fl" z) (a a' a" a"') 2 — 0 which is the 
tangent plane of 2 at the point z° which corresponds to y. 
Hence J is mapped by (16) upon the planes £ of 2. If £ 
is on z, d, y is on a quartie curve which meets J in 16 
points, i. e., 2 is of class 16. Ten quadrics in the web (16) 
are pairs of planes whose nodal lines are the axes A* on J. 



244 V. ABELIAN MODULAR FUNCTIONS OF GENUS FOUR 


There are therefore 10 points s° for which (21) vanishes 
identically and at which the tangent plane of 2 is inde- 
terminate. Hence 

(22) The points of the jacohicm surface J are mapped by (16) 
upon the planes of the symmetroid of class 16 and order 4 
is such wise that point y and contact s of tangent plane 
correspond in (18). The ten lines Ai of J map into the 
planes of the ten tangent quadric cones of 2 at its ten 

nodes, i. e., the lines of J to the directions 

on 2 at its nodes. 

Under the birational transformation B in (18) between J 
and 2 a quadric section of J by ( 8yf O'-nv-pHids to the 
section of 2 by its cubic adjoint surface, 

(fie) (fife) (fif'e) (« «' a" = 0. 

The sections of J by planes r t correspond on 2 to a linear 
system r$ of order 6 and genus 3 on the nodes of 2 which 
are contact curves of the cubic adjoints 

(fie)(fife)(jre)(a*'ariF = 0 

whence on every plane section n of 2 there is isolated a 
system of contact cubics. The linear system r£ is cut out 
on 2 by the linear system of adjoint cubics 

(fiz) (fi' z) (fi" s) (a a' a" rf) ( a cc' a" f) — 0 

for variable y and fixed f . 

If £ is a plane section of 2 determined by points z, f , z" 
then the three quadrics (« iff (fizf^) determine a net and the 
involutorial Cremona transformation of pairs apolar to this 
net (i. e. I on J) is 

(23) (ecu' a” V ) (fifi'fi" 0 (ay) (cc' y) (a" y) = 0. 

The fundamental sextic curve of this involution, the locus 
of nodes of the net, is the member of the linear system C£ 
on J which corresponds under B to plane sections of 2. 
Cubic surfaces on C£ cut / in a residual system C'l of 
sextics of genus 3, the transform of plane sections of J 
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under I. For given sections £ of ^ and /; of J the cubic 
surface (23) cuts J in the curves O 3 0 , C' 3 which correspond 
to £, rj under 5, J respectively. Hence if £ corresponds 
to C& on J under B and tj corresponds to r£ on JS under B 
but to C'% under J then for given £ (23) is a cubic Cremona 
involution which on J is I with fundamental curve c£; where- 
as for given y (23) is a cubic Cremona transformation of J 
into 2 which has C't and r£ for inverse fundamental curves. 
The inverse transformation is obtained from (21) in the form 
(0z) (£' z) (« «' «" y) (« cc' a" if) = 0 for fixed //. Thus 
on any plane section of J there are isolated two corresidual 
linear series cut out respectively by the linear systems 
C£ and C'l, 

The points y on the two cubic curves C x (r) ? C\ (t) corre- 
spond in (16) to the planes £ of two rational sextic envelopes 
2?i( t), (t) . The planes £ of these curves on a point z are 
given by the parameters of the points in which the quadric (16) 
cuts C x , C 2 whence the curves_ R x (j), R s (t) are the space 
curves conjugate or apolar to S x (?), S s (t) respectively. The 
symmetroid 2 is the locus of points z for which the quadric (16) 
can be expressed as a sum of squares of three planes of C x , 
or three planes of C 2 (these planes themselves being represented 
by perfect cubes), and therefore is the locus of points z whose 
point sections of R x (t) , or of (#), are expressible as a sum 
of three sixth powers, or are catalectic sextics . If however z 
is a node of 2 the quadrie_(16) is a pair of planes n, >/ on 
a common axis Ai of C x , C 2 . Since q, if is apolar to the 
net Q x , and the net_Q 2 , theplanes y, r/ are harmonic to the 
pairs of planes of C x and C 2 on Ai and the quadric can be 
expressed as a sum of squaresof either pair^of planes. Hence 
the sextic point-section of B x (r), or of R s (t), from a node 
of 2 is a cyclic sextic, i. e., a sextic reducible to a sum of 
two sixth powers of linear forms. The linear forms themselves 
determine a pair of nodal parameters on the conjugate plane 
sextics S x (t) , S 2 (0 . The catalecticant of a binary sextic is 
the particular symmetric four-row determinant for which the 
elements in a line perpendicular to the principal diagonal are 
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all alike. Conner 25 shows that 2 can he transformed into 
such a symmetric determinant in just two ways corresponding 
to B x (x) and i? 3 (t). These two rational space sextics are 
conjugate to the paired planar sextics S x (x), S 2 (t). Unlike the 
planar curves the one space sextic is localized when the other 
is given since each determines 2. 

_ Let (q t'f be a linear pentad on S s (t) whose carrier meets 
S s (t) again at U. _The polar of (qtf as to four independent 
point sections of (t) is & (tti) d — 0, - • •, S) and (qtf is 
therefore apolar to three independent point sections of B s (t) 
and thus to all the point sections of B s (f) by points of a plane £. 
Thejlocus of planes £ thus determined by the_Go 2 linear pentads 
on S 2 (t) is the Stahl ( e8 p. 56) quadric K of j Eft). For, if H 2 (t) 
for the moment is taken as (fiz) ( bt ) 6 = 0, the condition that 
the three sextics (ftz®) (bi) s = 0 (i — 1, 2, 3) have a common 
apolar quintic is of degree two in each tP> and these can 
occur only as £ = j|^ U) z { ' 2) 2 (8) |j. Two linear pentads (q if, 
(q't) 5 of S s (t) with the same sixth point t x , which determine 
planes £, £' of K, are apolar to point sections of H 2 (i) by 
points on the line ££'. The equations of £, £' are (ftz) (bqf {bt) 
— q(z£}- (tt x ) and {fin) (bq'f (bt) — <*(z£')-( tt) x . Hence the 
variable linear pentads (q tf + ^ (q'tf on lines through a fixed 
point *t. of xSg (0 determine a pencil of planes q(z£) -\-ho(g£') 
on K, necessarily a pencil on a generator 4 of K. Again 
for given t in (8) the line t x of the perspective cubic of S 2 (t) 
cuts S s (t) in ti and a linear pentad of the form (cf. 24 § 5 (5)) 
f(f, tf) = (q tf. Then (fig) (l qf (b t ) = f(z\ x\ if) ■ (A t) 
and the plane (z£) of K is linear in t x , and for variable t x 
turns about the generator x of K. Hence 
(24) The planes £ of the Stahl quadric K are in one-to-one 
correspondence with the linear pentads of S 2 (t). As £ 
turns about a t generator of K, the variable pentad cf 
S 2 (t) turns about the point t of S s (t)._ As £ turns about 
a x generator of K, the pentad of S 2 ( t ) runs over the 
lines of the perspective cubic_envelope x of S 2 (t) in (8) . 
AT has a similar relation to S x (t) with the roles of the 
generators reversed. 
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For given % the linear pentads, f[f. r\ fj) = 0 on the lines t x 
of the perspective cubic t are apolar to the pencil of sextic 
point sections of points z on the generator r of K. This 
quadratic system (for variable f x ) is in a net of binary quintics 
whence the pencil of sexties consists of the polars of a binary 
scptimic. As t varies this septimic must lie in a pencil 

(25) (cr) (yty = 0 
since the polars 

( 26 ) (cr) (ru) (ytf = o 

mus_t be included in the linear system (oc s ) of point sections 
of R a (t) (cf. (a) below). 

If t u • • • , t a is a linear hex ad I of S s (t) the three pentads 
obtained by dropping t 6 , t 5 , successively determine three 
planes £ of K which meet in a point e(t l} t 2 , t 3 ). The point 
section of R 3 (t) from z is apolar to the three quintics and 
therefore is apolar to their common triad t x , t a , t 3 and is 
a catalectic sextic, or z is the point of the symmetroid — 
which corresponds to y(f . f, t 3 ) on J. From the existence 
of the co £ line sections of S% (t) each containing six pentads 
and the _similar behavior of 2 with respect to the paired 
sexties, S L ( t) and S s (t), there follows (cf. (15)): 

(27) There are two systems (co 2 ) of 6-j planes circumscribed to 
the Staid quadric K and inscribed in 2. Then K is 
a rational covariant of 2 being part of the envelope of 
planes which cut 2 in Liiroth quartics ( with inscribed Jive 
lines). A point z(t 1} t 3 , t 3 ) — z(t 1} r a , r 3 ) (cf. (7)) of 2 
belongs to a single 6-plane of each system and these two 
6 -planes have also their opposite points z' (tf 4 , t 3 , t e ) 
— z ' ( v i i r s? r e) in common where z, z' are images in the 
involution I on 2 which corresponds to I on J. 

In this and the following sections certain theorems, indicated 
by letters, which refer to the configurations introduced above, 
are given without proof.* The first group of theoremsjrelates 
to the Stahl quadric and the perspective curves of S s (t ) . 

* Proofs of these theorems will he found in a second article by the 
author under the title: Geometric aspects of the abelian modular functions 
of j genus four ; Amer. Jour. (1929). 
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(a) The form (26), the polar of (2b), is thncguniion. (bz) (fit) <3 = 0, 
of the rational space sextic envelope B 2 (t) when the point z 
is referred to the Stahl quadric K of B ± it) with generators x 
and ti = t. 

Thus the general (1, 7) form (25) with 16 coefficients and 
15 constants or 15 — 3 — 3 == 9 absolute constants is sufficient 
to determine protectively B 2 (t) and therefore the entire con- 
figuration of J, 2 and S 2 (t) . 

(b) The catalecticant of the sextic (26) in t is, for t x = t 

a form (ex ) 4 (elf which furnishes the equation on K of 
the octavic carve of intersection of K with 2. For given x 
in (er) 4 (etf = 0 the qiiartic in t with roots ts, • • ■ , t 6 is 
the linear tetrad on S 2 (t) cut out by the double tangent 
(with parameters t 1} t 2 ) of the perspective cubic (8) of S 2 (t). 
For variable x this double tangent of the perspective cubic 
envelops a rational curve B 10 (x) of class 10. Through 
a point i ofS 2 (t) the ten tangents of B 10 (x) contain a set 
of 6 for which t is in the p>air U, t 2 and a set of 4 for 
which t is in the tetrad t s , t 6 . The ' T ->> 6 

and 4 values of x are determined by (««')* (at) (ft) (ax) 3 
(a'x) 3 = 0 (cf. (5)). and (etf (erf — 0. 

(e) The only linear tetrads of S 2 (t) for which the four points 
on their line are projective to their four parameters on 
S 2 (t) are the four residual points t 3 , • ■ • , t s on the double 
tangents t l} t 2 of the perspective cubics of S s (t). These 
tetrads are furnished by (etf (ex-) 4 — 0. 

(d) The locus on J which corresponds to the intersection of K. 
with 2 is the transform under 1 of the locus of points y 
for which q'(y) in (14) breaks up into two pencils of planes. 
These are points y at which the axis ofC 2 in the planer 
of Ci meets the axis of Ci in the plane t of C 2 when r, t 
satisfy (ex) 4 (etf — 0. 

(e) The system of perspective envelopes of 8 s (t) of class m-f 3 
cor) espotuh in (1,1) fashion to the system of curves on K 
of order m+ 1 of the form (kx) (xt) m = 0. The equation 
of the system of perspective curves is (rex) ( ah ) (a t) 3 (x t) m — 0 

(ef. (8)). 
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The next group of theorems centers about (15) and (22). 
We recall that, at the end of 5 2 ? the binary quadratic 
qO- Tl 9*® O r °y was defined to_ be the pair of parameter* t 
of the two points in which S 3 (t) is cut by the P-curve, 
T(l r ' — 9*° 0 r °y , of its nodal set Pi 2 outside of the inter- 
sections at the points of Pm. Thus the nodal parameters 
of S s (t) are q(l)°, - - •, q(9)j_, q(0)°; the parameters of the 
pair of points cut out on S 2 (t) by the line qq p» are 2(12)*; 
etc. These pairs will be distimrmVhod from the like-named 
pairs of points on the paired sextic, &i(t), by the addition 
of the parameter t or % as the case may_ be. _Thus the 
parameters of the ten common axes Ai of C\(r), C> {t) on J 
are q(i\ v)° and q(i; t)°. The parameters t and t cut out 
on At by the third plane of C x (t) or C a (t) on a point of 
Ai are related by the projectivity, (X t t) (k r) = 0, in (12). 

(f) The cubic curve A x on J is cut by the axes Aj (j = 2, • •• , 9, 0) 
in pairs of points whose parameters t are g(l j; t) 1 or 
whose parameters r are q(lj ; r) 1 , the parameters t, t bang 
connected by the projectivity (lit) (l t r) — 0 in (12). 

(g) The. 45 quadratics q (ij; t) 1 and the 45 quadratics q(ij ; r) 1 
arise from the two common solutions of the 45 pairs of 
projectivities, (hi t) (l t x) = 0 and (A, t) (lj r) = 0; i. t\, 
q (ij ; i) 1 = (h t) (Xj t) (h lj) a7id q ( ij ; x) 1 — (A,- Xj) (h t) (7, r) 

(t,j — 1. ■**» 9? 0). 

(h) The points of an axis At on J correspond to directions at the 
node Di of XS- the curve Ni on J corresponds to the rational 
octavic m® on 2 cut out by the quadric M% on the nine nodes 
other than Di. The polar of Di as to the Stahl quadric K 
cuts Kin a conic section whose equation on K is (A,-£)(kr)=0. 
The octavic m\ with parameter t (or r) has for nodal 
parameters at Dj the quadratic q(ij\ t) 1 (or q(ij; t) 1 ). 

These theorems are used in the_next section to determine 
the behavior of the paired sextic Si (x), the jacobian J, and 
the symmetroid 2, when the sextic S B (t) is transformed by 
Cremona transformation into a congruent sextic. The account 
given in Meyer’s Apolaritat ( 44 §§ 30, 31, 32) has contacts 
with the exposition just given. 
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55. Associated Cremona transforms of the rational 
sextic, symmetroid, and jacobian surface. We examine 
in more detail tlie parameter distribution on the curves^ 
described in 54(f), (g). The involution it cut out on S a (t) 
by lines on the node p x contains tetrads 4, 4, 4, 4 such 
that the point y (4 4 4) on N x has the parameter t — t 3 . 
The planes t — 4, • ■ •, 4 of C a (t) are the faces of a tetra- 
hedron circumscribed to C s (t) with opposite vertices inscribed 
in N x at t — 4 , • • • , 4 < Thus N x is an H& curve — a Hurwitz 
curve ( 44 p. 315, II) — of C a (t) . The axis of C% (t) on planes 
4, 4 of Ca(<) is a bisecant of N x on points 4, 4* In par- 
ticular let the line on the node p x of S a ( t ) pass through the 
node p a . The tetrad 4, 4 is then q( 2; 4 °-g'( 12;4 1 * 

Hence the axis 5 (12; t ) 1 of C 2 (t) is the bisecant 5 (2; 4° of 
Nt and from symmetry is also the bisecant #(1; 4° of N 2 . 
Due to the like behavior of the paired sextic S x (r) with 
respect to the axes of C x (r) and the curves N t , the axis 
5(12; t) 1 of Ci (t) is a common bisecant of A and N 2 with 
parameters q (2 ; t)° on N x and q( l;r)° on N 2 > This axis 
5(12; t ) 1 of C x (t) can not coincide with 5(12; f) 1 of C 2 (t) 
since the ten common axes of C x (r), C 2 (t) are the axes A t . 
Hence 

(1) If on each of the cubic curves C x (z), C 2 (t) there cure marked 
the ten common axes Ai as well as respectively the 45 axes 
q dj‘> T ) 1 ound the 45 axes q ( ij ; t ) 1 then these axes include 
cUl of the common bisecants of any tivo of the curves Ni, 
those belonging to the pair Nt, Nj being the axis q {ij; t ) 1 
of C 2 (4, the axis q{ij ; r ) 1 of C x (t) and the eight common 
axes Ak{k 4 1 i,j) of C x '(z), C 2 (t). These ten bisecants of 
Nt have for parameters t on Ni respectively 5 (j ; tf, 
5 O'; v)°, 5 (i k; t) x where parameter % is converted into 
parameter t by (4 z) (hi t) = 0. 

The two lemmas which follow are not proved. 

(a) If two cubic curves N x , N% m general position and 8 of 
their ten common bisecants Aj (j — 3, • • • , 9, 0) cure given, 
there is a unique quartic surface on N X) N 2 and Aj which 
is the jacobian of a web of quadrics apolar to a unique 
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pair of cubic curves C x , C % for which the Aj are common 
axes and H, H s are Huncitz curves. The pairs j Y x . X* 
and Ci, C s are hnitmdly but dually related. 

(b) A planar rational sextic is uniquely determined to within 
a /</•' /< fii> >ty when the pairs of parameters of eight nodes 
are given. 

If Hi, Hi are any two cubic curves in general position, let 
(Hi, H) denote the rational sextic whose nodal parameters 
are projective to those_on H x of the ten common bisecants 
of H, H s ; and_(JSi, H%) the rational sextic whose nodal 
parameters on H x are those of the eommon axes of H x , H. 
Consider then the rational sextic (N x , X*). Eight of the 
nodal pairs are q(lk; t) 1 (k = 3, 9, 0) (cf. (1)). The 

Jonqui feres transformation Ji, 2 of order 5 with simple J^-points 
at 2>S} • ■ Pol 4-fold jP-point at p x and ordinary point at p s 
transforms S 2 (t) into a sextic eight of whose nodes are 
q(lk; t) 1 and this transform according to (b) must be pro- 
jective to (Ni, X 2 ). Since p 2 is an ordinary point the trans- 
form has a node q (2; t)° as is the case according to (1) 
with (Hi, H 2 ). The transform also has the node q (1 3 3 • • • 90; tf 
and this according to (1) is the transform of q( 2; r)° by 
(h r) (hj t) — 0. Hence 

(2) The p •ojn ii, i' ;j (l x t) (X x t) — 0, under uhich q (1 j; r) 1 and 
a (1 j, t) 1 (j = 2, • • - , 9, 0) correspond, sends q (j; t)° into 
q (1*2 - j — 1, 1? • • • 90; £) 4 g (l;r)« info 

q( 1 8 2® • • • 0 3 ) 12 and vice versa for q (j; t)° and q (1; t)°. 

The last statement will be verified in a moment. Consider 
now the paired sextics (N x , N 2 ) and (Ns, N x ). Let (Hi, N s ) 
be regarded as the given sextic, the biseeants q( 13; t)\ 
q (10; f) 1 being looked upon as nodes p'i, • * •, pc’, the bisecant 
q( 2; t)° as the node p' 2 ; and the bisecant g(l s 3 • •• 90; tf 
as the node pi. Then Ji, 2 transforms (N, H 2 ) back into Ss(t), 
the nodes p'i of (H x , N s ) passing into the nodes pi of 8 S ( t ) 
(i = 1, 2, • • 9, 0). The transformation J 2 , 1 with simple point 

at pi then transforms S 2 (t) into (N t ,Ni) with nodes p x ,ps,ps, ■••>Po 
corresponding to bisecants 2(1 ; t)°,q(2 s S 0; t)*, 2(23; t) 1 , •••, 

2 (20; f) 1 . But the bisecant q (2; t)° of (A r i, N 2 ) is the bisecant 
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q(l ; tf of (JS T s , Ni). Hence (N x , N a ) is transformed into (N s , N x ), 
in such a way that corresponding nodes pass into each other, 
hy the transformation Ji, 2 «7|, 1 followed by the transposition (12). 
If we set S x = Ji ,2 Ji, i (12) then in the notation of 53 (1) 


1 9 


(3) St: 1 
9 


17 —12 —4 . 
12 —8 —3 ’ 
4 — 3 0, — 1 


118 


Si S% '• 1 
1 
8 


65 —40 —24 —16 
24 —15 —8 —6 • 

40 —24 —15 —10 
16 —10 —6 —3, —4 


Hence 

(4) Two paired sextics are congruent under Cremona trans- 
formation. The transformation B x will transform, a given 
sextic into its paired sextic with paired nodes orr< '/midlng. 
The lack of symmetry in the ten nodes disappears when 
the integer coefficients of B x in g X a t 2 are reduced mod. 2 
(cf. 52 (4)). 

Two sextics paired with a third are projective to each 
other. If Si transforms S into S' and S- 2 transforms S' into S", 
then S and S" , congruent under B x S a , must he projective. 
This is verified by the fact that the product R x B% in (3) has 
coefficients which are congruent mod. 2 to the identity. The 
form of J2j in (3) verifies the behavior stated in (2) of the 
quadratics q under transformation from S a {t) to its paired 
sextic S x (r) . 

We have observed that the sextic (N x , N a ) has the follow- 
ing scheme of nodes and nodal parameters: 




Pi, 

2 ( 1*3 ... 0 ; tf, 


Pi, Ps, ’ ’ p'o 

2(2; *)°, 2(13; t)\ -..,2(10; t) 1 ; 


and that (JVi, N s ) is the transform of S a (t) by J x ,%. Similarly, 
after an additional transposition (23) of nodes, the sextic 
(Ni, N s ) has the scheme: 

(N x , Ws): 

Pi’ Vi, Ps, p'l, ■■■,po' 

2(l a 24 ... 0; t) 4 , 2(3; *)°, 2(12; t)\ gCU; OS 2(10; 2) 1 ; 
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and (A 7 !, A 7 3 ) is the transform of S,(t) by 3 (23). Hence 
(A r i, A r a ) is congruent to (A T l5 A’,) under the quadratic trans- 
formation Ji,s Ji,s (23) = J. l2S . Similarly the paired sextics. 
(As, A 7 i) and (As, A r 1 ) have the foil ovine: schemes which take 
account of the pairing of the nodes: 


(A- 2 , Ai): 

Pi, Ps, Pa. 

q(2 s 3 • • • 0; tf) 4 , 2 (1; tf, 3 (23; t)\ 


(As , Ax): 

Pa, Pa, 

g'(3 3 24 • • • 0; f) 4 , 3(1; t)°, q{B2-, t)\ 


Pa, • • •• p'o 

g(24; t)\ .... 5 (20; t) 1 : 

p”, ■■■.p'o 

3(34; n\ .... 3(30; t)K 


Hence (A T a , AY) is the transform of S a (t) by J|,i(12) and 
(A 3 , AO is the transform of S a (t) by J 8 a ,i (123). Thus (As, A\) 
is the transform of (A T 2 , A T i) by (12) (123). We set 

(5) Ai, a » = (12) 4x4! (123), 


and verify by actual multiplication that 


( 6 ) 


1 7 




10—6 —3 

16-3 —2 

7 3 —2 0,-1 


Furthermore jRi, 9 o is the product of a Bertini involution with 
A-points at p x , • • • , p 8 and a Geiser involution with A-points 
at ps , • • • , p& • 

Since a sextic is self-congruent under a Bertini involution 
there follows: 

(7) If a sextic S(t) is congruent to a sextic S' (t) under quad- 
ratic transformation 4. 1S s, the sextic S(f) paired with S(f) 
is congruent to the sextic S' if) paired ivith S'{t ) under the 
Geiser transformation with F-points at p 4 , - - • , P9 , Po • 

It is rather interesting to observe the role played in these 
relations by the conjugate set of generating involutions of 
pio,2 (cf. 6 (4), • • •, (9)). These comprise of course the trans- 
positions and the quadratic types A ias , but also the quintie 
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type ij,.. , e = which, appears in (14) below, 

the type in (6) Pi )9 o = J. 1T8 M . 6 Ai&, and the type in (3) 
Jf?i = jlieo -Ki,90 • 

According to 54 (h) the rational octavic curve m\, cut out 
on - by the quadric Mi on nodes D z , •••, D 0 , has nodal 
parameters 5(12; i) 1 , • 5(10; t) 1 . Projected from D a it 

yields a rational sextic with eight pairs of nodal parameters, 
<2(13; t) 1 , ■ ■■, 5(10; OS which therefore is the sextic (2Vi, N a ) 
above, the transform of 82 (f) by J Xt 2 ■ The line pi pi of (JSF X , N 2 ) 
cuts_(A T i , N 2 ) in a pair of points whose parameters are those 
of Si(i) on the P-curve, P(l 2 56 ••• 0) s . Hence 
(8) The curve m\ with parameter t (r) is cut by the plane on its 
nodes P a D 3 P 4 in a further pair of points g(l 2 5 6 ••• 90; 0 3 
[5(1 2 56 • • - 90; t) *]. 

Let M/ u (0_be the web of sextics with a 5-fold point at the 
node pi of S 3 (t) and simple points at the remaining nodes. 
This web w a) (t) maps the plane on a quadric surface M t 
whose generators g(s) arise from the lines (with parameter s) 
on pi, and whose generators g (o) arise from the pencil (with 
parameter 0) of quintics with 4-fold point at p x and on the 
remaining nodes of 8 % (t) . Let s (2) , ■■■, s (0) be the parameters s 
of the P-curves, P(12) 1 , • - P(IO) 1 ; and <r (2) , •••, cr (0) the 

parameters a of the products of P-curves, 

P(1 2) 1 - P(1 3 34 ■■■ 0) 4 , P(10) 1 .P(1 S 23 9) 4 . 

The exceptional points and curves of the mapping are as 
follows. All points on the line p t pi map into the point 
JDi(s (i) , a®) on Mi, except pt itself which, as a locus of directions, 
maps into the generator g (s ci) ) (i — 2, • . 9, 0). The direc- 
tions at pi map into a quintic curve on M x of type (m<r) (p$Y = 0. 
The sextic (f) maps into a rational octavic on M x with 
nodes at Di and nodal parameters 5(1 i\ t) 1 . The plane on 
A , A , A is the map of P(1 2) 1 • P(1 3) 1 - P(1 4) 1 . P(l 2 5 . . . 0)* 
whence this plane meets the octavic outside the nodes in 
5(1*56 • • • 0; t) 3 . Hence (cf. (8) and 54(h)) the octavic is 
and 
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(9) The sextic S 2 it) is mapped by the web w a) U) (1*2 • - • O') 6 
upon the rational octavic m\ with nodes at the nodes 
T>%, •••, D 0 of the_symmetroid 2 associated with S s (t). 

The paired sextic S t (j) is mapped by the web w w (t) upon 
the same rational octavicm®. Indeed the transformation^ 
in (3) which transforms &\ (r) into S 2 (t) transforms the web 
into the web iv a) (t) but interchanges the pencils s, a. 
These two pencils coincide, and M x has a node, if and only 
if the discriminant condition, JP ai s — d(l s 2 - • . 0) 4 = 0 (cf. 52 
(7 b)), is satisfied. If this symmetric discriminant condition 
vanishes the transformation JR 1 becomes a collineation (cf. 9(3)) 
and the paired sextics are projective. If M 1 has a node the 
Stahl quadric K is a conic and either sextie S s {t), S, (r) has 
a perspective conic ( 26 (§)). Hence 

(10) If two paired, sextics, S t (t), S 3 (t) are projective then the 
discriminant condition which expresses that an adjoint 
quartic of either has a triple point at one node of the 
sextic is satisfied, and either has a perspective conic. Then 
each quadric Mi has a node and the Stahl quadric K has 
a double_ plane. 

If indeed S s ( t ) has a perspective conic and nodal parameters 
ti , t 2 at pi then tangents ti , t 2 of the perspective conic are 
on pi . Hence the pairs of nodal parameters of S s (t), plotted 
with reference to the perspective conic as K{t) (cf. 54_(4)), 
yield the nodes of 8 if) in coincidence with those of 3* (t ) . 

Conditions imposed on one part of a geometiic configuration 
must be followed throughout the configuration with consider- 
able caution. For example it is a single condition on S s (t) 
that it have a perspective conic. Its perspective cubics then 
all degenerate into this conic. If in the construction of 54 (9) 
the perspective cubic in the plane r 0 of Ci (r), which is cut 
out by the planes of C 2 (t), reduces to a eonic then a plane 
of C 2 (t) coincides with the plane t 0 of C x If). This is only 
a single condition on the two cubic curves in space but it 
requires that the^ common plane be a factor of J. The situation 
is rather that S% (f) with ja perspective conic determines its 
apolar space sextic curve Ss ( t ) whose cataleetic point sections 



256 v - abelian modular functions of genus four 

determine 2 as before and thereby J. The peculiarity of J 
however is that the web Q has, in its apolar system Qi-j-Q s , 
a single net of quadric envelopes with a common cubic curve, 
i. e. the curves, C\ (V), and C 2 (i), have fallen together. 

_ Of the 2 1S * 31*51 rational planar sextics congruent to 
S s (t) the symmetroid 2 yields two paired sextics, Si (J), S s (t); 
and the 2 s - 51 symmetroids congruent to 2 yield 2 8 -51 such 
pairs. This pairing is associated, as we have seen, with 
a discriminant condition, JV Those elements of the group 
52 (5) which leave this condition unaltered and therefore 
transform a pair of rational sextics into a pair constitute 
a subgroup with an invariant g a , consisting of 1 and R x , 
whose factor group is the group 53 (1 2) of congruent sym- 
metroids. Those further discriminant conditions on the nodal 
set Rio of S s ( t ) which are syzygctic to P a/i yield discriminant 
conditions on the nodal set P10 of 2 . It is indeed clear from 
the mapping in (9) that _ __ 

(11) If nodesDi,Dj of 2 coincide, then nodes Pi,pj of S 3 (t) [£1 (r)] 
coincide ; if 4 nodes of 2 are coplanar then the foinjderuent- 
ary 6 nodes of S 3 (t) [Si (t)] are on a conic. 

Discriminant conditions azygetic to P ajS may be described 
in terms of the special behavior of the quadrics M % with 
respect to 2, and, doubtless, translated to a particular behavior 
of the Stahl quadric K with respect to 2 as in (10). Thus 
from the mapping it is at once apparent that: 

(12) If three nodes pi, p 3 , p 3 of S 2 (f) are collinear then Mi 
contains the line D%D 3 ; or also Mi contains the cubic curve 
on J?®? * • • > Ds> -A>- 

The linear system (oo 5 ) of conics in the plane maps the 
plane upon a Veronese V$ (t) in S 6 , the locus of double points 
of a cubic spread Mi , the map of pairs of points of the plane. 
The sextic £ 2 (#) is mapped upon a 10-nodal rational curve 
P 12 (t) in S 6 . If 6 of the nodes of R ls (t) are in an S t , then 
6 of the nodes of S% (t) are on a conic and the complement- 
ary four nodes of 2 are in a plane. Hence the set Pi 6 0 of 
nodes of P 12 (t) is the set associated Jo the nodal set Pi® of 2. 
But then conies in the plane of S x (r) must likewise map 
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its plane upon a Veronese V» (j) containing the same Pio. 
Hence 

(13) If two Vet'onese surfaces, V* (t), Y% (r) meet in 10 points, 

P 10 , then this set is associated to the set, Pio, of nodes of 
a symmetroid 2. The spreads 2lf (t), M* (r), with double 
V 2 (t), V 2 (r) f/'i /7y. each cut the double v£ of the 

other in a rational 12-ic carve, P 12 (r), P 12 it) , with nodes 
at Pio. These 12-ic curves are the maps of the two rational 
sextics associated with 2. 

A regular quintic transformation in S 5 with six P-points 
in Pio converts Pi B 0 into a congruent set Qio associated to 
a set Q 10 congruent to Pfo under regular cubic transformation 
•with P-points at the complementary four points of Pio (16 ( 8 )). 
Under such transformation a v£ on Pio is converted into 
a v£ on Q 10 , their respective planes being congruent under 
a ternary quintic transformation Ax.. e( sl (17)). Hence 

(14) If 2 is congruentto 2' under the cubic transformation JLissi 
in space, then S’ 2 (f) [i?i (r)] is congruent to Si (t) [Si (t)] 
under the quintic transformation j4 56T890 . 

The entire ternary Cremona group is generated by eollin- 
eations and a single quadratic transformation, A lis . It con- 
tains subgroups of the same nature and degree of generality 
as itself; e. g. the group G generated by collineations and 
the quintic transformation A 12 s 4S 6. This group G is isomor- 
phic with the regular group in S 5 which transforms a Vi 
into itself. With congruence defined as congruence under G 
a planar rational sextic is congruent to 2 8 .51 protectively 
distinct pairs which are in ( 1 , 1 ) correspondence with the 
2 s • 51 protectively distinct types of congruent symmetroids. 
An investigation of the types of groups G thus defined by 
particular types of Cremona transformations would be of 
decided interest. 

The jacobian J of a web admits a variety of Cremona 
transformations (ef. 6:> ). Thus the two cubic involutions de- 
fined by £' respectively in 54(23) each define the in- 
volution I on J and their product is a transformation for 
which J is a locus of fixed points. Also since A" is a trans- 
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form of J by a cubic transformation then the J, J', birationally 
equivalent to congruent 2, 2', must also be equivalent under 
Cremona transformation. It is nevertheless desirable to restrict 
somewhat the type of transformation so that a groupoid 
property analogous to that of congruence may appear. 
A suitable type is that cubic transformation with sextic 
J 7 - curve which degenerates into a cubic curve N and three 
bisecants A. This has been studied in various connections 
by Fano, Tinto, Young and Morgan* and Montesano (cf. 62 
pp. 203-4 and p. 217). Montesano 46 shows that for fixed N 
and variable triad of bisecants these transformations produce 
types isomorphic with the ternary types of Cremona trans- 
formation. We give without proof the theorem analogous 
to (14). 

(c) The jacobian J is transformed by the cubic transformation 
with F~mrves, A s . A 3 , A 4 into a jacobian J' . The 
symmetroids 2, 2' birationally equivalent to J, J’ are 
congruent under the regular cubic transformation A 12 s 4 , . 

A oon*cque*h*( of this eventual symmetry in 1. 2, 3, 4 is 
that if J. is transformed into J' as indicated, and into J" 
with P-loci, Ni, Ax, A s , then J' and J" are projective. 
Thus the product of two such transformations and a properly 
chosen projectivity sends J into itself. 

56. Related projective figures and projective groups. 
Let Sx(r) and S%(f) be two paired sextics and let K{t) be 
the covariant conic of 54(4) in the plane of S t (r) . The 
pairs of^ points cut out on S* (t) by the P-curves of the nodal 
P 10 of S a (t) will be named by the quadratics determined by 
their parameters as before but with the parameter t deleted 
as in 3 ( 1 )°, g(12) 1 , etc.; those similarly cut out on S L ( r) 
will have the parameter r indicated. With reference to K (t) 
as a norm conic, these quadratics in t determine points in 
the plane of 8 t ( V ) which will be referred to as the “points’' 
q(l)°, g(12)S etc. According to 52 00) et seq. if these 
points are marked upon the plane of 8x (r) there will be an 
initial set of 527 points (ef. 52 (3)) each of which will be 
the initial point of an infinite conjugate set under a ternary 
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collineatioji group r 10>2 with the invariant conic K(t). The 
527 sets exhaust the points q. Two points q are in the 
same ■ . ' set if and only if their signatures are con- 

gruent mod. 2 . The group r 10fl is generated by a conjugate 
set of involutions, i. e. harmonic perspectivities, determined 
as follows. If qiT' 1 , • • - , 0 r °) r and q{ l\ • • O s °) s are any 
two points q for which 

(1) — r 9 s 6 — r 0 s 0 = 0, 

then the harmonic perspectivity whose axis is the line l joining 
the two points q and whose center is the pole of 1 as to 
K(t) is a generator of Ao, 2 - Some of the more interesting 
projective properties of certains groups of these points are 
developed here. 

We observe in the first place that the points q contain 
an infinite number of nodal sets Pio of planar rational sextics. 
According to 54 (4) the ten points g(l)°, • • •, qi 9)°, g(0)° are 
the nodes of 6\ (t) itself; the ten points qi‘23) 1 , q(31) 1 , g(12) 1 , 
q( 4)°, , q (0)° whose parameters arise from S s (t) by the 
quadratie_transformation A 1SS are the nodes of the trans- 
form of Si (r) by the Geiser involution V with P-points at 
#(4)°, • • •, g(0)° (55(7)); and the ten points #(l s 3- -•<))*, 
q( 2)°, g(lS) 1 , • ••, ff(lO) 1 are also a nodal set (55(4) et seq.). 
In the entire configuration q there are 2 1S -31-51 projectively 
distinct nodal sets Pio of this sort and the remaining sets 
arise from these by the collineations of Pio, 2 * 

(2) The entire configuration of points q can be obtained from 
a given nodal set, e. g. £(1)°, •••, £(0)° by the linear 
process of constructing the 9th intersection of tivo cubics on 
eight points. 

If indeed Ci is the cubic curve on the nine points other 
than q(i)° (i — 1, - • 9, 0) then C\ contains the vertices of 

4-lines circumscribed to K(t). For, on (t) the 1% cut out 
by lines on the node p% will, when transferred to Kit) 
produce a system (oc 1 ) of 4-lines circumscribed about Kit) 
whose vertices are on a cubic and whose opposite vertices 
are in a hessian correspondence u ’ == ti-~ u>J 2 on the cubic. 


17 * 
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Such opposite vertices are #(?)° and 2 (H ) 1 (i = 2, ■ • 9, 0). 

Hence the cubic is C x and it contains the point g(12) 1 which 
is the intersection of C x and Ca. Thus the nodal set g(23) 1 , 
g(Sl) 1 , 2 ( 12 )*, qi£)°, q(0)° can be constructed as in_(2). 

This belongs to the sextic paired with the transform of S 2 ( t ) 
by Ai iS and the entire configuration can be obtained by 
successive quadratic transformations. 

Another notable set of ten points q, which is not a nodal 
set consists of the four points q (1)°, • • • . q (4)° and the six 
points qiij) 1 (i s j — 1, • • 4), say the set R. It is convenient 

to symmetrize the notation by setting q(i)°— r 0 « and qiij) 1 — ru 
( 1 i,j , k, l — 1 , • • ■ , 4). Let the six further points g(5)°, • . - , g(0)° 
be denoted by Then first there are five rational sextics Si 
(j. = 0 , • • •, 4) with six nodes at and four nodes at 
One of these is the original sextic S x {*) = S 0 with nodes 
at s(l)°, 2(4)°. The first of the remaining four is the 

sextic S x with nodes at 2(1 f, q( 34) 1 , q(24) 1 , q(2 3) 1 . The 
five sextics S t are thus the sextics paired with the five 
which have six given pairs of nodal parameters. Secondly 
there are five cubic curves K x on Ql and on those six points r t j 
which are complementary to the four nodes of Si. Hour of 
these, Ki, • • K4, are the cubics Ci,--., C* above which 

have the required property. The fifth, K 0 , is to contain the 
six points qiij) 1 {i,j — 1, • * *, 4) and q{ k)° ik — 5, - • 9, 0). 

It may be proved that K 0 with the required property exists. 
If then the plane is mapped upon a cubic surface by cubic 
curves on Qe (which isolates a sixer on the surface) the 
cubics K t become an inscribed five-plane and the sextics S% 
become the rational sextics cut out by the five quadrics 
which touch the surface at the vertices of one of the five 
tetrahedra of the five-plane. Conversely if a cubic surface 
has an inscribed five-plane these five tangent quadrics exis t 
and, after choice of a sixer on the surface, the five cubics 
and sextics Si are determined. 

As a consequence 

(a) A necessary and sufficient condition that 10 points p x , • • • . p 4 ; 

P5, - • * ? Pq, Po he nodes of a rational sextic is that the four 
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cubics on the last six points P'l and rt-spei tivcly on three 
of the four re.,'iunat<j points shall meet again by pairs in 
six points which also lie with Pi on a cubic curve. 

If, in conformity with, the notation for the set JR, the nodes 
lh, ■ ■ • , Pi of $2 (t) have nodal parameters roi, na and 
the line joining the nodes p z ,pj meets S s (t) again in >•** 
l — 1, — ,4); if also the points p x be taken as the 
reference andunit points respectively then the parametric 
of 8i(t) are 

= r 0 2 r 0 a ?i 4 x* — x s = r 0i r 0l r 23 

(8) x s = r 0 3 ni » 24 ? n — Xi — r 0i r 0 2 >81 (rij = — rj, ) . 

%3 = r 01 >02 Tg 1 ^1 x± = ?04 >03 >*12 

Then the 10 quadratics r are connected by five quadratic 
identities which are due to these obvious identities in x: 

(x 2 — x 3 ) = 0; X\ ( x s — x 3 ) = 0 ; 

x s — x 2 -f- (x 3 — a’ S ) = 0 . 

The five quadratic relations are 

(4; r Jk ni + rm Tji + rij m = 0 (i, • • • , l = 0, • • • , 4). 

Due to these relations one may prove that 
(b) The set of 10 points R can be separated in 10 ways, by 
isolating a point rij, into three points rim, rmk, rja, and 
three pairs of points on lines rucrjk, rarji, nm.rj m , such that 
the '/ ' of three points and three lines are perspective. 

The property of the set R expressed in (b) is very similar 
to the perspective property of the Desargues configuration. 
The configuration R however has -9 absolute constants where- 
as the Desargues configuration has but three. It may be 
verified easily that eight of the points R may be chosen at 
random, the ninth is then any point of a unique line, which 
when chosen determines the tenth uniquely. This of course 
is on the assumption that the norm-conic K(t) is not given 
in advance. Indeed one may prove that the five quadratic 
relations (4) can be replaced by the five linear relations, 
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(5) t'lO -f- >'il "h 1 'i 2 ! \s "I" r i4 — 0 (?ij — r ji'i r n = 0); 

of which only four are independent, and by any one of the 
five quadratic relations. The linear relations determine the 
projective situation of the points R in the plane as expressed 
in theorem (b) and the quadratic relation then determines the 
location of Kit). 

This suggests another way of bringing in the quadratics r v - 
or points of R. If y 0 , • • •, with y 0 -\- • • • +2/4 = 0 are 
the supernumerary coordinates of a point y in S3, the line 
coordinates, pm = (yi y’k — yny'i), of the line yy' in S 3 satisfy 
the linear relations (5) as well as the quadratic relations (3). 
The coordinate system determines a five-plane, and a quadric, 
adjoined as follows, brings the number of absolute constants 
up to 9. Let 

(6) yi — ( ai t) («>• t), ifli. v) 0* 0 = 0 (* = 0, • • • , 4). 

As t, x vary the point y(t, t) runs over a quadric with 
generators it, t). The line coordinates of a line on points 
y(t, t) and v r ) are 

CO PiJ = Oy t) inj t') • (r r') -f (Sij t) (Sy r') ■ (t t') . 

For t' — t, i. e., a ^-generator, the ten line coordinates are 
a set of quadratics (r y t) s , and for t' — t, i. e. a ^-generator, 
the ten line coordinates are an entirely similar set of quadratics 
(syv) 2 ; where 

( 8 ) {ryty — (a t aj) («,<) (sijt) 2 = (a t aj) (cut) (ajr). 

Further details with respect to these configurations will 
appear in the article cited in connection with 54 (a). 

Attention may be called at this point to a method sug- 
gested by the _author ( 88 pp. 359-61) for setting up series in 
the plane of S% (t) which are formally invariant under the 
«1o,2 of S a ( t ), and which are readily transformed into series 
invariant under Flo, 2. 



CHAPTER VI 

THETA HEEA.TIONS OF GENUS FOUK 

The variety of geometric oonfisun «»tion> and of algebraic 
forms discussed in the preceding chapter had the common 
property of being, in one way or another, protectively deter- 
mined by the birationally general algebraic relation of genus 
four, JF = (av) 3 (<x t) s = O. In the present chapter some of 
these geometric figures will be deduced directly from the 
theta relations. The developments are due largely to Schottky 
who observed that the jPf 0 of ten nodes of a symmetroid 2 
could be expressed in terms of modular functions of genus 
four of the abelian type defined by an algebraic curve. 
The bearing of this upon the problem of the determination 
of the til tangent planes of the canonical space sextic of 
genus four will be discussed at the close in the light of 
the similar problem presented by the double tangents of the 
planar quartic. 

57 . Derivation of certain theta relations. JFor p = 4 
and 2 p + 2 subscripts, i f J, • - • — 1 , 2, • • - , 9, 0, the odd and 
even theta functions of the first order comprise the 136 
even functions, &yjam 9 with zero values r*, djjam ; and the 
120 odd functions, The half periods are represented 

by the points _P#, in the finite geometry mod. 2 of an 

& 7 referred to a null system C r 4 . 

The projection and section of the null system O 4 by 
a point and its null space, say the point jPso? leads to 
a derived null system, C 3> in an S& (cf. 26 ). The points of 
the s&z arise from the null lines of and are named by 
subscripts i,j, - = 1 , - - 8 . Thus the null lines JP& 0 , 

i\r, JP^ 9 o; jP<Hb Pa m P'mnop on JP 9 0 in S 7 contribute the points 
and JPijia = JP-mnop respectively in S&. The quadrics in S 7 
on -P 90 divide into 64 pairs and, with respect to these pairs, 
we define the products. 


2GH 
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(1) X = ■& 9 -&Q, x m === Xjnnop — &ijkl9 &ykl oj Xfj — ■&ij$ ^y'O? 
with, their zeros values 

( 2 ) p — Cq Co, Pijkl — Cy-kl 9 (hJJdO • 

It is proved below that these products satisfy the same 
system of linear relations, as the theta squares for p — 3. 

The projection and section of the null system Cs in $ 6 from 
one of its points is equivalent to the projection and section 
of the original C4 in S 7 from one of its null lines and by 
the null space P 5 of the null line. If the null line in the S 7 
is defined by P 80 , P?s, the result is a null system C % in S 3 
whose points are named by subscripts i,j, • • • — 1, • • •, 6. The 
quadrics in S 7 on the null line divide into 16 tetrads with 
respect to which the 16 products and 10 zero values are: 

I r i — Xn X{8, Yijk — Xijki Xyjc&, q.ijk — Pijm Pijks 

3) (i,j, k = 1 , 6 ). 


Similarly the projection and section of this C a in S z from one 
of its points and by one of its planes is a null system Ci in S t 
which is also the projection and section of the original C 4 in S 7 
from one of its null planes and by the null of the null 
plane. If the null plane in S 7 is that defined by P 90 , P 7S , Pse, 
the null system C x in Si has a basis notation with subscripts 
i,j — 1 , • • *, 4. The quadrics in S 7 on the null plane divide 
into 4 octads which yield 4 products and zero values, namely: 


( 4 ) 


z = r 6 r 6 , 


Z%j — Yys , Ty — qjj 5 QyG 

(*»i = !»•••» 4). 


Following Schottky ( 6S pp. 251-2, cf. also 18 § 4) a notable 
set of linear relations connecting the theta squares (p = 3) 
is obtained. The eight functions, # 18 , #as, * - *, fys> are 
a normal fundamental set (cf. 26) . Since only eight theta 
squares are linearly independent, ^ must be linearly expressible 
in terms of the eight in the F. S. Since all except vanish 
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for u — 0, # 2 can not appear in the relation. On adding 
the half period P 18 all the functions except remain odd 
whence can not appear in the relation and similarly 

« = 7 „ 

can not appear. Thus the relation has the form, 2 ^«s 

« — 3 

= A &l 2 . On setting u — P« 8 , -las c~ = ± A cl 2f . 8 , or 

(5) C~ &12 = rh Ci2«8'^«8 (« = 3, • * •, 7). 

On replacing u by M + P 12 this becomes 

(6) c if -j- rh Cc!i 28 ^ai 2 s = 0 . 

These two relations contain a closed set of six azygetic 
functions, i. e., any three are azygetic and the six are linearly 
dependent (as quadrics in S 7 ). The general relation of this 
character may be described as follows: 

(7 ) If — f ■#£■(«, • • •, £ and h properly chosen sets of sub- 
scripts) are a closed azygetic set of six functions then 

El & K = 0 

where Pa is the half period ( proper or zero) for which all 
the functions , • • • , && are even. 

The functions X of genus four defined in (1) of the second 
order and characteristic P 90 behave like the theta squares 
(p — 3) in the following respects: their linear independence 
(cf. 20(9)); their vanishing when u = 0; and their permutation 
under addition of half periods (syzygetic with P 90 ). But this 
behavior was sufficient to establish (5), (6), (7). Hence 

(8) If X a , •••, Xj(cc, t, h properly chosen set of subscripts 
for p — 3) are a closed asygetic set of six functions then 

2?di. = 0 

with subscripts X chosen as in (7). 

One of the relations (8) is 

i = 4 

dr 2^567 Xi568 dr 2?5678 -X 56 dr p -X 78 — 0 - 
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This for a — 0 becomes 

(9) ± QiSb = 0 (i = 1 , • • ■ , 4) , 

which is one of 15 linear relations among the 10 constants qijk 
of the same form as the system 30 (V) for p = 2. 

Let utjk he the linear term in the development of the odd 
theta function (»)- Corresponding to (1) and (4) we set 

( 10 ) Vjj — ? c% ' — Vij Vig . 

The theta relations are satisfied if we set as in 45 (5) 

(It) jk =: It 1 ^lUjlc tiijk - 

The variables u are then not unrestricted but are rather pro- 
portional to algebraic functions of a variable x\ and the u' 
to functions of x’ . They are subject to two hrim<"«eoue->ii'- 
relations of higher degree which in S & define the normal 
curve G\ for which the Hyk are tritangent planes. Then 
from (8) and (5) there follows 

± Pi678 Vie dzpv'78 — 0 (i = 1 , • • • , 5), 

/ 2 j?) 

dt 2>2G7S V Vie l ^ Vie ±P L” ?'7S i // " V78 = 0. 

On Gl the V v are in the (?2 of contacts of contact quadrics 
of the system P 9 o so that any four are linearly related. Let 
then ’S; A,V r vie — 0 (J — 1, • ••, 4). The lemma of 45 (4) 
applied to this linear relation and to the quadric relation (12) 
yields y?. The constants A 1 , ■ ■ ■ , A± satisfy also 

the equations obtained from this by replacing the indices 78 
by 57 and by 58. These three equations are sufficient to 
determine the A J to be Aj = pjmpjm pje.es- E’er, the equa- 
tions are satisfied due to (9) when these values are substituted 
in them. It is understood of course that (9) includes all 
the relations similar to it which can be obtained by projection 
from any null line. The linear relations may therefore be 
written as 

(13) ± (pje78pjS87 2>j568 Vje) 112 = 0 (j ' — 1, • 4). 
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If^ similarly B- 0 Vv^+^ k B k Vv^ = 0 (A* = 1, 2. 3) then 
Bk = Pkeva Pkm 2 >ki 6 & and (applying the lemma again - ) 

2k ± (p/£657 PkOSS JP*647 Pma) VS = ± (<1*65 Sfail) 1 2 = 0 

(& ~ 1,2, 3). 

The three terms which appear here are the quantities r,j 
in (4) for the projection and section from P 10 , P 7b} P^ whence 
(cf. 28 (11)) 

(15) The three products of zero values of eight even functions 
defined %n (4) satisfy the relation 

VnTdz V r 2 i ± V r % 4 = 0, 

For each of the 255 • 45 null planes (cf. 28) used for pro- 
jection and section there is a relation (15). Schottky 59 has 
proved that they each express the single condition that the 
ten moduli a^j of the theta functions are of the abelian type 
which occur in connection with the normal integrals of the 
first kind of the curve of genus four (cf. also Roth 37 § 9). 
For values of p beyond four the p (p -j- 1)/2 — (3 p — 3) con- 
ditions of this type have not been obtained. 

Schottky ( 68 pp_ L 264-6) goes on to point out that the 28 
root functions obtained by projection and section from 

the selected half period P 90 , satisfy the same system of 
linear relations as the 28 functions thj ip = 3) (cf. (13) and 
45 (B)), provided that the constants V p v - k i (p — 4) replace 
the constants % u (p — 3). Moreover on comparing (14) with 
45 (A), and (9) with the modular relation p = 3 of the type 
obtained by setting u — P 1S in (6), it is clear that both 
systems of constants are conditioned in the same way. Hence 
the 28 Vv7j, lying in a linear system (ao 2 ), are the double 
tangents of a planar quartic, f*. They also are in the linear 
system of contact quadrics P&o and are sections of a Wir- 
tinger sextic W related to / 4 as described in 5o_(in par- 
ticular (13)). As double tangents of f k the l/ v# satisfy 
a system of irrational relations (45(C)) all of which are 
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equivalent to one relation, the rational equation of / 4 itself. 
These transfer to p = 4 as follows: 

(16) ± (qm qm qm Wi) l!i = 0 (i — 1 , 2, 3). 

But the values of the ioi = va Vis — um xim um are 
obtained from the values of u t , • • •, U 4 , as functions of x 
on W. In (16), which is an equation of / 4 , the values of 
u 1} - ?< 4 must be those assumed when x is one of the 24 

points common to / 4 and W, i. e., the u t and the 

Wjk are constants. Hence 

(17) With Cijtdm — -h-pkim (0) it is possible to find constants Cyjc 
for the functions &ijk such that the system of equations (16) 
for any isolated syzygetii half periods P 90 , P? s m satis- 
fied when a v ic — Cijk ■ 

It will be observed that the 24 points common to f and W 
are, on the canonical curve G\ in space, the branch points 
of the two gfs in the canonical involution. The values of 
the Uyk at one of these points are independent of the par- 
ticular half period P 90 which establishes the relation be- 
tween / 4 and W. The equation (16) is the basis for the 
connection, established in 59 , of the nodes of a symmetroid 
with the modular functions. 

58. Definition of the planar set, p|, in terms of 
modular functions. When one of the 136 constants c, 
say Cq, vanishes the normal space sextic, G\, of genus four 
is on a quadric cone A (ef. 51 ). The 120 tritangent planes 
of G% are then rationally separated by the discrete points 
of a set P| with which there is associated projectively 
a plane curve G\, a birational exemplar of G\. The line 
sections of G\, a g%, are contained in the complete linear 
series g\ cut out on the normal G\ by contact cubics of the 
system determined by ^9 (u). The G\ is mapped by this g% 
upon a curve Pf of order 9 in 8 & and G\ is the projection 
of P® upon the plane of P| from a properly chosen non- 
secant plane. Schottky 60 has obtained a projective definition 
of the set Pi directly from the modular functions for which 
c 0 — 0. The pertinent part of this memoir follows. 



58. DEFINITION OF THE PLANAR SET, 


269 


The 28 root functions defined by 


(1) Fceji — V Uccqo \S zip go IS iiapq f«, /8 — 1. — , 8; u ^ fi) 

determine on G% the nine contacts of three tritangent planes 
in the system of . The contacts are therefore a set of <7* 
hut, due to c 0 = 0, the 28 functions satisfy a system of 
three term relations by virtue of which only three are line- 
arly independent. These three are line sections of the 
planar G%. The three term relations are derived from the 
system 57 (13). If in 57 (13), when written in terms of the 
c’s and ihjk’s, the indices 6, 9 are interchanged, and the 
relation is then transformed by the period transformation J 128S 
under which the c’s and Uijk’s are permuted like the even 
and odd functions, it becomes (ef. 25 (4)) 

2k — (0,-1 580 C&45G8 Cfc5679 Oca 790 Cfc4780 C&1678 Wfc96 UttK)) 1 2 
i (C 0 Cg f 4 0789 C 47 S90 0.0089 C45890 ?< 570 ? C-,0 t) 1, 2 — 0 (/>' = 1,2.3). 


If to indicate projections from points other than P 90 < P ;8 
the products p, q are written more explicitly as 

(^) Pki/n/i ^ikltnn C jklmn 

then (2) takes the form 

-.2* ' 7 ,■ V-tffr-o. 

W A) — 0 (*==1,2,3). 

This, multiplied by V ?; s90 and modified by (1), yields 

(5) 0, c„ = 0. 

By means of these relations any of the 28 F a p can be ex- 
pressed linearly in terms of a properly chosen set of three 
such as F l2 , F u , P 28 . If then these three are equated to 
three independent linear combinations of x 0 , x-i, x s , the co- 
ordinates of the point x in S s are expressed in terms of the 
Since the 7 functions F a p with common index « can 
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all be expressed in terms of two, tbe corresponding lines in S 2 
all pass through a point p a (« = 1 , • • * , 8) and F a p is the 
line joining the points p«, pp- For variation of the initial 
terms u with the variation of a point on the normal 0 \, the 
point x runs over the curve G\ with triple points at Pi since 
the seven functions F a p for fixed « vanish for the three zeros 
of V^ncao, a tritangent plane of G\. 

Setting for brevity 

« = 8 

(6) Sa = Ua 90, P = XJ (.V'sa), 

« = 1 

Schottky defines a number of further root functions as follows: 

F V Uapyl l^Sa y'sfi V Sy ; 

P V Uapo V Sat V Sp ; 

P Set V Sp F' Sy V u„py ] 

P 3 V' Uaps/ V' Sa V" S/s; 

Fap Fup\ 

Crapy J a/Sy 

Ha,p Hp,a'i 

P 2 Sa- 

These with F a p are the sections of G\ by the P-curves 
(cl 51 (1)) of jthe set P& to which the improper section by 
P(«)°, i. e. V s a , should be added. The £- curves are the 
pairs of P-curves which in 51 (1) make up the degenerate 
sextics of the web with nodes at Pf. 

The algebraic relations among these curves are consequences 
of the theta relations 57 (13). The linear relations among 
the F a p have already been noted as consequences of (4). 
Other three and four term relations connect 

(a) (u 189 tt2 48 ) 1/2 , («289 Mi4b) 1/2 , (tt590 u 67S ) V2 ; 

(b) (MiSO W 89 o)^ 2 j (wi94 1*284 (^195 U% gs) 1 ^ 2 ; 

(8) (C) (lt 148 U i90 ) 1/2 . (Wl40 UzmY 12 , (W 2 40 «189) 1/2 ; 

(d) (MiS 9 thao') 1 ^y (ui28 ? < lSo)' L/2 > (1^124 ttuo) 1 ^ 2 ) 

(e) (Wl90 Msgo) 1 ^ - , (ill 9 2 Mass) 1 / 2 } Ohss W59s) 1,2 j (Wl94 W594) 1 / 2 , 


G«py — 
H«,p = 
Papy — 

(7) *** 

-L'ctfi 9 

Lafty — 
Lapo — 

La 9 Q = 



58. DEFINITION OF THE PLANAR SET, P* 271 

the last of these being obtained directly from 57 (13) by 
porimu <n ion of the indices. The relation involving the terms 
in (d) arises from (4) by the permutation (629134). The 
terms (a) arise from (4) by the transformation J 1SS0 (63584); 
the terms (b) from (a) by 7 1670 (3582); and the terms (c) 
from (b) by I 2 450 (1384) (52). These transformations do not 
disturb the equation c 0 — 0. 

If the terms (a), •••, (e) in (8) are multiplied respectively 
by (sisasas*) 1 ' 2 , P(*i) 1/2 /fe 5s ) 12 . P&.W'-/^) 1 ' 2 , P-isds.yk 
P 2 (s 1 ) 1 / 2 /(s 6 ) 1 '' 2 , they yield, by comparison with (7), the terms: 


(a) 

-FlS -?24 ? -F23 $ 678 ? 

(b) 

^14 $284? -^15$2S5 : i 

(9) (c) 

^123? -#1,4^23* 

(d) 

Ft 2? 6*128 Fs, u $124 -H 4 , 1 ; 

(e) 

F%h F$i, -K45 F 


Each group of terms in (9) is linearly related with coef- 
ficients which can be determined by the same transformations 
as were used above to produce the group of terms. Hence 
in (a) <?678 = 0 is a conic on p u ■ • -, and therefore, by 
virtue of the symmetry in its definition in (7), on also. 
In (b) jHi.g = 0 is the cubic with node at jh, and simple 
points at p 3 , Pi and, by symmetry, at p> s . Similarly in 
(c) and (d) J 1S& and K l2 are the P-curves, P(l 2 2 2 3 2 4 • • • 8) 4 . 
P(12 3 2 - 8 2 ) 6 respectively. In (e) the sextic curve L nM 
must have a triple point at p x and nodes at p^pz,Pi,Pa,p-,-,p» 
and at least a simple point p h . Again, from the symmetry 
of Pis® = P 2 si, it must have a node at j p 5 and be the 
P-curve, P (l 3 2 2 * • • 8 2 ) 6 . 

The effect of the definitions (7) is to assign definite values 
to the constant factors in the equations of the P-curves. 
The identical relations which follow from these definitions 
are various forms of the equation of G\. Such are 

(a) H«,p Hp,y Hy,ce — Hp,ct Hy,p j 

(10) (b) Lem Lip, a — Lpso Ha, § ; 

(c) Ja§y Keep = Fap G a py Ly$ o- 
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The concluding sections of Schottky’s memoir deal with the 
previously known mapping of G\ upon the normal G\ described 
in 51. 

We examine further the projective definition of the set 
P& in terms of the modular functions. The relation (5) con- 
necting* the lines F ls , F ia , F ti reads 

(11) 2 l ±d>&Ai>& 1/ ’^ = o (*= = 2.8,4). 
This is to be compared with the projective relation 

(12) j 1 34| JPis ± [ 1 24 1 F ia ± 1 123| F 14 = 0 

where | i j 7c | is the determinant of the coordinates of p J} pk- 
From a comparison of (11) and (12) 

(13) |124|/|134| = ±(j® 


This value depends first upon the isolation of c 0 == 0, upon 
the isolation of the index 9 in the definition of F a p, and upon 
the isolation of 1, 2, 3, 4 in the formation of the ratio but 
it should be independent of permutation of 5, 6, 7, 8. This 
is in fact the case because of the relations 57 (15). For, 
if the value given in (13) be equated to that obtained by 
the interchange of 7, 8 then 

(PS675JPSS89 J?2685 P2679) 1/2 ~ i (p2675 #2589 #3685 #S579) 1/2 . 


But these are -two of the terms in 57(15) for which the 
third, (pjp 6 789jPa878l>2S69) 1/2 == 0, since # — c 0 c t ~ 0. 

On replacing 4 in (13) by 5 and taking the ratio there 
results : 


(14) 


1 124 

135 1 

j 125 

134 


im(OI) flCOl) 
_ , " 2489 #3589 

— >'l'" ./< T 

l Mc>J 


This expression for a double ratio of the four lines from 
2h to p % , • - • , # 5 or, more specifically, of the double ratio of 
the line pair p { p s with respeet to the point pair, # 4 , # 5 , 
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in terms of modular functions is the desired projective definition 
of Pf. As before its value is unaltered if the index 8 is 
replaced by 7 or 6 . 

Under quadratic transformation A 123 , p£ is congruent to 
Ps for which pi, pi, pi, pi, pi is projective to p%, p?, pa, p&, j>i. 
Under period transformation J mo , 2 ><°« = c 02489 c 12489 is converted 
into c 434g9 c 08489 = • Thus the effect on the left of (14) 

is to interchange 4, 5, and on the right to interchange 2. 3; 
in either case the ratio is inverted. Hence 
(15) If, in the definition (14) of the set Pf in terms of modular 
functions, the moduli are subjected to a period trans- 
formation, the set Pf is transformed into a set P& con- 
gruent to Ps undes' Cremona transformation. 

59 . Definition of the nodal set, Pf 0 , of a symmetroid 
in terms of modular functions. The theorem 57 (17) 
states that the equations 57(16) can be satisfied by certain 
values Cijk of the odd functions u v -k. The equations then read 

(1) = 0 0 = 1,2,3). 

An equation of this system is determined when the null line, 
P 90 , P 73 , P 7890 , from which the projection is made, is chosen 
in one of 255-21 ways (cf. 28 ) and when thereafter in the 
projected spaee (p — 2 ) any three of the six odd functions 
are selected. The number of such equations is therefore 
255-21-20. 

These equations take more simple forms when the constants c 
are replaced by constants e from the equations of Schottky 
( 28 ( 1 )) in which 

(2) f i fijjjdm ^ijklrn J f\}k ^ijk‘ 

The conversion is accomplished by the method explained in 
45(11) et seq. The space Q allied with each of the terms 
in (1) is the S& determined by P 90 , P 78 , Pth, P*- The space 
O' syzygetie to & is the -S3 determined by P90, P78, -Pis, Pis* 
The first factor of the first term, c 14 678 , corresponds to the 
quadric Qne7& which is not on the four points Ps*, Pssn, Passo, 
Pus6 of O' . Hence e 28 , - occur in each of the 16 factors 


is 
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in the first term of (1). On extracting the roots indicated 
by (c 14 078> 1/4 == (/i 487 9 ) 1/16 the relation (1) becomes 

(3a) rfc 023 £2378 62890 01456 ~ 0 • 


Recalling that the e’s are identified with the points in the 
finite geometry in S 7 , it is apparent that each of the products 
in (3a) is identified with four points which with the null line 
ejs, geo, 07890 make up a null plane. The various types of such 
products may be obtained by projection from the null line, 
and selection in the resulting S s (p — 2) of one of the 20 
ordinary lines. They may also be obtained by transformation 
of (3a) by the involutions I,ju- A complete set includes, in 
addition to (3a), the following (cf. Schottky 63 pp. 280-4): 


(3b) 

(3c) 

(3d) 

(3e) 

(3f) 

If 


A'l rfc: £28 0X4 02890 01490 0; 


i 0X2 084 01290 03490 


01456 0147 8 01856 01878 
02456 02478 03856 02878 


■^1 =t 028 01456 01478 01490 0; 

012 08456 08478 08490 = •2? dr 01679 01589 01570 01680 j 


i 056 078 090 01234 

we set 


01579 01580 01589 01570 
01679 01680 01689 01670 


(4 a) D a py(P (‘■apyd e af) e ay e acf e /S y e yd: 


then on multiplying (3b) by ei 9 ei 0 029 020 039 0so 04 9 e i0 ef 0 it 
becomes 

(3b') -D S S 90 -£>1490 dr Pst90 -^2490 dr -Ol290 Ps490 — 0 . 


The system of relations of this type shows that the D v ia are 
the determinants formed from the coordinates of four points 
Pi, pj, pk, pi of a set P 10 in space. In (4a) the significant 
factor of D a p y d is e a p y d — the coplanar condition— and the 
other factors correspond to coincidences among the points 
of Pi®. These latter factors are more easily handled in 
certain combinations introduced by Schottky as follows: 

(4b) e = (eap)] e« = (e«js) (a, 1, 2, . • 9, 0); 

(4c) $ a == l/e|; f a p — 
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The relations, (3 a), • (3f) then become 


(3a') 

(3b') 

(3c') 

(3d') 

(3f) 




?! ?! ?! ?! 




^1 */l4 fib «/l6 £*2378 £*2390 £*1456 = 0; 

2x±A»»a £*1490 === 0; 

i*/57 ./ss «/i>7 /b8 £*1290 -£*3490 
5 ^2 

«/l4 £*1456 £*1478 ,/l3 £*1336 

-P T\ T\ ~r\ 

'2336 -*^2378 

0; 


£2 *2 *2 t 2 
gl g2 #8 S4 


fa 6 £*1478 »/l3 £*1356 £*1378 

fc/24 £*2456 £*2478 J2S £*2356 £*2378 

t Sl /14 £*1436 £*1478 £*1490 

?1 ?2 ?8 ?4 » « ,. n 

?5?6?7?8?9?0 

Pi 579 Pl 5S0 -Dl889 Pi5'( 

T\ T\ T\ r\ 


The rather complicated transcription of (3e) is omitted. 

The right member of (3f') equated to zero is the condition 
that, of the points P® 0 defined by (3b'), p&, p e , Pi,2 } »,lh>, Po 
are on a quadric cone with vertex at p x . If this member 
is designated by # 234,1 there follows from the values in the 
left members of (3 f) that 

(4) #145,2 #245,8 #845,1 = #245,1 #845,2 #145,3 • 


This equation does not contain the coordinates of pt, p*, 
and is of degree 6 in each of the other eight points. By 
eonipaiwm with 47 (3a) it is the condition that the eight 
points may be the nodes of an azygetie 8-nodal surface 
whence Pio is the set of ten nodes of an azygetie 10-nodal 
quartic surface. 

In the terms of (3d') replace the point p L with index 1 
by variable x. The terms then are of the form 

(5) Cij t Tel, mn === Dasikl PaMmn (i, • * •, W = 5, • * *, 9, 0). 

T his is a cubic cone with vertex at pt and containing the 
lines from pt to p 6 , -,P 9 ,Po- A set of four linearly in- 
dependent cones of this character can he obtained by making 
four proper selections of ij, Jcl, m n from the indices 5, •* *, 9, 0. 
Let %!, • • Wi; • • it, • • •, be four proper selections. If 



276 


VI. THETA RELATIONS OF GENUS FOUR 


F(x) is any cubic cone with vertex at and on p 6 , 

as well as on p$, p S) then Fix) will have an equation of 

the form, 

F{x) = fci MijWj (ct‘) -j~ *4 ~k&C\j l ,'k i l i ,m i n i ix) === 0. 

Then 

I 1/14 F(p x ) ± f 2 f a 4 F( J} t ) ± gi/ 8 4 F(ps) = 0 

since the coefficient of kj ij = 1 , - • * , 4) vanishes due to 
(3d'). But the fr’s were so chosen that F(p 2 ) = 0 and 
F(ps) — 0 whence also F{p x ) ~ 0 . Thus the cubic cones 
with vertex at p 4 and on p a , p 2 , p 5 , ■ ■ - , 2h , po are on p x also, 
or Pio has the property that the nine lines from one point 
to the remaining points are the base lines of a pencil of 
cubic cones. 

We have seen (cf. 53 ) that the tw r o geometric properties 
of Pio thus deduced by Sehottky ( 6S pp. 286-87) imply that 
Pfo is the nodal set of a Cayley symmetroid. There follows 
also from (4 a) that the e a p and e«p r $ constitute the 255 dis- 
criminant factors of the symmetroid (53 ( 12 )). The identity 
of further discriminant conditions on Pio with these (as ex- 
pressed in 53 (14)) is in the first case an immediate con- 
sequence of the cubic cone property of Pi 0 ; and in the second 
case is read off at once from (3 f). Hence 
(6) The nodal set Pio of the symmetroid , whose double ratios 
are defined by the theta modular functions 

Pisss Piaie/Pisse Piais == e ias5 61246 635 fiio/siase ^1245 6 se 645 , 

is transformed into a set Pio congruent to Pfo unde)' regular 
Cremona transformation when the moduli are subjected to 
a period transformation. 

For the argument used in connection with 57 (15) can be 
applied in precisely the same way to show that the effect 
of the cubic transformation A 12Zi and the period transforma- 
tion lias* upon these double ratios is the same. 

60. The tritangent planes of the space sextic of 
genus four. We may regard the 120 tritangent planes of 0\ 
as satisfactorily determined if a geometric configuration can 
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be given in terms of "whose elements each of the planes is 
rationally known. Thus the eight points of Pf when individu- 
ally given serve as a basis for the rational representation 
of (r 4 on a quadric cone A and of the individual tritangent 
planes of G\ (cf. 51 , 58 ). The various contact systems defined 
by groups of tritangent planes are then also rationally known. 

The nodal set Pf 0 of a symmetroid should play a similar 
part, for the general G\. Let us compare the behavior of 
this set with that of the analogous set P& of base points of 
a net of quadrics in connection with the determination of the 
bitangents of a quartie curve. Both Pf and P-fo are special 
sets with projective peculiarities which cause certain of the 
points to remain fixed under Cremona transformation defined 
by the others. Each set is congruent to only a finite number 
(36 and 2 8 -51 respectively) of projectively distinct sets of 
similar character under regular Cremona transformation. 
Under sueh transformation the projectively distinct types with 
ordered points are permuted according to a finite group g p 
isomorphic with the modular group (p = 3, 4). The dis- 
criminant conditions of each set are finite in number and are 
permuted like the half periods under g p . In each case the 
number of projectively distinet types eongruent to each other 
is the number of basis configurations of half periods. Most 
significant of all is the fact that the coordinates of the points 
of each set can be expressed in terms of modular functions 
and that from one set thus determined the sets congruent 
to it under Cremona transformation arise by period trans- 
formation of the moduli. 

The analogy fails in one important respect. When the 
base points, P| , of the net are given there is determined in 
space a curve, Gt , of genus three, the locus of nodes of the 
net, in birational correspondence with the normal planar 
quartie, such that any pair of points of Pi is on a bisecant 
of Gl which cuts Gl in the pair of contacts of a bitangent 
of the quartie. The discriminant conditions of the set P* are 
precisely the discriminant factors of the quartie eurve. Thus 
far the geometric investigation of the symmetroid and its 
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nodal set Pio lias failed to disclose an algebraic curve of 
genus four, G\, with the property that a triad of Pfe will 
rationally isolate on G{ a triad of points which correspond on 
the normal <?4 to the triad of contacts of a tritangent plane; 
or with the equivalent property that if a discriminant con- 
dition on Pio is satisfied the genus of Gi will be reduced to 
three. In other words Schottky’s derivation of the con- 
figuration Pio of the symmetroid from the abelian modular 
functions is not supplemented by an exemplar of the algebraic 
curve which defines the functions. 

That a curve G{, protectively related to the symmetroid, 
exists is not to be doubted. It should be symmetrically 
related either to Pio, or to any P 9 3 contained in Pio, since P® 
uniquely determines the tenth node. It is not necessary that the 
G{ attached to Pio should be transformed by regular Cremona 
transformation into the G'* attached to a set Pio congruent 
to Pio under sueh transformation. The G'J is merely to be 
birationally equivalent to G\. This for example is the behavior 
of the envelope P 4 defined by its Aronhold set of seven 
nodes, P 7 2 . 

One of the main purposes of this book has been to indicate 
the richness and variety of the analytic, algebraic, and geo- 
metric domain within which such a curve G{ may be found. 
Another desideratum of like character is the algebraic curve 
of genus five with isolated even theta characteristic whose 
modular group appears in connection with the nodal Pf 0 of 
a planar rational sextic. 

From the applications made herein of congruence under 
Cremona transformation it might be inferred that such ap- 
plications are restricted in the plane to curves of order 3 r 
with r-fold points, in space to surfaces of order 2 r with 
r-fold points, etc. If this were true the number of sets with 
interesting connections would be small. It may well be, how- 
ever, that the method cited at the close of 56 will provide 
series which behave like curves of order 3 r with as many 
r-fold points as we please. 



"REFERENCES 


1 Autonne, B. — . * . group es d’ordre fini contenus dans le group e Cremona. 

Jour, de Math. (4), 1 (1885), 431-454. [ 8 . 

2 Baker, H. F. — Multiply periodic functions. Cambridge (1907). [ 4 *. 

3 Bateman, H. — A type of liyperelliptic curve and the transformations 

connected with it Quart. Jour., 37 (1906), 277-286. [ 38 . 

4 Bertini, E. — ... sulle trasformazioni univoehe involutorie nel piano. 

Ann. di Mat. (2), 8 (1877), 244-286. [ 5 *. 

5 — Sulle curve razionali per le quali si possono assegnare arbitrariamente 

i punti multipli. Gior. di Mat. (1), 15(1877), 329-335. [ 9 . 

6 — Sui sistemi lineari. 1st. Bomb. Rend. (2), 15 (1882), 24-28. [x. 

6 * 1 Bolza, O. — Darstellung der rationalen ganzen Invarianten der Binar- 

form sechsten Grades durcb die Nullwerthe der zugehdrigen 
tf-Functionen. Math. Ann , 30 (1887), 478-495. [ 30 . 

7 Brahana, H. R. } and Coble, A. B. — Maps of twelve countries with five 

sides with a group of order 120 ..... Amer. Jour., 48 (1926), 1-20. [ 9 . 

8 Caporali, E. — Sulla teoria delle curve piane del quarto or dine. Memorie 

di Geometria. Naples (1888). [ 50 . 

9 Castelnuovo, G. — Sulla razionalit& delle involuzioni piane. Math. Ann., 

44(1894), 125-154. [*. 

10 Cayley, A. — Sur les courbes du troisi&me ordre. Jour, de Math., 

9 (1844), 285-293. [ 50 . 

11 — A memoir on quartic surfaces. Proc. Bond. Math. Soc , 3 (1869), 

I: 19-69, II: 198-202, HI: 234-266. [ 44 , 53 . 

12 Clebsch, A. — Dber die Anwendung der Abelschen Functionen in der 

Geometrie. Jour, fiir Math., 63 (1864), 189—243. [ 50 . 

13 Coble, A. B. — . . . form-problems associated with certain Cremona 

groups- . . . solution of equations of higher degree. Trans. Amer. 
Math. Soc., 9 (1908), 396-424. [8. 

14 — Symmetric binary forms and involutions. Am. Jour. I: 31 (1909), 

183-212; H: 31 (1909), 355-364; III: 32(1910), 333-364. [ 17 . 

15 — Moore’s cross-ratio group . - . solution of the sextic equation. 

Trans. Amer. Math. Soc., 12 (1911), 311-325. [8, 35, 3 ^, 4*. 

16 — ... finite geometry . . . characteristic theory of the odd and even 

theta functions. Trans. Amer. Math. Soc., 14 (1913), 241-276. 
[aa, 23 , 34 , * 6 . 

17 — Point sets and allied Cremona groups. Trans. Amer. Math. Soc., 

I: 16 (1915), 155-198; H: 17 (1916), 345-385; III: 18 (1917) 
331-372. [x, 7, 15 , x6, 30 , 35, 3 ®, 40 , 4 *, 43, 44, 49, 5 x, 5 *, 53. 

279 



280 REFERENCES 

18 Goble, A. B. — ... An isomorphism between theta characteristics and the 

(2 2 ? -1-2) -point. Annals of Math. (2), 17 (1916), 101-112. [a 3, *5, «9, 57. 

19 — Theta modular groups determined by point sets. Amer. Jour. 40 (1918), 

317-340. [s6, 37, 5 a, 53 . 

20 — The ten nodes of the rational sextic and of the Cayley symmetroid. 

Amer. Jour. 41 (1919), 243—265. [ 51 , 52 , 53 

21 — Associated sets of points. Trans. Amer. Math Soc , 24 (1922), 1—20. 

C* 6 , 55. 

22 — Cremona transformations and applications ... . Bull. Amer. Math. 

Soc., 28 (1922), 329-364. [ 56 . 

23 — The equation of the eighth degree. Bull. Amer. Math. Soc , 30 (1924), 

301-313. [ 39 . 

24 — Geometric aspects of the abelian modular functions of genus four. 

Amer. Jour., 46(1924), 143-192 [ 17 , 54. 

25 Conner, J. R. — The rational sextic curve and the Cayley symmetroid. 

Amer. Jour., 37 (1915), 29-42. [ 54 . 

20 — Correspondences determined by the bitangents of a quartie. Amer. Jour., 
38(1916), 155-176. [43, 44, 47. 

27 Dickson, L. E., — Linear groups. Leipzig (1901). Teubner. [34 

28 — Determination of all general homogeneous polynomials expressible 

as determinants with linear elements. Trans. Amer. Math. Soc , 
22(1921), 167-179. [ 14 . 

29 Everett, H. S. — Determination of all general homogeneous poly- 

nomials expressible as determinants — . Trans. Amer. Math. Soc., 
24 (1923), 185-194. [ 14 . 

30 Frobenius, G. — ... Bezi eh ungen zwisehen den 28 Doppeltangenten 

einer ebenen Curve vierter Ordnung. Jour, fiir Math., 99 (1886), 
275-314. [44. 

31 Gordan, P. — Invarxantentheorie. Leipzig (1885). Teubner. £ 41 . 

32 Grassmann, H. — Die Ausdehnungslebre .... Berlin (1862). A. Enslin [ 1 . 

33 Hesse, O. — Dber die Doppeltangenten der Curven vierter Ordnung. 

Jour, fiir Math., 49 (1855), 279-332. [ 14 . 

34 Hudson, Hilda P. — The Cremona transformation of a certain plane 

sextic. Proc. Lend. Math. Soc. (2), 15 (1916-7), 385-400. [ 5 *. 

33 — Cremona transformations in plane and space. Cambridge (1927). 
[3«, 43. 

36 Hudson, R. W. H. T. — Kummer’s quartie surface. Cambridge (1905). 

[ 3 a, 41 . 

37 Kautor, S. — Premiers fondements — transformations pGriodiques 

univoques, Naples (1891). [ 4 . 

— , . . periodischen kubiseben Transformation en im Eaume _R a . Amer. 

Jour., 19 (1897), 1-59,- 382. [47- 

— ... Transformationen im J & 8 , welche keine Fundamentalcurven erster 

Art hesitzen. Acta Math., 21 (1897), 1-78. [ 8 , 15 . 


39 



REFERENCES 281 

40 Kantor, S. — ... eine Frage fiber die birationalen Transformationen- 

Wien. Ber., 112 2i (1903), 667-754. [5. 

41 Krazei, A. — Lehrbuch der Thetafunktionen. Leipzig (1903). Teubner. 

[i8 ? 19, ai, 22, 126, 31, 32, 34, 39 

4 - Krazei, A.; Wiitinger, W. — AbeFsehe Funktionen und allgemeine 
Thetafunctionen. Eneyklopadie II B 7, 604-873. [18. 

Mai’letta, G — Sulla identita ciemoniana di due curve piane. Palermo 
Rend , 24 (1907), 229-242. [13. 

44 Meyer, W. F. — Apolaritat und rationale Curven. Tfibingen (1883). 
Fues. [17, 54, 55 

44 1 Miller, G. A., Blichfeldt, H. F. ; Dickson, L. E. — Theory and ap- 

plications of finite groups. New York (1916). Wiley and Sons. [6. 

45 Milne, W. P. — Sexactic cones and tritangent planes of the same system 

of a qpiadri-cubic curve. Proc. Loud. Math. Soc. (2), 21 (1922-3), 
373-380. [50. 

4t * Montesano, D. — Su alcune tipi di corrispondenze cremoniane spaziali 
collegati alle corrispondenze birazionali piane di ordine n . Napoli 
Rend. (3), 27 (1921), 164-175. [55. 

47 Moore, E. H. — The cross-ratio group of » f Cremona transformations 
of order n — 3 in flat space of n — 3 dimensions. Amer. Jour. 
22 (1900), 279-291 [8. 36 

4S Morley, F. — On the Ltiroth quartie curve. Amer. Jour., 41 (191 9), 
279-282. [49. 

40 Musselman, J. R. — The set of eight self-associated points in space 
Amer. Jour., 40 (1918), 69-86. [16. 

50 Pascal, E. , Timerding, H. — Repertorium der hoheren Mathematik. 

Leipzig: II 1 (1910), II 2 (1922). Teubner. [14, 43- 

51 Picard, E., and Simart, G. — ThSorie des fonetions algfibriques de deux 

variables indfipendantes. Vol. II. Paris (1906). Gauthier- Villars. [x. 

52 Report: — Selected topics in algebraic geometry. Bulletin, National 

Research Council, Washington, No. 63 (April 1928). [4, 5, 6, 10, 

33, 36, 38, 43, 55. 

53 Reye, T. — fiber lineare Systeme und Gewebe von Flachen zweiten 

Grades. Jour, fur Math , 82 (1877), 54—83. [54- 

54 Rohn, K. — tlber Flachen 4. Ordnung mit acht bis sechzehn Knoten- 

puncten. Leipzig Beriehte (1884), 52—60. [53- 

55 — Die Flachen vierter Ordnung .... JablonowskTseke Preisschrift- 

Leipzig (1886). Hirzel. [53. 

»» — Die Flachen vierter Ordnung hinsichtlich ihrer Knotenpunkte und 
ihrer Gestaltung. Math. Ann., 29 (1887), 81—96. [53. 

&7 Roth, P. — tlber Beziehungen zwischen algebraischen Gebilden vom 
Geschlechte drei und vier. Monatshefte, 22 (1911), 64—88. [5» r 57- 
BS Schottky, F. — Abnss einer Theorie der Abelscben Functionen von drei 
Variabeln. Leipzig (1880). Teubner. [46. 



282 


REFERENCES 


59 Schottky, F. — Zur Theorie der Abelschen Functionen von vier Vari- 

abeln. Jour, fur Math., 102 (1888), 304-352. [» 8 , 57 . 

60 — fiber specielle Abelsche Functionen vierten Ranges. Jour, fur Math., 

103 (1888), 185-203. [ 51 , 58 . 

si — Beziehungen zwischen den seckzelin Thetafunctionen von zwei 

Variabeln. Jour, fur Math., 105 (1889), 233-249. [37, 41 . 

b - — Fine algebraiscke Untersuckung liber Thetafunctionen von drei 
Argumenten. Jour, fur Math., 105 (1889), 269-297. [ 47 . 

63 — fiber die Moduln der Thetafunctionen. Aeta Mat , 27 (1903), 

235-288. [a8, 30, 45, 46 , 57, 59. 

64 Severi, F. (Loffler). — Vorlesungen liber algebraische Geometrie. Leipzig 

<1921). Teubner. [ 1 , u, 14 . 

85 Snyder, Y. and Sharpe, F R. — Space involutions defined by a web of 
quadrics. Trans. Amer. Math Soe., 19 (1918), 275-290. [ 55 . 

88 Speiser, A. — Die Theorie der Gruppen von endlicher Ordnung. Berlin 
(1927). [6. 

87 Stahl, H. — Theorie der Abel’schen Functionen. Leipzig (1896). Teubner. 

[ 18 , 21 , 34 , 45, 47- 

68 Stahl, W. — fiber die Fundamentalinvolutionen auf rationalen Curven. 
Jour, fur Math , 104 (1889), 38-61. [54. 

88 — Zur Erzeugung der ebenen rationalen Gurven. Math. Ann., 38 

(1891), 561-585. [ 49 . 

78 Veronese, G. — projectivischen Yerhaltnisse der Raume von ver- 

schiedenen Dimensionen . . . . Math Ann., 19 (1882), 161—234. [ 48 . 

71 — La superficie omaloide normale a due dimension! e del quarto ordine 

della spazio a cinque dimensioni .... Rom. Acc. L. Mem. (3), 19 
(1884). [ 48 , 

72 Weber, H. — fiber einige Ausnahmefalle in der Theorie der Abelschen 

Functionen. Math. Ann., 13 (1878), 35-48. [ 51 . 

73 Wiman, A. — Znr Theorie — birationalen Transformationen in der 

Ebene. Math. Ann., 48 (1896-7), 195-240. [ 51 , 58 . 

74 Wirtinger, W. — fiber eine Yerallgemeinerung der Theorie der Kum- 

mer’schen Flache und ihrer Beziehungen zu den Thetafunctionen 
zweier Vaiiaheln. Monatshefte, 1 (1890), 113-128. [ 3 a. 

75 — Untersuckiing liber Abel’sche Functionen vom Geschlechte drei. 

Math. Ann-, 40 (1892), 261-312. [ 50 . 

78 — TJntersuchung liber Thetafunctionen. Leipzig (1895). Teubner. 
[33, 50 . 

77 Zariski, O. — On kyperelliptic ^-functions with rational characteristics - 
Amer. Jour., 50 (1928), 315-344, [ 51 . 




